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Abstract: In this paper, we consider the class¢otonvex functions, which was introduced and investigatgdbor [12] in 2006.

We derive some quantum Hermite-Hadamard type inequafiiethe ¢-convex functions. Some special cases are discussed, which
can be obtained from our results. The ideas and techniquieésgaper may motivate further research in this field. lxigezted that

the readers may find the applications of theonvex functions and quantum integral inequalities inows fields of pure and applied
sciences.
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Convexity theory has played an important and we would like to point out that study of the quantum
fundamental role in the developments of different fieldscalculus was initiated by Euler (1707-1783). He
of pure and applied sciences. In recent years, it receivethtroduced theq in tracks of Newton infinite series. In
considerable attention. Several new generalizations andquantum calculus, we obtain theranalogues of
extensions of classical convexity have been introducednathematical objects which can be recaptured as 1.
and investigated. For example s€€2,9,11,12,13,?,15, In fact, quantum calculus has emerge as fascinating and
14,17,19,24,7]. A significant generalization of classical dynamic field. We also discuss some special cases which
convex functions is calle@-convex functions which was can be deduced from the main results. This is the main
introduced by Noor 12]. Noor has shown that the motivation of this chapter. The interested readers are
optimality conditions of the differentiablep-convex encouraged to find the applications of quantum calculus
functions can be characterized by variational inequalitie and ¢-convexity in other fields of pure and applied
Noor [12] investigated some basic propertiesfotonvex  sciences.
functions and showed thatp-convex functions are
nonconvex functions. Noor 1B established some
Hermite-Hadamard type results f¢rconvex functions. 1 Preliminaries of quantum calculus
An other importance of theory of convexity is its close

relationship with theory of mequalmes. A wide class of In this section, we discuss some basic concepts and

Fesults pertaining to quantum calculus. For more details
interested readers may consut1q].

t us start withg-analogue of differentiation. For that
matter, consider

[2,3,4,7,11,13?,14,16,17,19,22,23,24]. In past few
years, several authors have used the concepts of quantu
calculus to obtain integral inequalities for different
classes of convex functions, sé¢18,20,21,25,27).

In this chapter, we again consider the classpetonvex _f(x)—f(x) df
functions. We obtain some new Hermite-Hadamard like JLmXoW =i
inequalities for ¢-convex functions using quantum

calculus. These quantum Hermite-Hadamard inequalitieghe ahove expression gives the derivative of a funcfion
and their variant forms are useful for quantum physicsg¢y — Xo.

whereT lower _and upper bounds of natu.ral phenomgan we takex = qxo where 0< g < 1 is a fixed number and
described by integrals are frequently required. In passingqq not take limits, then we enter in the world of Quantum
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calculus. Theg-derivative ofx is [n]x"~1, where

_9-1
[n]_ q_la

is theg-analogue ofi in the sense thatis the limit of [n]
asq— 1.

Now we give the formal definition of-derivative of a
function f.

Definition 1. The g-derivative is defined as
flax) —f(x)
Dgf(X) = —>——2. 1

Note that wherg — 1, then we have ordinary derivative.

Now we move to wordg-antiderivatives of a function.

Definition 2. The function Kx) is a g-antiderivative of
f(x) if DgF (x) = f(x). It is denoted by

/ £ (X)dgx.

Our next definition is due to Jackson.

)

Definition 3. The Jackson integral of(k) is defined as

[ee]

f(X)dgx = (1—q o f(g'x). (3)
[ 100ax=1-ax3 ait(a

It is evident from above definition, that

/ £ (X)Dg@(X)dex

=(1-q mquqj Dag(q!
( )X,Zo (a'x)Dqg(a'x)

_ < erin9(@X) —g(g )
—(1—Q)x;0q‘f(ql><) A-qgx

Definiteg-integrals are defined as:

Definition 4([8]). Let0 < a < b. The definite g-integral is
defined as

b [e0]
f(X)dgx = (L—aq)b Y ol f(q'b), 4)
[ rwe= 1wy,

provided the sum converge absolutely.
A more general formula for definite integrals is given as

b 00
[ 10dex= 3 f(@b)(a(elb) - g(c! o)
0 1=

Remark.From above definition of definitg-integral in a
generic intervala, b] is given by

b b a
a/ £ (X)dgx = O/ £ (X)X — O/ £ (X)dgx.

We now recall some basic concepts of quantum calculus on
finite intervals. These results are mainly due to Tariboon et
al. [26,27).

LetJ = [a,b] CR be an interval and & g < 1 be a
constant. The-derivative of a functiorf : J — R at a point
x € Jon|a,b] is defined as follows.
Definition 5. Let f: J — R be a continuous function and
let xe J. Then g-derivative of f on J at x is defined as

f(x) — flax+(1—-q)a)
, XFa 5
-3 7 ©
A function f is g-differentiable onJ if Z4f(x) exists for
allxe J.

Example 1Let x € [a,b] and 0< q < 1. Then, forx # a,
we have

¥ — (gx+ (1 -qg)a)?
(1-g)(x—a)
(14 g)x® — 2gax— (1 — q)x?
X—a
= (1+g)x+(1-qga
Note that wherx = a, we havexﬁr;(@qxz) =2a.

Dqf(X) =

2 _
Dgx* =

Definition 6. Let f: J — R is a continuous function. A
second-order g-derivative on J, which is denoteo%sf,

providedZyf is g-differentiable on J is defined %f =

Dq(Zqf) : I — R. Similarly higher order g-derivative on
Jis defined by f =1 J — R.

Lemma 1.Leta € R, then
1-q° _
)0 _a\a-1
To(x—a) (1_q)(x Q)L
Tariboon et al. 26,27] defined theg-integral as:

Definition 7. Let f: 1 C R — R be a continuous function.
Then g-integral on | is defined as

[ 10t = @-a-a) 5 i (=) ©

a
forxe J.

These integrals can be viewed as Riemann-typaegral.
If a=0in (6), then we have the classiagintegral, that is

f(t)dgt = (1—qg)x 3 q"f(g"x), xe[0,).
[ron=iang,

Moreover, ifc € (a,x), then the definitel-integral onJ is
defined by

/Xf(t)dqt = /Xf(t)dqt—/cf(t)dqt

=(1-gkx-a

8

a'f(g"x+(1-q"a)

>
Il
o

8

—(1-qg)(c—a)y q'f(q"c+ (1-qNa).

>
Il
o
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Theorem 1.Let f: | — R be a continuous function, then
X
a
X
2.[ D4t (t)dgt = f(x) — f(c) for x € (C,X).
C

Theorem 2. Let f,g: 1 — R be a continuous functions,
a € R, thenxeJ

1)+ 9] ct = | () cat + [ g &t

1 t
(af(t))dgt=a jx f(t)dgt

X
-
a

x
2.
a
3.
X

10700t

= (fg)lé—/g(qt+(1—q)a)9qf(t)dqt

for c € (a,x).

Lemma 2.Leta € R\ {—1}, then

X

/(t —a)%dgt = (%)(x— a) L,

a

2 ¢-convexity

In this section, we recall the conceptgfconvex sets and
¢-convex functions respectively.

Definition 8([12]). Let Ky C H be a set. Then the segK
is said to bep-convex, if

ut+te®(v—u)eKy, VuveKytelo1]

We would like to point out that the definition of the
¢ —convex set has a clear geometric interpretation. Thisf
definition says that there is a path starting from a paint
which is contained irky. We do not required that the

Note that if¢ = 0 in the above definition, then, we have
definition of classical convex functions.

Definition 10([12]). A function f: Ky — H is said to be
quasig-convex with respect tg, if

f(u+te?(v—u)) <max{f(u),f(v)},
vu,ve Kg,t € [0,1].

For the applications and other properties of fireonvex
sets andp-convex functions, sed p).

3 Main Results

We are now ready to prove our main results. For simplicity
of the notations, we takk = [a,a+té?(b—a)] be the
interval and be the interior of y.

Theorem 3(Hermite-Hadamard type inequality). Let
f 11y — R be integrableg-convex function with respect
to ¢, if

5 ei‘p(b ) 1 a+€?(b-a)

a+ —a

f( 2 ) = S%b-a) | roodx
a

_af(@+f(b)

< 8 ™

Proof.Let f be a¢-convex function, then

f<2a+é‘;(b—a)>

< % [f(a+té?(b—a))+ fa+ (1-1)é?(b—a))].
g-integrating above inequality with respecttt@n [0, 1],
we have
a+éd?(b-a)
f(x)dgx. (8)

2a+td?(b—a) 1
( 2 )S i (b—a)

point v should be one of the end point of the path. This Sincef is ¢-convex function, thery t € [0, 1], we have
observation plays crucial part in our studies. If we f(a+te‘¢(b—a)) < (1—t)f(a)+tf(b).

demand thaw should be an end point of the path, then

obviously,u+ €?(v—u) = v. This implies that¢ = 0.

g-integrating above inequality with respecttt@n [0, 1],

Consequentlyp —convex set reduces to the convex set. e have

That is,
ut+t(v—u)eK, vuveK;tel0,1].

Definition 9([12]). A function f: Ky — H is said to be
¢-convex with respect t@, if
f(u+te?(v—u)) < (1—t)f(u)+tf(v),

Vu,v e Ky, t €[0,1].

1 a+é?(b-a)
S <
g% (b—a) / F(x) dgx <

a

at@ i) g

Combining (8) and (9) completes the proofa

Remark.If g — 1, then, Theorem 3 reduces to Theorem
2.1[13). If g— 1 and¢ = 0, then, Theorem 3 reduces to
classical Hermite-Hadamard inequality.
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Theorem 4Let f,g: 1y — R be integrable andp-convex  where

functions, then, fof < q < 1, we have P = 1 5
i (b i (b 1+9+0
2f(2a+e'2(b a))g(2a+e'2(b a)) . 1
1 (1+a)(d+9+09)’
-3 [KlM (a,b) +KaN(a, b)] and
T N(a,b) = f(a)g(b) + f (b)g(a).
< % / f(x)g(x) dgX, Proof. Sincef andg are¢-convex functions, then
ef(b-a) f(a+td?(b—a)) < (1—t)f(a)+tf(b), (10)
where ¢ and
K= Trgatard’ g(a+t€?(b—a)) < (1-t)g(a) +tg(b). (11)
1+2q+¢° Multiplying (10) and (11), we have
T Troltar )’ f(a+td?(b—a))g(a+te?(b—a))
M(a,b) = f(a)g(a) + f(b)g(b), < (1-t)*f(a)g(a) +t(1-t)f(a)g(b)
and +t(1—t)f(b)g(a) +tf (b)g(b).
N(ab) = f(a)g(b) + f(b)g(a). g-integrating both sides of above inequality with respect to
Proof. Sincef andg be ¢-convex functions, then t on[0,1], we have
2a+€é?(b—a) 2a+€é?(b—a) 1 . .
f ( 2 ) g( 2 ) /f(a+te'¢(b—a))g(a+te'¢(b—a))dqt
‘ (a+te‘¢(b—a)+a+(1—t)ei¢’(b—a)>
= 5 1 1
aitef(b_a)tatl te9(b_a) < f(a)g(a)/(l—t)qutJrf(a)g(b)/t(l—t)dqt
><9< 2 ) 0 ) 0
S%[{f (a+te?(b—a)) + fa+(1-t)e’(b—a))} +f(b)g(a)/ (1—t)dgt + f(b /tqut
U ¢ 0
) {g (a+te?(b—a))+ga+ (1—-t)e?(b— a))}] This implies
<2 [{f(a+te?(b—a))g(a+te?(b—a)) | e

+f(a+(1-1)é?(b—a))gla+ (1-t1)é’b—-a)} Fh-a / f(x)g(x) dgX
+{2t(1-t)M(a,b) + (t*+ (1 -t)*N(a,b) }] . a

2 2
g-integrating both sides of above inequality with respectto — < Pif(2)9(@) + P [q(1+ ) f(b)g(b) +aN(a, b)] ’

t on[0,1], we have This completes the proof.0
¢ 2a+€?(b—a) 2a+€?(b—a) We now give an auxiliary result which will be helpful in
2 2 9 2 obtaining our next results.
2°M(a,b) + (1+ 29+ ¢°)N(a, b) Lemma 3. Let f: |y — H be a continuous function and
_ 201119+ 0<g< 1 If Z4f is an integrable function orgl then
a+d%(b—a) Q¢(a,b;q; 9)
< — f(X)g(x) dgx. 1
$(b— é?(b—
This completes the proof.O g 0
Theorem 5.Let f,g: 1y — H be integrable ang-convex where
function, then, fof < g < 1, we have 1 a+éd?(b-a)
9 (b ‘ard) —— -
a+é/(b a)f( o Qi(a,b;q; 9) ~d%(b-—a) / f(X) dgx
— X)g(X) dgX a
etb-a) J qf(@)+ fa+e?(b—a))
< Pif(a)g(@) + P2 [a(1+ ) f(b)g(b) + *N(a,b)] , 1449
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Proof. The proof is left on interested readersa

Theorem6Let f: 1y — R be a g-differentiable function
on Ig with 74 be continuous and integrable op here
0<g< 1 If [Z4f|is ¢-convex function, then
|Qi(abiq; ¢)|
< Yh(abia) [(1+30°+20°)| Zq (a)
+(1+49+ )| Zf (0)]]

where _
q’e?(b—a)
(1+9?(1+q+9?)

Y(a,b;q) =

Proof. Using Lemma 3, property of modulus and the fact
that| 74| is ¢-convex function, then

|Q¢(a,b;q; )|

_|9€?(b-a)

1+ (1— (1+q)t) Z4f (a+te?(b—a))dgt

O\r—\

1

(Zat (@) [ 11~ (L+atl(L-t) o

0

_9¢(b-a)
1+q

1
+|@qf(b)|/|1—(1+q)t|tdqt]
0
__ ¢e’(b-a)
- (1+9*1+9+0?)
x [(1+4 302+ 20%)|Zq4f ()] + (1 + 49+ ¢9) | Zq4f ()] -

This completes the proof.O

Theorem 7.Let f: 1y — R be a g-differentiable function
on Ig with 74 be continuous and integrable op here
0<q< 1 If [Z4f]" is ¢-convex function, where » 1,
then

|Qt(a,b;q; )|
< Oy(ab;q)
(14 30%+29°)| Z4f (a)|" + (1+ 49+ )| Zqf (D)
(1+9+0?)(2+9+7°)

1
where
PR2+9+q)e?(b—a)

(1+0q)* '

Proof. Using Lemma 3, property of modulus, Holder’s
inequality and the fact thatZyf|" is ¢-convex function,
then

|Q¢(a,b;q;9)]

0 1 .
- |50 [0 @y 2uf (a+ 160 (0-a) dt

O (a,b;q) =

1
)lr

1
< (/|1—<1+q>t|dqt

0

T

1
x(/|1 (1+Qt[[( _t)|@qf(a)|f+t@qf(b)|f]dqt)
0
d2+9+¢9°
(1+0q)3

(Ee)

X<<1+q>3<1+q+q2>

This completes the proof.O0

(14302 +29%)| Z4 f (a)|"

1

r

+(1+4Q+q2)|%f(b)lr]> -

Now, we derive someg-analogues of lyengar type
inequalities.

Theorem 8.Let f: 1y — R be a g-differentiable function
on Ig with 74 be continuous and integrable op Where
0<qg<1If|Z4f|" is quasi¢-convex function wherex

1, then
|Qf(a,b;q;0)|
g’e?(b—a)(2+q+q°)
(1+9?*
Proof. Using Lemma 3, property of modulus, Holder’s

inequality and the fact thatZyf|" is quasi ¢-convex
function, we have

1
T

(sup{|Zqf (a)[",|Zaf (b)|"})T -

|Qt(a,b;q;9)|
te? (b— /
_ |9 a/ (1+Q)t)aDqgf (a-+te? (b— a))odgt
1+q
db-a) [ | o
q —a
< - 7 _
i (O/u (1+q)t|dqt>

r

1
x ( / |1—<1+q>t||aoqf<a+té¢<b—a>>|fodqt)
0

2d?(b—a)(2 3 r r
_ g€ (1?(q)jq+q)(sup{|@qf(a)| 2t

This completes the proof.O

==

Theorem 9.Under the conditions of Theorem 8, i1,
then, we have

|Q¢(a.b;q; )|
g€’ (b—a)(2+ g+
(1+aq)

(sup{|Zqf(a)l;|Zaf (D)[})-
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