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1 Introduction

In the present paper, the fractional derivatives of the
product of the Lauricella functions, the general class
polynomials and the multivariableI-function are derived.
In recent years, several authors have found that
derivatives and integrals of fractional order are suitable
for description of properties of various real materials. The
main advantages of fractional derivatives provide an
excellent instrument for the description of memory and
hereditary properties of varies materials and process.

Recently, the multivariableI -function has been
introduced and studied by Prasad [5] and Prasad and
Yadav [8], which is a generalization of multivariable
H-function and includes the generalized Lauricella
functions of Srivastava and Daoust [7], Appell function
etc.Therefore, the results established in this paper are of
general character from which several known and new
result can be deduced.

2 Preliminaries

In this section , we shall first recall some definitions and
fundamental facts of Special functions and Fractional
calculus.

Definition 1.

The multivariable I-function is represented in the
following manner[5]:

I [z1, . . . ,zr] = H0,n2;0,n3;...;0,nr :(m′,n′);...;(m(r) ,n(r))

p2,q2;p3,q3;...;pr,qr:(p′,q′);...;(p(r),q(r))











z1
.
.
.
zr

∣

∣

∣

∣

∣

∣

∣

∣

∣

(

a2 j;α ′
2 j,α

′′
2 j

)

1,p2
;
(

a3 j;α ′
3 j ,α

′′
3 j,α

′′′
3 j

)

1,p3

(

b2 j;β ′
2 j,β

′′
2 j

)

1,q2
;
(

b3 j;β ′
3 j,β

′′
3 j,β

′′′
3 j

)

1,q3

; ...;
(

ar j;α ′
r j , ...,α

(r)
r j

)

1,pr
,(a

′
j,α

′
j)1,p(1)

; ...;

; ...;
(

br j;β ′
r j, ...,β

(r)
r j

)

1,qr
,(b

′
j,β

′
j)1,q(1)

; ...;

(a(r)j ,α(r)
j )

1,p(r)

(b(r)j ,β (r)
j )

1,q(r)







=
1

(2πω)r

∫

ℓ1

. . .
∫

ℓr

ψ (s1, . . . ,sr)

{

r

∏
i=1

φi (si)zsi
i

}

ds1 . . .dsr (1)
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whereω =
√
−1,

ψ(s, ...,sr) =
∏r

k=2

[

∏nk
j=1Γ

(

1− ak j +∑k
i=1α(i)

k j si

)]

∏r
k=2

[

∏pk
j=nk+1Γ

(

ak j −∑k
i=1 α(i)

k j si

)]

× 1

∏r
k=2

[

∏qk
j=1Γ (1− bk j +∑k

i=1 β (i)
k j si)

] (2)

φi(si) =

[

∏m(i)

k=1Γ (b(i)k −β (i)
k si)

]

[

∏p(i)

j=n(i)+1
Γ
(

a(i)j −α(i)
j si

)]

×

[

∏n(i)
j=1Γ

(

1− a(i)j +α(i)
j si

)]

[

∏q(i)

m(i)+1
Γ
(

1− b(i)k +β (i)
k si

)] (3)

∀i ∈ (1, ...,r) . Also,

{0,ni}2,r = 0,n2 : ... : 0,nr,

{pi,qi}2,r = p2,q2 : ... : pr,qr,
{

(m(i),n(i))
}1,r

= (m(1),n(1)); ...;(m(r),n(r)),
{

(p(i),q(i))
}1,r

= (p(1),q(1)); ...;(p(r),q(r)),

A =
{

(a ji;α(1)
i j , ...,α(i)

i j )
2,r
1,pi

}

= (a2 j;α(1)
2 j ,α

(2)
2 j )1,p2; ...;(ar j;α(1)

r j , ...,α(r)
r j )1,pr , (4)

B =
{

(a(i)j ,α(i)
j )1,r

1,p(i)

}

= (a(1)j ,α(1)
j )1,p(1) ; ...;(a

(r)
j ,α(r)

j )1,p(r) , (5)

C =
{

(bi j;β (1)
i j , ...,β (i)

i j )
2,r
1,qi

}

= (b2 j;β (1)
2 j ,β

(2)
2 j )1,q2; ...;(br j;β (1)

r j , ...,β (r)
r j )1,qr , (6)

D =
{

(b(i)j ,β (i)
j )1,r

1,q(i)

}

= (b(1)j ,β (1)
j )1,q(1) ; ...;(b

(r)
j ,β (r)

j )1,q(r) , (7)

Such that ni, pi,qi,m(i),n(i), p(i),q(i) are non-negative

integers and all ai j,bi j,αi j ,βi j,a
(i)
j ,b(i)j ,α(i)

j ,β (i)
j are

complex numbers and the empty product denotes unity .
The contour integral (1) convergence, if

|argzi|<
1
2

Uiπ , Ui > 0, i = 1, ...,r (8)

where

Ui =
n(i)

∑
j=1

α(i)
j −

p(i)

∑
j=n(i)+1

α(i)
j +

m(i)

∑
j=1

β (i)
j −

q(i)

∑
j=m(i)+1

β (i)
j +

(

n2

∑
j=1

α(i)
2 j −

p2

∑
j=n2+1

α(i)
2 j

)

+...+

(

nr

∑
j=1

α(i)
r j −

pr

∑
j=nr+1

α(i)
r j

)

−
(

q2

∑
j=1

β (i)
2 j + ...+

qr

∑
j=1

β (i)
r j

)

(9)

and

I[z1, ...,zr] =⊙(|z1|α1, ..., |zr|αr),max{|z1|, ..., |zr|}

→ 0,
where

αi = min(1≤ j≤m(i))ℜ





b(i)j

β (i)
j



 ,

βi = max(1≤ j≤n(i))ℜ





a(i)j −1

α(i)
j



 , i = 1, ..,r.

For the condition of convergence and analyticity of
multivariable I-function we refer [5,8].

Definition 2.

The multidimensional analogue of a general class
polynomials is defined by (see [11]):

Sm1,...,mr
n (x1, ...,xr) =

m1k1+...+mrkr≤0
Σ

k1,...,kr=0

(−n)m1k1+···+mrkr A(n;k1, ...,kr)
x1

k1

k1!
· · · xr

kr

kr!
(10)

where m1, ...,mr are arbitrary positive integer,
n = 0,1,2, ... and the coefficients

A(n;k1, ...,kr),ki ≥ 0, i = 1, ...r

are arbitrary constants, real or complex.
The order of the highest degree of the variables

x1, ...,xr of the multivariable polynomial (10) can be
written as [12]

O(Sm1,...,mr
n (x1, ...,xr)) = O

(

x[n/m1]
1 , ...,x[n/mr ]

r

)

, (11)

where [x] denotes the greatest integer≤ x.

Remarks:
(i) The caser = 1 of the multivariable polynomial

(10) would give rise to the general class of polynomials
Sm

n introduced by Srivastava[13].
(ii) For mi, i = 1, ...,r and A(n;k1, ...,kr) =
(1 + α1 + n1)k1,(1 + α2 + n2)k1...(1 + αr + nr)kr,the
multivariable polynomial reduces to a multivariable
Bessel polynomial [14].
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Definition 3.

In recent years, by several authors (see [3,9]), the
fractional derivatives of a function f(t) of complex order
have been established as follows;

α Dγ
t { f (t)}=







1
Γ (−γ)

∫ t
0(t − x)−γ−1 f (x)dx,(Re(γ)< 0) ,

dm

dtm α Dγ−m
t { f (t)},(0≤ Re(γ)< m) .

(12)
where m is a positive integer.

Remarks: (i)The special case of the fractional derivative
(see [9]) is

Dµ
t (t

λ ) =
Γ (λ +1)

Γ (λ − µ +1)
tλ−µ ,(Re(λ )>−1). (13)

(ii)For simplicity, the special case of the fractional
derivative operatorα Dγ

t { f (t)}, when α = 0 will be
written asDµ

t .
Thus we have

Dµ
t = α Dγ

t { f (t)}. (14)

Definition 4.

Binomial expansion is given by

(x+ ζ )λ = ζ λ
∞

∑
m=0

(

λ
m

)(

x
ζ

)m

,

(

| x
ζ
|< 1

)

. (15)

Also the generalized Leibniz rue for fractional derivatives

Dµ
x { f (x)g(x)} =

∞

∑
m=0

(

µ
m

)

Dµ−m
x { f (x)g(x)}. (16)

Definition 5.

The generalized Lauricella function of several complex
variables is given by [7]:

FG:V 1,...,V r

H:W1,...,W r







γ1
...

γr






≡ F







γ1
...

γr






. (17)

3 Required Result

we need to recall the following result (see[10]):
If µ ≥ 0,0< x < 1,Re(1+ρ)> 0,Re(q)>−1,µi > 0 and
Ωi > 0 asΩi = 0 and|zi|< ρ , i = 1,2, ...,r ,then

xµ F







z1xµ1

...
zrxµr






=

∞

∑
M=0

(1+ p+ q+2M)

M!

× (−µ)M(1+ p)µ

(1+ p+ q+M)µ+1
FM [z1, ...,zr]

×2F1

[

−M,1+ p+ q+M;
1+ p; x

]

(18)

where

FM [z1, ...,zr] = FG+2:V ′;...;V r

H+2:W ′;...;W r









[

c : η(1); ...;η(r)
]

,

[

d : σ (1); ...;σ (r)
]

,

[1+ p+ µ : µ1, ...,µr] , [µ +1;...;µr]

[2+ p+ q+M+ µ : µ1; ...;µr] , [µ −M+1 : µ1; ...;µr]

: [y′ : x′] ; ...;
[

y(r) : x(r)
]

;

: [V ′ : t ′] ; ...;
[

V (r) : t(r)
]

;

z1, ...,zr









(19)

whereM ≥ 0

4 The Main Result

In this section,we have evaluated two theorems involving
Lauricella function,the product of the multidimensional
analogue of a general class polynomials with
multivariableI-function.

Theorem 4.1. If ni, pi,qi,m(i),n(i), p(i),q(i) are
non-negative integers and

ai j,bi j,αi j ,βi j,a
(i)
j ,b(i)j ,α(i)

j ,β (i)
j are complex numbers,

where αi = min(1≤ j≤m(i))ℜ
(

b
(i)
j

β (i)
j

)

, and

βi = max(1≤ j≤n(i))ℜ
(

a
(i)
j −1

α(i)
j

)

, also max{|z1|, ..., |zr|}
→ 0,then the fractional derivative formula involving the
Lauricella functions,generlized polynomial and the
I-function as follows:

Dµ
t (t − ζ )λ xλ (η − t)λ+τF











γ1{x(η − t)}λ1

.

.

.

γr{x(η − t)}λr











×SM1,...,Ms
N1,...,Ns











(t − ζ )a1(η − t)b1

.

.

.
(t − ζ )as(η − t)bs











c© 2016 NSP
Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp


92 S. K. Sharma, A. S. Shekhawat: Fractional derivatives of theLauricella function...

×I











z1{t(t − ζ )}λ1{t(η − t)}τ1

.

.

.
zr{t(t − ζ )}λr{t(η − t)}τr











=
∞

∑
m,l=0

∞

∑
k,M=0

M1k1+...+Msks≤N

∑
k1,...,ks=0

(−N)M1k1+...+Msks A(N;k1, ...,ks)Ω

×I
{0,ni+3}2,r:{m(i),n(i)}1,r

{pi+3,qi+3}2,r:{p(i),q(i)}1,r











z1(−ζ )λ1(η)τ1tλ1+τ1

.

.

.

zr(−ζ )λr(η)τr tλr+τr

∣

∣

∣

∣

∣

∣

∣

∣

∣

A1,A2,A3,

(

b2 j;β ′
2 j,β

′′
2 j

)

1,q2
; ...;

(

a2 j;α ′
2 j ,α

′′
2 j

)

1,p2
; ...;

(

ar j;α ′
r j , ...,α

(r)
r j

)

1,pr
,

(

br j;β ′
r j, ...,β

(r)
r j

)

1,qr
,B1,B2,B3 : (b

′
j,β

′
j)1,q(1)

;

(a
′
j,α

′
j)1,p(1)

; ...;(a(r)j ,α(r)
j )

1,p(r)

...;(b(r)j ,β (r)
j )

1,q(r)











. (20)

where

A1 =

(

−λ −
s

∑
i′=1

a
′
ik

′
i;λ1, ...,λr

)

,

A2 =

(

τ − k−
s

∑
i′=1

b
′
ik

′
i;τ1, ...,τr

)

,

A3 = (−m− l;λ1+ τ1, ...,λr + τr) ,

B1 =

(

m−λ −
s

∑
i′=1

a
′
ik

′
i;λ1, ...,λr

)

,

B2 =

(

η −λ − k−
s

∑
i′=1

b
′
ik

′
i;τ1, ...,τr

)

,

B3 = (−m+ l− µ ;λ1+ τ1, ...,λr + τr) .

Ω =
(−1)m(−1)n(−ζ )−l(1+α +β +2M)(−λ )M

k!M!(1+ a+ b+M)λ+1(1+α)k

(1+α +β +M)k(1+α)λ
(m+1)!(n+1)!

xk × (−ζ )λ−m+∑s
i′ a

′
i k

′
i

(η)τ+k+∑s
i′ b

′
i k

′
i tm+l−µFM[z1, ...,zr ];

λi > 0,τi > 0, i = 1,2, ...,r.

Also

Re(τ)+
r

∑
i=1

τi





b(i)j

β (i)
j



>−1,

Re(λ )+
r

∑
i=1

λi





b(i)j

β (i)
j



>−1

Proof.For a simple (direct) proof of the result (20), we

first express the Lauricella function by eq.(18) and the
multivariable I−function by eq.(1) and general class of
polynomial (10) respectively and collecting the powers of
(t − ζ ) and(η − t), and apply the binomial expansion

(x+ ζ )λ = ζ λ
∞

∑
m=0

(

λ
m

)(

x
ζ

)m

,

(

| x
ζ
|< 1

)

by making use of the familiar formula

Dµ
t (t

λ ) =
Γ (λ +1)

Γ (λ − µ +1)
tλ−µ ,(Re(λ )>−1),

we get the desired result (20).

Theorem 4.2.
If λi > 0,τi > 0, i = 1,2, ...,r and ni, pi,

qi,m(i),n(i), p(i),q(i) are non-negative integers and

ai j,bi j,αi j ,βi j,a
(i)
j ,b(i)j ,α(i)

j ,β (i)
j are complex numbers,

where αi = min(1≤ j≤m(i))ℜ
(

b(i)j

β (i)
j

)

,

βi = max(1≤ j≤n(i))ℜ
(

a(i)j −1

α(i)
j

)

, and max{|z1|, ..., |zr|}
→ 0,then

Dµ
t (t − ζ )λ xλ (η − t)λ+τF











γ1{x(η − t)}λ1

.

.

.

γr{x(η − t)}λr











×SM1,...,Ms
N1,...,Ns















(t − ζ )a(η − t)b1

(η − t)b2

.

.

.
(η − t)bs















×I















z1{t(t − ζ )}c{t(η − t)}τ1

z2{t(η − t)}τ2

.

.

.
zr{t(η − t)}τr















=
∞

∑
m,l=0

∞

∑
k,M=0
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×
M1k1+...+Msks≤N

∑
k1,...,ks=0

(−N)M1k1+...+Msks

.A(N;k1, ...,ks)Ω I
{0,ni+2}2,r:{m(i)+1,n(i)}1,r

{pi+2,qi+2}2,r:{p(i)+1,q(i)+1}1,r















z1(−ζ )λ (η)τ1(t)λ1+τ1

z2(η)τ2(t)τ2

.

.

.
zr(η)τr (t)τr

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

C1,C2,

(

b2 j;β ′
2 j,β

′′
2 j

)

1,q2
; ...;

(

a2 j;α ′
2 j ,α

′′
2 j

)

1,p2
; ...;

(

ar j;α ′
r j , ...,α

(r)
r j

)

1,pr
,

(

br j;β ′
r j, ...,β

(r)
r j

)

1,qr
,D1,D2;(b

′
j,β

′
j)1,q(1)

,

(a
′
j,α

′
j)1,p(1)

; ...;(a(r)j ,α(r)
j )

1,p(r)
,C3

...;(b(r)j ,β (r)
j )

1,q(r)
,D3











. (21)

where
C1 =

(

−τ − k−∑s
i′=1 b

′
ik

′
i;λ1, ...,λr

)

,

C2 = (−m− l;τ1− c;τ2, ...,τr) ,
C3 = (1+λ + ak1−m,c) ,

D1 =
(

−τ − k+ l+∑s
i′=1 b

′
ik

′
i;τ1, ...,τr

)

,

D2 = (−m− l+ µ ;τ − c;τ1, ...,τr) ,
D3 = (1+λ + ak1,c) .

Ω =
(−1)m+l(−ζ )−l(1+α +β +2M)(−λ )M

k!M!(1+ a+ b+M)λ+1(1+α)k

× (−M)k(1+α +β +M)k(1+α)λ
(m+1)!(n+1)!

xk

×(−ζ )λ−m+ak1(η)τ+k+∑s
i′ b

′
i k

′
i tm+l−µFM[γ1, ...,γr];

(λi > 0,τi > 0), i = 1,2, ...,r.

Also

Re(τ)+
r

∑
i=1

τi





b(i)j

β (i)
j



>−1,

Re(λ )+
r

∑
i=1

λi





b(i)j

β (i)
j



>−1

Proof. In order to prove (21), we first express the

Lauricella function by eq. (18) and the multivariable
I−function by eq. (1) and general class of polynomial
(10) respectively and collecting the powers of(t − ζ ) and
(η − t), and apply the binomial expansion (15),making
use of the familier formula (12),we get the desired result
(21).

5 Special cases

(i) ηi = 0;i = 1,2, ...,r − 1,the result (20) as given in
section 4, reduces to the known main result given by
Chaurasia and Shekhawat (see [[1] p. 497, Equation 3.1]).

(ii) When a(i)j ,b(i)j ,α(i)
j ,β (i)

j ’s are real numbers and
ni, pi,qi, i = 1,2, ...,r, the multivariable I-function breaks
in to product of H-function of r-variable and equation (21)
as given in section 4, reduces to the known result given by
Chaurasia and Shekhawat (see [[1], p.498, Equation
(4.1)]).

(iii) If α(i)
j = β (i)

j = 1, i = 1,2, ...,s in case (2), then the
result of case (2) reduces to Meijers G-function, given by
Chaurasia and Shekhawat (see [[1],p.499, Equation
(4.2)]).

(iv) Letting Ni = 0(i = 1, ...,s), the result in case (1),
reduces to the known result given by Sharma and Singh
[4], after a little simplification.

(v)ReplacingN1, ...,Ns by N in case (1), we have a known
result obtained by Chaurasia and Singhal [15].

If A(N;k1, ...,ks) = I(Q), then SM1,...,Ms
N [w1, ...,ws]

reduces to the generalized Lauricella function of
Srivastava and Daoust

SM1,...,Ms
N [w1, ...,ws] = F1+E:U(1);...;U(s)

G:V (1);...;V (s)











w1
.
.
.

ws

∣

∣

∣

∣

∣

∣

∣

∣

∣

[−N;M1, ...,Ms] ,
[

(e);η(1), ...,η(s)
]

:

[

(g);ζ (1), ...,ζ (s)
]

:
[

U (1) : x(1)
]

; ...;
[

U (s) : x(s)
]

[

V (1) : t(1)
]

; ...;
[

V (s) : x(s)
]









(22)

Dµ
t (t − ζ )λ xλ (η − t)λ+τF











γ1{x(η − t)}λ1

.

.

.

γr{x(η − t)}λr
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F1+E:U(1);...;U(s)
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where
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Also ∆ is defined asΩ according to main result.
Equation(23) is valid under the same conditions as those
in main result.

6 Conclusion

The I-function of r-variable defined by Prasad [6]and
Prasad and Yadav [3] in terms of the Mellin-Barnes type
of basic integrals is most general character which involves
a number of special functions. The fractional integral and
derivative operators, especially, involving various special
functions have found significant importance and
application in various field applied mathematics. The
results deuced in the present paper may provide better
fractional derivative and general polynomial of some
simpler multivariable special function, which are
expressible in terms of the H-function, the I-function, the
G-function of one variable and their special cases. Thus
the results presented in this paper would at once yield a
very large number of results involving a large variety of
special functions occurring in the problems of science,
engineering and mathematically physics etc.
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