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Abstract: The objective of this paper is to explore the fractional\d®ive of the multivariablé-function Prasadd], associated with
a general class of multivariable polynomials of Srivas{@jand the generalized Lauricella function of Srivastava Badust P]. The
results which are derived by using certain special casemteesting and very general in nature. Each of these semuthown to
apply to yield interesting new results for certain multishte hypergeometric functions.
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1 Introduction Definition 1.

The multivariable I-function is represented in the

In the present paper, the fractional derivatives of thefollowing manners]:

product of the Lauricella functions, the general class
polynomials and the multivariadldunction are derived.

In recent years, several authors have found that [z, a] = P2,02; 3,035+ Pr o0 (P, ;-5 (P ,q(1)
derivatives and integrals of fractional order are suitable

for description of properties of various real materialseTh 2 aZj;aéjaagj) ;(ae,j;aéj,agj,ag])
main advantages of fractional derivatives provide an : 1ps

excellent instrument for the description of memory and
hereditary properties of varies materials and process. (
Recently, the multivariablel -function has been &

b2j ; BZJ ’ BZJ) 1,00 ; (b3] ! B:;J ’ B:;/J 7 Bg]) 1.0

introduced and studied by Prasaf] jand Prasad and Y S (r) r o
Yadav [B], which is a generalization of multivariable v Qs Orjeoes Ay )Lpr’(aj’aj)l,p(l)'""
H-function and includes the generalized Lauricella
functions of Srivastava and Daoudf],[ Appell function (br"B/' B(r)) (b}, B)
etc.Therefore, the results established in this paper are of P TP R )y g P P g
general character from which several known and new " -1
result can be deduced. (aj 4 )1,p<r>
r r

o (6B g0
2 Preliminaries . r
In this section , we shall first recall some definitons and ~ (271w)" ./gl A Yis-s) {il:l(ﬂ (S)f}
fundamental facts of Special functions and Fractional
calculus. ds;...ds (1)
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(@© 2016 NSP

Natural Sciences Publishing Cor.


http://dx.doi.org/10.18576/sjm/030301

90 %N S

S. K. Sharma, A. S. Shekhawat: Fractional derivatives of tagicella function...

wherew = /-1,

Mica [MFar (-2 + 5taa]s)
M [HJ nk+1r(akj—2=(zlai£ij)s)}
1

) 0
Mi2 [I‘I?ill'(l— byj + Zikzlﬁkj S)}

LIJ(S7"'7$’) =

)

Vie(d,..,r).

{07 ni}Z,r
{pi,di}o,

=0,n:...:0,n,
=pP2,q2 ... * Pr,0r,

1
Lpai i (@sall afj>)1pr, 4

' )17p(1);~'~;(a§r)7aj(r))17p(f)7 (5)
€ = {(bij;Bi(jl),...,Bi(jn)i;i}

= (023: B8 B N1 (0 i B B Vg (6)

7={0) 6",
(J vBJ )1q

Such that n;, p;,gi,m
integers and all g, b}, aij, Gij,a

(), n0) pi) g} are non-negative

(D W@ L0 R0)
: ,bj Q] ,Bj are

complex numbers and the empty product denotes unity .

The contour integrall) convergence, if

J:m(i)+1 =1 j=no+1
Nr .
tot(Sa)- Y af
=1 j=n+1
q2 . ar .
- (Z B +..+Y B,<;>> 9)
=1 =1
and
l[z1,....z] = ©(|z| %, ..., |z |%), max{|zl, ..., |z |}
— 0,
where
b
j
aj = mln(l<1§m<i>)D p ,
j
a1\
Bi = max(lgjgn(i))[l W = 17"7r'
i

For the condition of convergence and analyticity of
multivariable I-function we referq, 8].

Definition 2.

The multidimensional analogue of a general class
polynomials is defined by (se&1]):

myki+...-+mrke <O
>

3}113---“} (Xla 7Xr) -
Ky,....kr =0
k ke
) X1 X
(_n)m1k1+"'+TT}krA(n! klv"'akr)— T (10)
kq! k!
where m,....,m: are arbitrary positive integer,
n=0,1,2,... and the coefficients

AMKy, ...k ),k > 0,i=1,..r

are arbitrary constants, real or complex.

The order of the highest degree of the variables
X1,..,% Of the multivariable polynomial 0) can be
written as [L2]

SR RCEY

where [x] denotes the greatest integex.
Remarks:

largz| < %Ui mU >0 i=1..r (8) (i) The caser = 1 of the multivariable polynomigl
(10) would give rise to the general class of polynomials
where St introduced by Srivastavag).
(i) For m,i = 1,..,r and A(nky,..k) =
MO p® oomh (1 + o1 + npka, (L + a2 + np)ks...(1 + ar + np)k,the
U = aj“) _ aj(” + Bj(”_ multivariable polynomial reduces to a multivariable
j=1 =41 =1 Bessel polynomiall4].
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- (=M + Py
Definition 3. F Y

e (1+p+g+M)us1 (2, 2]
In recent years, by several authors (sex9]), the
fractional derivatives of a function f(t) of complex order = —M,1+p+q+ M;X (18)
have been established as follows; 21 1+p;

Lo L where
i St =X)L (x)dx, (Re(y) < 0),
DI} = - [c:n®;..in®],
dmaDl T{T(} (0<Re(y) < 'Eﬂl)z-) Fu (21, . 2] = B 0 .
. r

where m is a positive integer. d:0...0 } ’
Remarks: (i) The special case of the fractional derivative
(see P]) is (1P e, ] [+ 15 ]

FOrD) 2+ p+a+M+p g ], [ =M+ 10 g ]
DF (") = —————t"H (Re(A) > —1). (13)
rA—-—p+1
Y X [ym :x“)} ;

(ii)For simplicity, the special case of the fractional z Z (19)
derivative operator,DY{f(t)}, when a = 0 will be o 1) 1) b
written asDf'. v :t];...;[V 2 };

Thus we have
Df =, DI{f(H)}. (14)
Definition 4.

Binomial expansion is given by

x+ ) =2 mzo (Q) <§>m <|§| < 1) . (15)

Also the generalized Leibniz rue for fractional derivasve

D¢ (100} = 3 (4)o4 "(1Wa). 0

m:Om

Definition 5.

The generalized Lauricella function of several complexBi = max(lgjgnG))D —Ja(i)

variables is given byf]:

i i
FG:vl ..... V'
H:WL,.. Wr

M1l
n

: a7)
W W

3 Required Result

we need to recall the following result (s&é)):
Ifp>0,0<x<1Re(1+p)>0,Re(q) > —1,4 >0and
Qi >0asQ=0and|z| < p,i=1,2,...r then

lel«ll
S (1+p+9g+2M)

).(IJr NZO M!

xHF
Z

whereM > 0

4 The Main Result

In this section,we have evaluated two theorems involving
Lauricella function,the product of the multidimensional

analogue of a general class polynomials with

multivariablel -function.

Theorem 4.1. If ni,pi,q,m) n® p® qi) are
non-negative integers and

ajj,bij,aij,Bij,agi),bgi),aj(i),Bj(i) are complex numbers,

. bl
a = m|n<1<j<m<i))D<‘—.>, and

where @)
| g
al_

, also max{|z|,...,|z|}

]
— 0,then the fractional derivative formula involving the
Lauricella functions,generlized polynomial and the
I-function as follows:

Wix(n -}k
D (t— Q)M (n — )M TF '
e {x(n — )P

(t=0)*(n -t

(t—)%(n—t)
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a{tt- M H{t(n -}

2 {tt— )P {t(n 01"

Mk +...+Msks<N
(_N)M1k1+...+M5ksA(N; kla s kS)Q

I{Onl+3}2r{m n(l)}lr
{pi+3.0i+3}2,:{pH gD }Lr

Zl(_Z))\l(n)rlt)\l+rl A17A27A37

Z (—())\, ('n)nt/\rﬂr (sz ; sz’sz)l,qz Yo

! n
(azjyazjaazj)lpz

(20)

where
S
Ar=[-A-— a}l{;Al,...,Ar>,
< 2
< S K )
Ap=|T1-k=3 bk;1,....Tr |,
2
A3:(_m_|l)\1+T177Ar+Tr)7
S
Bi=m—A-— a{k{;Al,...,Ar>,
(m23,
< S 1!
=(n—-A—-k=Y bk;n,...% |,
P
B3:(—m+l—u;)\l+rl,...,)\r+rr).
o0- (“)"(=)"(=) A+ a+B+2M)(=A)u

KIM!(1+a+ b+ M), 1(1+ a)

(1+a+B+M(d+a), N
D (RS

(’7)Hk+zis/b‘lqtm+l_“FM[21,---,Zr]i

A>0T1>0i=12...r

T)+ ZT. (%) -1,
A)+ r Ai i >
i; : Bj(')

Proof.For a simple (direct) proof of the resul2@, we

first express the Lauricella function by et and the
multivariable | —function by eq.{) and general class of
polynomial (LO) respectively and collecting the powers of
(t—¢) and(n —t), and apply the binomial expansion

(x+Q)* = mi) <21> <?>m <|§| < 1)

by making use of the familiar formula

Also

ra+1 _
HAy — A—u _
Dt (t ) r(/\_u+1)t 7(Re()\)> 1)7
we get the desired resul@).
Theorem 4.2.
If A > 015 > 0,i = 1,2...,r and n,p,

qi,m",n p0 g are non-negative integers and
a”,b.,,a”,Bij,aﬁ'),bﬁ'),aj(”,ﬁj(') are complex numbers,

B
MmN j <) <p(')>
J
=1
B - max(1<j<n<i)>m(;T), and mex{|z], ... |z}
— 0,then

where aj =

y{x(n -t
D! (t )" (n ) *'F '
Y {x(n — O}

(t—)(n—t)>
(n—t)°

x| =

2{t(n —t)}"
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Miky+...+Msks<N
X (=N)Mykg+.. +Msks

I{o ni+2) o {m 42,007

k) {pi+2,01+2}2,:{p0+1,g0 1317

Z(n)" (0"
(sesiczyaz), i (i)
(brjiBj B, D1,Dzi (b, B))
(aj. )y pwi- (air), ajm)l’p(r) .Cs

(21)

where
Co=(—-m-1I;11—C T2, ..., T),

Cs=(1+A+ak —mc),
o B o).

Dy=(—m—Il+4+u;1—0C11,..., Tr),
D3 = (1+A +aky,C).

()™= 1+ a+B+2M)(-A)u

Q:
KIMI(1+a+b+M), 1(1+a)

(=M)k(I+a+B+Mi(1+a))
M+ D!+ 1)

x (=g () THESE R E g

(Ai>0,1,>0),i=1,2,...,r.

(5) -
g )

Proof. In order to prove Z1), we first express the

Also

Lauricella function by eq. 18 and the multivariable
| —function by eq. {) and general class of polynomial
(10) respectively and collecting the powers(of- {) and
(n —t), and apply the binomial expansiod5j,making
use of the familier formulal(2),we get the desired result
(22).

5 Special cases

@) ni=0;i =1,2,...,r — 1the result 20) as given in
section 4, reduces to the known main result given by
Chaurasia and Shekhawat (sef |§. 497, Equation 3.1]).

(i) When aJ ,bﬁ ),aj('),ﬁj(” 's are real numbers and
ni, pi,q,i = 1,2,...,r, the multivariable I-function breaks

in to product of H-function of r-variable and equati@i)

as given in section 4, reduces to the known result given by
Chaurasia and Shekhawat (sed],[[p.498, Equation

(4.1))).

(i) 1f o’ =B =1,i=1,2,....sin case (2), then the
result of case (2) reduces to Meijers G-function, given by
Chaurasia and Shekhawat (se€el],j.499, Equation
(4.2)]).

(iv) Letting Ny = O(i = 1,...,s), the result in case (1),
reduces to the known result given by Sharma and Singh
[4], after a little simplification.

(v)ReplacingNy, ...,Ns by N in case (1), we have a known
result obtained by Chaurasia and Singtial [

If AN;kg,...ks) = 1(Q), then S\&Ms[w,...,wy
reduces to the generalized Lauricella functlon of
Srivastava and Daoust

Wy
..... M U U
%1' (W, We] Fév(zlg_'_’v(s)u
L Ws
[N;My, . Mg, [ (@10 S

(22)

e {x( — D)}
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aftt- M {t(n -}

x|

2 {t(t— Q)P {t(n —1)}©

o Mpki+...+Msks<N

ke o

{O,ni+3}2,r:{m(i> n® L
{pi+3.Gi+3}2r:{p®,qi}1r

z (=)™ (n)nthtn A1, A, Ag,

Zf(_Z))" (.n)frt/\r-H'r (sz;BZPBZj)l,qz

. / Vi . i . / (r)
aZJ,azj,azj 1‘p2"“’ a”,arj,...,arj

(brl Br]ﬂ 7B J))lq 781782783;(b'

>l

(aj.q] )1 b1 (a§r> ; “J(r))l,pm
. 23)

where

S
=|ln—-A—-k- bfk;;rl,...,rr>,
( 2"

By=(—mM+| — A1+ 11, .. A+ ).

Also A is defined asQ according to main result.
Equationg3) is valid under the same conditions as those

in main result.

6 Conclusion

The I-function of r-variable defined by Prasafilgnd
Prasad and Yadaw in terms of the Mellin-Barnes type

of basic integrals is most general character which involves
a number of special functions. The fractional integral and
derivative operators, especially, involving various spec
functions have found significant importance and
application in various field applied mathematics. The
results deuced in the present paper may provide better
fractional derivative and general polynomial of some
simpler multivariable special function, which are
expressible in terms of the H-function, the I-function, the
G-function of one variable and their special cases. Thus
the results presented in this paper would at once yield a
very large number of results involving a large variety of
special functions occurring in the problems of science,
engineering and mathematically physics etc.
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