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Abstract: In this paper, we introduce a new class of Laguerre Poly+Eane Laguerre multi Poly-Euler polynomials. The concept
of Poly-Euler numbeErgk)(a, b), generalized Poly-Euler ponnomiaE,gk) (x;a,b,e) of Jolany et al., Hermite-Bernoulli polynomials
HBn(x,y) of Dattoli et al.,y Bﬁq)(x,y) of Pathan and Khan and Hermite based Poly-Euler polynomiﬁﬁg) (x,y;a,b,e) of Khan are

generalized to the on_eE,gk) (x,y,z a,b,e). Some implicit summation formulae and general symmetmtitles arising from different
analytical means and applying generating functions.
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1 Introduction It| < _m
|Ina+Inb|
The two variable Laguerre polynomialsn(x,y) are  Note that the Poly-Euler polynomials of Sasaki and
defined by the generating functioj [ Bayad (fL],[14]) can be deduced froifl.4) by replacing
with 4t and takingx = 2. whenx = 0, (1.4) gives
S La(ky) = expiColx). (L) 2
Lh(X,y)— =ex , .
nZO V)5 Pyt M (0;a,b,e) = EF (a,b)
2"'k(—t . Z)En (a b (15)
whereCy(X) is the 0-th order Tricomi functiorg] at+b
2m
® (1)
Colx) = zo% (1.2) < ez g
= and whera = 1 andb = e, we get
and are represented by the series
EAY(x1,e6) = EAY()
L (xv) — Donl(=1)3y" 56 13
0N = 2 9@ @3 Where i1
Ik et t
—1 (1= o _ Z)En ) (1.6)
Recently, the generalized Poly-Euler polynomials are 27T
defined by Jolany et al6[-[9] as follows: It| < That Inb]
2Lik(1— (ab)™) On the other hand in the same paper by Jolany eBhl. [
at+bt ¢ = EDE (xab e) (1.4) [9], they defined certain multi Poly-Euler polynomials as
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follows by many authors (sed]F[24)).

. L N
2Li, .k (1—(ab) )erxt _ ZOEé"l"""‘”(x;a,b,e)E, In this note firstly, we will give the definition of the
= ! Laguerre Poly-Euler polynomiaLfr(]k) (x,y,z,a,b,e) and
(1.7)  Laguerre multi Poly-Euler polynomials
It] < LErﬁkl"'k')(x,y,z; a,b,e) which generalize the concept
[Ina+Inb| stated above and then investigate their basic properties

where - v and relationships with Poly-Euler numbelﬂw(a,b),
Ligy, k) (D) = Z p— Poly-Euler polynomialf_ék)(x), generalized Poly-Euler
k=1 My -y polynomials Erﬁk)(x;a,b,e) of Jolany et al.,

is the generalization of poly-logarithm. Hermite-Bernoulli polynomialg B, (x,y) of Dattoli et at.,

HBSf”(x,y) of Pathan and Khan and Hermite poly-Euler
polynomialsy ESP (x,y;a,b,e) of Khan. The reminder of
this paper is organized as follows: We modify generating
functions for the Poly-Euler polynomials and derive some
Ky Ky identities related to Laguerre polynomials, Hermite
Ea®" (0;a.b,0) = EY* ' (a ) polynomials, Poly-Euler polynomials and power sums.
Further by taking = 1, in (1.7) immediately yield (1.4). ~ Some implicit summation formulae and general
symmetry identities are derived by using different
Very recently, Pathan et all}]-[21] introduced the ~ analytical means and applying generating functions.
generalized Hermite-Bernoulli polynomials of two These result extended some known summations and
identities of generalized Hermite-Bernoulli polynomials
studied by Dattoli et al., Hermite Poly-Euler polynomials
tn studied by Khan, Zhang et al., Yang, Pathan and Pathan
I

t \“ ©
(et - 1) gt — n;H Bﬁf’)(x,y)n— (1.8)  and Khan.

21

In particular

EX ) (x1,e6) = EY)(x)

variables;B\" (x,y) defined as

which are essentially generalization of Bernoulli numbers . .
Bernoulli polynomials, Hermite polynomials and Hermite- 2 Definition and Properties of the Laguerre

Bernoulli polynomials;Bn(x,y) introduced by Dattoli et Poly-Euler polynomials and Laguerre multi
al. ([4], p-386 (1.6)) in the form Poly-Euler polynomials

( t ) gt? _ i 1B (X, y)ﬂ (1.9) In this section, we will establish definitions and propestie

€-1 n=0 n! of Laguerre Poly-Euler polynomial@Erﬁk)(x,y,z; a,b,e)
and Laguerre  multi  Poly-Euler  polynomials

. | o EVC Y (xy.zab.e).
The 2-variable Kampe de Feriet generalization of the
Hermite polynomials3] reads Definition 2.1. Let a,b > 0 anda # b. The Laguerre
9] n_or Poly-Euler polynomials LE,ﬁk)(x,y,z;a,b,e) for a
Ha(x y) = ! ZO rl)(/’nx_ 7 (1.10) ~ honnegative integeris defined by
"~ 2Li(1— (@) ) .2
These polynomials are usually defined by the at+p Co(xt)
generating function
o (K ) th 2m
o n =5 LBh'(xy,zabe—, |t|<—— (21)
gt? _ onn(X,y):]—' (111) nZO n! |Ina+Inb|
& !

Forx=0in (2.1), the result reduces to the known result of
and reduce to the ordinary Hermite polynomiglg(x)  Khan[11.

wheny = —1 andx is replaced by 2 Mewﬂz
at+b
Motivated by their importance and potential for @ tn 21T
o ; - : K (v,
applications in certain problems in number theory, = zHEn (y,z,a,b,e)ﬁ, It] < Ina Inb] (2.2)

combinatorics, classical and numerical analysis and other n=0
fields of applied mathematics, several kinds of some As in the casx=y=z=0ande=1in (2.1), it
special numbers and polynomials were recently studiedeads to an extension of the generalized poly-Euler
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polynomials denoted b)Erﬁw(a,b) for a nonnegative
integern, defined earlier by (1.5).

Definition 2.2. Let a,b > 0 anda # b. The Laguerre

multi Poly-Euler ponnomiaI@E,ﬁkl""7k')(x,y, za,b,e) for
a nonnegative integer, is defined by

2Lik(1—(ab) ™) ;yia?)

@by o
t" 2m

xy,zabe) |t|<m

(2.3)

-5 e

Forx=0in (2.3), the result reduces to the known result of

Khan [11]. .
2Lik(1—(@D)) yiera?)
(at4bt)r
e (kek) t .
= n;)H En (y7 za, b7 e) n! ) |t| < ||na+ |nb| (24)

Asinthe casxk=y=z=0ande=1in (2.3), it leads to
an extension of the generalized multi

polynomials denoted bEn )(a b) for a nonnegative
integern, defined earlier by (1.7).

Theorem 2.1.Leta,b > 0 anda # b. Forx,y,z€ R and
n > 0. Then we have

LEY (xy,.z1,ee) = (EN(xY,2),

LE(0,0,0;a,b,1) = EF (a,b)
K

LEX(0,0,0;1,61) =EY,
(K

LErgk) (x, Y,z a,b, e) = Ep (X, y,za, b) (2'5)
LEY (xy+2zv+uab,e)
n
— Z (g) LEé'i)m(x, z,v;a,b,e)Hm(y,u;a,b,e) (2.6)
m=0

n
BV (xy+vzabe =Y (;)VmLEr@m(X,y,Z: a,b,e)
m=0

(2.7)

Proof. The formula in (2.6) are obvious. Applying

definition (2.1), we have

ZLEn>(x y+2zVv+u;ab e)t

n
n=0

= S LE,(1k)(XZV'zalbe)E i Hm(y. u)ﬂ
n;) &= T g 3 n! rn:o 3 m!

tn
LEék> (X,y+zv+u;ahb, e)ﬁ

8

S
Il
o

n
n!

(g) |_E,(1 )m(x z,v;a,b,e)Hm(X, y)) :]

M=

i

0

Theorem 2.3. The

Now equating the coefficient c{f in the above equation,
we get the result (2.6). Again by definition (2.1) of
Laguerre Poly-Euler polynomials, we have

n

© t
nZOLEék) (x,y+Vv,za,b, e)ﬁ

. B 1 ,
_ <2|_|k(a]-_t —’Eilt)) )) e(y+v)t+zt C()(Xt)

<) tn
ZOLE,Q") (X,y+Vv,zabh,e—
& n!

2Li(1— (ab)™h) e’y Wt
=== r 7 7/ e
( L+t Colx)

which can be written as

S OLE( )(x y+Vv,za,b, e)n, =3 OLEn (x y,zZab e)n, S 0 ("rtT]),

zn:m_E,(1 (x,y+v,za, b,e)m =Smo (Zmo (m) meEr(,lim(x,y,z, a,b, e)) o

On equating the coefficient of the like power%n;fin the

above equation, we get the result (2.7). Hence we

Poly-Euler complete the proof of theorem.

Theorem 2.2.The Laguerre multi Poly-Euler polynomials
satisfy the following relation:

LErglkl,"'-,kr)(X’y—F Z Ua, b7 e)

= i (21) (r2™ EY* ) (x y uia,be) (2.8)
m=0

Proof. Since

n

hd t
3 LEfk K abel
A LEn (XaY‘f'ZaU a-a 7e) n!

_ 2Lik(1—- (@)Y yyrztiu?)
=iy e Co(rxt)

- (kg 5kr)
E LEn
n—=

0 n o

= ZLErgkl" “J(x,y+zuab,e) tl z
n=0

tn
(x,y+zu;a, b,E)ﬁ

(th)m

Replacingn by n—min the above equation and equating

the coefficients of", we get the result (2.8).

Laguerre multi
polynomials satisfy the following relation:

Poly-Euler

LEYC M (xy,zab,e)

8 nam gk kempeamg(bdo) (g g
(n—k—2m)!(k!)2Im!

(2.9)
m=0 k=0

n

hd t
£ k) (v, 7 tn
n;L n (Xa Y, Z,4, ba E) n!
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_ 21— (@)Y yysa?) e (K) _ thum
T @t +bt) &G () = 3 Emaouzabe gy (3.3)
52 BN M (xy zabe) (Zn GEN k) (ya b e)t_|> on expanding exponential function (3.3) gives
2 [(v=yt+uN 2 _w th um
y 0 (thZ)m 00 (—1)k(rxt)k ’\ZOT ZOLEWn(X y,Z a b e)—m
- N2 = . mn=
n;o m! kZO (k)2 ’
0 n,;m
k)
Replacingn by n— k, we get - ng OLEm+n(X v.zab,e) nl ' m (34)
iLErgkl""’k')(X y.zab e)ﬂ which on using formula 2], p. 52(2)]
tlP Sl | ) ) n! o n
= X
" > £y ¢ E?” Z f(m+ n)—'g (3.5)
_5 <Zn (l)k(rx)kEr(]h‘;"Nkr>(V:a.b,e)> n (Zm (mz)m) =3 ! n,fm0
SR \Zm=0" ") i the left hand side becomes
Replacingn by n—2min the above equation and equating " Kisikis o -
the coefficients of", we get the result (2.9). 5 (V—y)“sthu z xyzab e)t u
k,s=0 kls! m,n= n! m!
3 Implicit Summation Formulae Involving _ % EY (xvuzab e)tn m 36
Laguerre Poly-Euler Polynomials mfi=0 nt m!

Now replacingn by n—k, sby n—sand using the lemma
For the derivation of implicit summation formulae [[22], p. 100(1)] in the left hand side of (3.6), we get
mvolvmg Laguerre Poly-Euler polynomials (v=y)*rs (k) um

_ _o——ma— LE X,y,z,a,b,e
LEX(x,y,za,b,e) the same consideration as developedzm’n’oZK"&O e LEmen-is(0) )

for the ordmary Hermite and related polynomials in Khan ® ® tnym

et al. [L0] and Hermite-Bernoulli polynomials in Pathan = > LEmn(xvzabe (3.7)
[15] and Pathan et al.1-[21] holds as well. First we m,n=0 o

prove the foIIowmg results involving Laguerre Poly-Euler Finally, on equating the coefficient of the like powers'df

pOlynomla|SLEn (x,y,Z,a,b,e). andu™in the above equation, we get the required result.

Theorem 3.1.Leta,b> 0 anda # b. Then, forx,y,z€ R Remark 1. By taking m = 0 in equation (3.1), we
andm,n > 0, the following implicit summation formula immediately deduce the following result.

for Laguerre Poly-Euler polynomial_sErgk> (x,y,za,b,e)

holds true: Corollary 3.1. The following implicit summation
formula for Laguerre Poly-Euler polynomials
mn (k) . .
EY (xvzab,e) = ; (g) (E) (v y)sHk LEY (x,y,za,b,€) holds true:
sk=0 n
LB (x vz a,b,e) = > ( E) (V=Y By (x %,z b,e)
><LEr(nJ)rn «k(Xy.zab,e (3.1) K= 38)
) i 3.8
Proof. We replacet by t +u and rewrite the generating Remark 2. On replacingv by v-+y and settingc = z= 0
function (2.1) as in Theorem (3.1), we get the following result involving
- Laguerre Poly-Euler polynomial of one variable
2Liy(1— (ab)~ W) 2
ECo(x(t + u)) mn
( a4 +blt+) LEnin(v+Y;a,b,e) = > (2) (E) (s
s,k=0
Syt v g tum
eV S (Eniaxyzabe 5 = (32 < EY  J(y:ab,e) (3.9)

mn=0
whereas by setting= 0 in Theorem (3.1), we get another
Replacingy by v in the above equation and equating the resyit involving Laguerre Poly-Euler polynomial of one

resulting equation to the above equation, we get and two variable
~ & thum K = /m\ (n
I S BN (xyzabe Elxzabe - 5 (T) () cvws
mn=0 s,k=0
(© 2016 NSP
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s EW (x,y,za,b,e) (3.10) Proof. By the definition of Laguerre Poly-Euler

mH-n—k—
e , . polynomials and the definition (1.11), we have
Remark 3. Along with the above result we will exploit

extended forms of Laguerre Poly-Euler polynomial 2Lix(1— (ab)™) (VUL W)
LE,(]ﬁn(x,v; a,b,e) by settingz= 0 in the Theorem (3.1) ( at+pt ) € Co(xt)
to get

m,n _ - n tm
enmne- § (M) (Dooe (o) (Fmen)
0

k,S: . ..
Now, replacingn by n— m and comparing the coefficient

of t", we get the result (3.14).
i syia.b.e) (3.12)

Remark 4. A straight forward expression of the
LEmin(X,v,Z a,b,e) is suggested by a special case of the

XHE

Theorem 3.4.Leta,b > 0 anda # b. Then, forx,y,ze R
andm,n > 0, the following implicit summation formula

Theorem (3.1) fok = 1 in the following form for Laguerre Poly-Euler polynomiaisE’ (x.y,z a,b,e)
holds true:
. o m n st+k . n .
LEmin(X,V,Z a,b,€) = Z <S) <k) (V—y) W A ER @ b)Ly mo2j(x,y)Zn!
sk=0 LEn’ (XY, a,b,e) = z % o oy
=0 (& m!j!'(n—m-—2j)!

XLEmin—s—k(X%,¥,Z a,b,e) (3.12) (3.15)

Proof. Applying the definition (2.1) to the term

Theorem 3.2.Leta,b > 0 anda # b. Then, forx,y,ze R 2Li(1-(ab) nd expanding the exponential and
andm,n > 0, the following implicit summation formula ( a b ) a expa g the exponential a

for Laguerre Poly-Euler polynomiaisE (x,y,za,b,e) tricomi functione*°Cy(xt) att = 0 yields

holds true: (M) 220y ()

n at+p

n
LEX (X y+u,zab,e) = Z}(J)uJ E”(xy,zabe)
J:

v (o) (Fuers) (5257)
Proof. Since m=0 '

n

» {n e (K _ tn
nZOLEr<1k)(X,)/—Fu,z;a,b,e)ﬁ nZOLEn (x,y,z,a,b,e)n!

t" t2l
= b I—n m
Co(xt) Zo <m:0 @ e y)> nt (JZDZ it )

_ 2L|k(1 - (ab)it) e(y+u)t+2t2

at+b
- N Now, replacingn by n— 2j and comparing the coefficient
S LEX(xy+uzab, e)t_| of t", we get the result (3.15).
& n!
Theorem 3.5.Leta,b > 0 anda # b. Then, forx,y,ze R
°° tn © jtj andm,n > 0, the following implicit summation formula
- ZDLE” (xy.za,b e)n. Zou i for Laguerre Poly-Euler polynomial@Eék)(x,y,z; a,b,e)
= = holds true:
Now, replacingn by n— j and comparing the coefficient 1) ® ( 0.0
of t", we get the result (3.13). (k) , 2 ni(-1 HE - m_j(Y.Zab,e
LEn (X’y+1’z’a’b’e)7sz:o (n_m_1)|ml(1 )2

Theorem 3.3.Leta,b > 0 anda # b. Then, forx,y,z€ R (3.16)
andm,n > 0, the following implicit summation formula proof. By the definition of Laguerre Poly-Euler
for Laguerre Poly-Euler polynomiaLSE,gk) (x,y,za,b,e) polynomials, we have

holds true: N
e t
EW(x,y+ 1,z,a,b,e)—
LEY (%, y+Uu,z+wa,b,e) nZOL 06y )
L /n (K) _ 2Lig(1— (ab)™ 2
- WZ()(m) LE m(X,Y,Za,b,e)Hn(u,w)  (3.14) - (%) VI ()
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o (k) . @ 1Vi(xt))
= (Z{)( HEn—m(Y, z,'a,lb, e)) th ( %) (2.1). It turns out that some known identities of Khan
o \ieo  (n—m)in! i i [11]-[13], Pathan et al.15]-[21], Yang et al. R3], Zhang

etal. 4]
HEn m(y za,b,e) (]
e 0 %m_o (n—m)!n!(j1)? Theorem 4.1.Leta,b > 0 anda # b. Then, forx,y,ze R

andm,n > 0. Then the following identity holds true:
Replacingn by n— j, we have

c (N -m_~(K) (K)
e n b™a" MeG by, b’z b, ) E ’z,
Z)LEék)(x,y+1,z;a,b,e);7 ngo(m> " "eGy m(x, by, bz b, €) Em’ (x 2y, a°Z 2, €)
& !
) n (_1)J(X)JHEr(1k,)m(y zab e) i n ( n) 5 ® "
= & y My ! = amp"™m E Y (x,a ,aZZ; ae E X,b ,bZZ; b,e
(22, e $ (1) et zanaiwmpizn

On comparing the coefficient af', we get the result (4.1)

(3.16). Proof. Start with

2Lig(1— (ab)t 2 L a2p2A2
o) = (e pea ) & @2)

Theorem 3.6.Leta,b > 0 anda # b. Then, forx,y,z€ R
andm,n > 0, the following implicit summation formula

for Laguerre Poly-Euler polynomial_sErgk> (x,y,za,b,e) Then the expression fa(t) is symmetric ina andb and
holds true: we can expandy(t) into series in two ways to obtain

g(t) = 32 oL EN (x, by, b2z b, &) B 5= EW (x,ay.a%za,6) )

n
LEr(1k) (X,y+ 1,za, b’ e) = z <rr:]) LEr(]k_)m(X, Y,z a, ba e)

o n
m=0 _ n n—mpm (k) 2 oA
B (3.17) _nZOmZO<m> a" "™ En’ (x,by,b°z b, &)
Proof. By the definition of Laguerre Poly-Euler
polynomials, we have ®) ) tn
LB m(x &y a’za,e) o
[ tn (<] tn
> BV (xy+1zabe - Y B (xyzabe
n=o0 N > n: On the similar lines we can show that

g(t) = o LBV (xay.2za.e) W 5 oL EX (x,by. Pz b,e) A"

o n
o ) =5 5 () e e ayaza

— . t L
= LEr7 (x,y,za,b,e)— -1 n=0m=0
nZO " n! nZO m!

) N
— 5o o EN (xyzabe)h e ol - 37 o EX (xyzabel xLEm’ (x,by, bz b, €) Ty

® n {n Comparing the coefficient df' on the right hand sides of
ZO Z W (xy,zab e)i the last two equations, we arrive at the desired result.
L m!(n—m)!
. \ Remark 1. By settingb = 1 in Theorem (4.1), we
~ 5 E¥xy.zab e)t— immediately following result
nZO P A ) ) n'
Finally equating the coefficient of the like powerstbfin N /n N ) _ ) .
the above equation, we get the result (3.17). zo < ) a M E (% Y.z 1,€)LEn’ (x,ay,2°Z a,€)
m=
- (n (K) 2 (K)
oy m . .
4 General Symmetry Identities for Laguerre = ZO (m> a" Ey (%, ay,a°z a,e)LEm’ (x,Y,Z 1,€)
. m=
Poly-Euler Polynomials (4.3)

In this section, we will obtain general symmetry identities

for ~ the  Laguerre  Poly-Euler  polynomials Theorem 4.2.Leta,b > 0 anda# b. Then, forx,y,z€ R
LEn (x y,za,b,e) by applying the generating function andm,n > 0. Then the following identity holds true:

(@© 2016 NSP
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n n a—1b-1 ® b )
bMa" ™ E [ X, by+ =i+ j,b u;A,B,e)
2,(1) 3, 2,0 ek (o2

L EW (x,az,82v; A, B, €)

=3ho <r’,‘1> TP T aam ML, (xay+ i+ j,a%U A Be)

L EW (x, bz, b?v; A, B, €) (4.4)

Proof. Let

(2Lik(1— (3b) )Colx)?
o) = (Ga's mea 577 )

( (eabt _ 1)2e.ab(y+z)t+a2b2(u+v)t2 )
X

(et —1)(e* 1)

_ (ZLik<?/;gIa3);2§?o( ))eabyt+a2b2m2 (e;“ 11)

o (ZLik(:(LA_—t()tai)BbZ) (<t )) abzt 222 (e:;t 11>

[ 2Lik(1— (ab)")Co(xt) 22b2ut2
- (B e

Eoeb“ (Bl Sty eabﬂ+a2b2w2§earj
(4.5)

a-1b-1
)eazbzutz Z} zoe(bergiJrj)at
i=0 =

<] m
xy LEY (x,az, 8% A, B, €) (bt)™

B (zuk( — (ab)"")Co(xt)
- (A3 4 B)

m=0 mi
o a—1b-1 ( b b. b2 ( )
= |_E X, by + — |+J u:AB e)
DN o
m
z LErgl'I)(XaazaalevB?e)%

m=0

5 3 ()5 (e B
X | u e
&2 \m) & 2

<y LEY (x,az,8%v; A, B, €)b™a" ™"

m=0

On the other hand

(4.6)

[ee]

n b—la-1
Z( >Z)Z)LEn>m(Xay+bl+J auABe)

n=0m=0

x Y LEW (x.bz,b?v;A B e)b" ma™" (4.7)

m=0
By comparing the coefficients df' on the right hand
sides of the last two equations, we arrive at the desired
result.

5 Conclusion

In this paper, we modify generating functions for the

Poly-Euler and multi Poly-Euler polynomials and derive

some identities related to Laguerre polynomials, Hermite
polynomials, Poly-Euler polynomials and power sums.

These generating functions have wide applications in
certain problems in number theory, combinatorics,

classical and numerical analysis and other fields of
applied mathematics, several kinds of special numbers
and polynomials.
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