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Abstract: This paper is committed to solve nonhomogeneous fractiorgihary differential equations both of single and mukipl
fractional orders where in most cases, the celebrated ¢ditedfler function is involved in the nonhomogeneous partital result is
established and the solution of forced nearly simple harenghration equation is graphically represented amongstrs.
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1 Introduction

Integral transform methods are amongst the most effectethods of solving both differential and integral equations
of integer and fractional order. According to Belgacem aildnSbarasan]], integral transform method is most gifted
technique in the mathematics world for solving differelgiguations.

The Natural transform evolved from the Fourier integral &ntbnverges into Laplace transforrg, B,4] and Sumudu
transform B, 6] given a unit value to each transform parameters respégtiViee definition of the Natural transform and
the study of their properties and applications were firsedopKhan and Khan]. Several research works in connection
with Natural transforms properties and applications afgiplied in [L,7]. More about Laplace and Sumudu transforms
relating to definition and properties, list of transform efieral functions and applications are available28]4] and [8,
9,10,11] respectively.

In this paper, we solve non-homogeneous fractional orgliddferential equations where the non-homogeneous part is
product of polynomial of fractional order and Mittag-Lefffenctions using the Natural transform which makes it ugiqu
from the previous articles such a&?. Indeed, the Natural transform is the generalization eflthplace and Sumudu
transforms hence, the technique has combined advantagmsated with Laplace and Sumudu methods. An important
theorem is proved and some basic definitions and concepdsmusais paper are also presented. In Section 2 we review
basic definitions and results. In Section 3 the Natural franswill be used to solve certain non-homogeneous fraetion
differential equations. In the last section we state ouctions.

2 Basic Definitions

Fractional calculus: Given a functiorit) , the Caputo derivativel3] is defined as
1 Xy p\n—a—1d"(t) _
SDY (v(x)) =< T(h-a) {191 (x—1) g dt, n—1l<a<n (1)

while Riemann-Liouville derivativell4] is

L S x=0)"v(t)ydt, n—-1<a<n

DS (v(x)) = { @ o,

amV(t), a=n

; )
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wherene Z* a € R.
The Riemann-Liouville fractional integral operatd#] of ordera > 0, of a functionv(t), is defined as

3v(x) = % /OX x—t)"Nt)dt, a>0, x>0 3)

The Natural transform of a real valued, sectionwise comtirsland exponential order functieft) > 0 andv(t) =0 for
t < 0 defined in the set

A= {v(t) 1AM, 11, 2> 0, |v(t)] < Meft’i, ifte(—1)) x [Ooo)}, (4)

is given by [] .
N*[v(t)] = R(s,U) = /0 eSv(ut)dt; s> 0, u> 0, ©)

wheres andu are the transform variables. The Natural transform coregetg Laplace transform whan= 1 [2,3,4]
while it converges to Sumudu transform whes 1 [5, 6].
The inverse Natural transform is defined irp[

1 Chioo

N7 [R(s,u)] = v(t) euR(s,u)ds (6)

- ﬁ C—ioo
The duality relation between Natural-Laplace and Natuglmudu transformdl] are given by

1_/s 1 _/u
R(s,u :—F(—);R s,u :—G(—). 7
(su=2F (Z)iRsW=36( (7)
whereR(s,u) is the Natural transforn®; (s) is the Laplace transform ar@(u) is the Sumudu transform. The following
standard results on Natural transform of derivatives, taiNal transform of fractional derivative and integral ofiera,
multiple shift and convolution theorem were found to be ukgf this paper and are stated inform of lemmas but proof
with other details are referred tag, 12].

Lemma 1If f (t) is a function defined on the set A as in equatin and its nth order derivative of(f) with respect to t
exists then, the Natural transform of the nth derivativeiveg by

s f(0)

N* [f/(t)} = GR(Sa U) - T? (8)
N [(0)] = S Risw) - s0) - 2, ©
and generally, o
e n gn—(k+1
Ml = S IR
N+[f (t)}_unR(s,u) kgo ——1(0). (10)

where Rs,u) denotes the Natural transform of the functiorft)f. Furthermore, the Natural transforms of the
fractional derivative and fractional integral both of orde of the function ft) are defined respectively by

. o n (ki)
NT[D[f ()] = U—O,R(S u)— kZoW (0), (11)
and u
N* [D9[f (1)]] = UER(S, u). (12)

Lemma 2If F1 (s,u) andF,(s,u) are the Natural transforms of the functions(X) and f,(x) respectively, defined in set
A then the convolution is given by

N {UR (SRS W)} = [ 1100 fa(t - dx (13)

(@© 2018 NSP
Natural Sciences Publishing Cor.



Progr. Fract. Differ. Appl4, No. 1, 49-57 (2018) www.naturalspublishing.com/Journals.asp NS = 51

Mittag-Leffler function: The special function

Eq (X) = , a>0, 14
a (X k;r(akJrl) (14)
and its general form

0 Xk

Eqg(X)=Y ——, a>0, B>0, (15)
a.p () k;makw)
are called Mittag-Leffler functiondl[7,18].
Theorem 1For a,3 € R and if f(t) is defined on A then,
1 () F

NT {tﬁflEaﬁ()\t“)} =5 l((é};ai_)\] ,foralla >0, B >0. (16)

u

Proof: By definition of the Natural transform

N* [v(t)] = R(s,u) = :—ul/ome‘Stv(ut)dt or  N*[v(t)] =R(s,u) = :—LLI/Owe‘sﬁtv(t)dt,

so that ’
_ 1/* st 1/ sp4e (At9)
+ [+B-1 ay| = atB-1 a — uth-1 —_
N [tPIE, p(Mt)] u/o e StP1E, 5 (ALY dt u/o ey e
1@ )\k LI 12 )\k ®
==Y —— [ euthtolgt== 7/ e utPtak-1gt.
Uk;r(ak-i-ﬁ)/o uk;I'(akJrB) 0
Putting x= 2,
Ul (ak+pB) Jo Uk;r(akw)(g)‘”“" 0
1 AK 11 2 AK
=z r(ak+pB)=- ,
S (e B) (3 PO
k _
) S
— & = — o = — o 5
UE)PENE)T) uEPLET AL v A
as required.
Remarks: The following results are worth noting as special cases®ftlieorem above:
1.
If a >0, B=1then N+[Ea1(m°')]—1i lil 17)
) - s - a :
U@ L@ -2
2.
+ [ya—1 a 1 1
If a >0, B=athen N[t Eqa(AtY)] == | |- (18)
ul(3) —A
3.
If a >0, B=1then NT[1—Eq( /\t")]—l ! l A (19)
) - TRalT (s
u(d) L)+
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3 Natural Transform Application

In this section, the natural transform will be used to sokdain non-homogenous fractional differential equations
Example 1.Solve a forced nearly simple harmonic vibration equatiangithe Natural transform,

DYV (t)] + w?V (t) =Kk, 1<a<?2 (20)

with the initial conditions
V (0) =co, V'(0) =cy.

Solution: By taking the Natural transform of equatio®0j and applying the initial conditions, using equatidri) and
together with relevant standard resuft§)(and (9), it gives

N*[DV (1)]] + @?N* [V (1)) = kN* [1]

s\ @ n g (ki) w
=) Rsu) = Y =M (0) + ’R(sU) = =,
(u) ( ) kZO ua—k () ( ) U(S)
i.e.
%)* s s 1k
(G) RESY ~ T V(O)_ua—lvl(0)+sz(57U):a§’
u
or
*)R 2risu - LS L k
(G) (SU)+wR(SU) = Wco+ua—zcl+@ ’
or

S a—1 S a—-2 2
U a k w
R(su) = [ 3(“2 Gt s(”a) > —] .
(G e (@) e
Taking the inverse Natural transform, it gives
2.0 2. k 0. O
V (t) = coEa 1 (—wt )+CltEa72(—wt )“LE [1—Ea(—wt )}. (21)

The solution is plotted below in Figure 1a and 1b at differaities ofw for cg = ¢, = k= 1:
Example 2.Solve the nhon-homogeneous fractional ordinary diffeemtijuation using Natural transform method

DYV ()] +V (1) =tP .5 (t%), 0<a <1, B>0, t>0, (22)
subject to initial conditiorv (0) = 0.

Solution: By invoking the Natural transform on equatiob8{ and applying the initial conditions, using equatiofg)(
and together with standard results from Theorem 1, so that

NF DYV ()] +N V(1) = N [t 5(t7) |
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ClE
[any

v<t)=N—{

Now, the convolution theorem is easily applied to evalulagsinverse Natural transform thus:

[(3)"+1]
t
N {UR (s.U) .Fa(s,U)} :/O f1.(X) Falt — x)dx

(© 2018 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

54 NS S. Shikaa, V. Gill : Natural transform method to solve nonbgeneous...

Figure 2a: A 3D plot of solution3) as a function oft and for a = 0.1.

)"

—~

s
u

MR IGLEE

1 =tP1E, g (1),

1— 1 (ﬁ)aiﬁ _[ta-1 ay] 4 [¢B-1 _yay| tor—l ay 4 \B-1 i\
u[(ﬁ)a—i—l} (ﬁ)a—ll _[t Eq o (t )] [t Eqp(—t )}—/OX Ea.a (X7) (t—X) Ea,ﬁ[ (t—x) ]dx7

Comparing with the standard result below as in [16]

_ yEa7ﬁ+y(yXa) - ZEor,Ber(Z)@{>Xﬁﬂ,_l7

X
/ W Eqy (yu®) (x— U)P 1 Eq g [2(x— u)]du -
0 -

wherey,ze C;y#£2z >0, y> 0, itimplies that

t E t9)+E —td
[0 06 0P M [ = Zere )T Fapeal gy
0

_ Eapra (t9) + Ea,ﬁ+a(—ta)tﬁ+a71
5 .
The solution 23) is also plotted at four different values afagainst thé andf3 in Figure 2a-2c.

Example 3. Solve the multi-order non-homogeneous fractional ordirdifferential equation using Natural transform
method.

“V(b)

(23)

DYV ()] +DPV (1) =~V (1) +t “Eg1q (t) +t PE1; p(t) +¢€ (24)

subject to initial conditiorv (0) = 0.
Solution: By invoking the Natural transform on equatio?4 and applying the initial conditions, using equatiotg)(
and standard results from Theorem 1,

N* D7V (0)] +DP IV ()] = ~N*IV (O] + N* [t Eaz-a (0] + N [t PEL1 g (0)] + N7 [¢],

s\ a n go—(k+1) B n B-(k+1)
(5) Rsw -5 =i 90+ (5) Reu- 3 =5 t9 0+ Risy)
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1)

Figure 2c: A 3D plot of solutionZ3) as a function oft and for a = 0.9.
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(E)GR(S,U)—F (S)ﬁR(s,uH-R(s,u) = é {%_1] {(S)aﬂL (5)34—1} ;

R(s,u):ﬂsil] ,V(t):N‘{é[sll]}:et. (25)

u

u
Example 4.Solve the non-homogeneous fractional ordinary diffesd@fuation
tﬁ—(}—l tﬁ—l

Da[v(t)]_v(t):F(B—a)_F(B)’ 0<a<l o<fB <o, t>0, (26)

subject to initial conditioty (0) = 0.
Solution: By invoking the Natural transform on equatid?6f and applying the initial conditions, using standard resul

from [1]
B—a-1 B-1
N* [0V ()] -N* [V (1) =N* ﬁ] ~N* [ﬁ] ,
I n Saf(kJrl) 1 + e 1 + B
u_"R(S’u)_gon(k> 0 -RSW =g [tﬁ 1} " [tﬁ 1],
B—a—1 B—-1
SR DT IV O] 0RO = ol (B ) g — o (B)
but
DIV (1)]io =0. sa1 g
s¥ a- -
u—aR(S,u) - R(S,U) - uSBi—C{ - u?,
S u¢ uB*l uﬁfl 1 uB—l
By taking the inverse Natural transform
1 Tl B G
V() = WN F(B)?] T @)
th-1

4 Conclusion

In this paper, the Natural transform was applied to solvglsiand multi-order nonhomogeneous fractional diffeanti
equations. Some basic concepts about the Natural transiodrfractional calculus were also presented as backgrdund o
the work.
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