J. Stat. Appl. Pro5, No. 2, 273-278 (2016) %N =¥\ 273

Journal of Statistics Applications & Probability
An International Journal

http://dx.doi.org/10.18576/jsap/050208

Robustness Study for the Parameter of Power Function
Distribution

Surinder Kumar* and Mukesh Kumar

Department of Applied Statistics, School for Physical Sces, Babasaheb Bhimrao Ambedkar University, Lucknowd2386India.

Received: 8 Dec. 2015, Revised: 22 Feb. 2016, Accepted: 242646
Published online: 1 Jul. 2016

Abstract: Sequential testing procedure is developed for shape p&sawfepower function distribution. Sequential ProbakilRatio
Test (SPRT) is developed for testing the hypothesis regguittiie (shape) parameter of power function distributiore fdbustness of
SPRT is studied. The expressions for the operating chaistat§OC) and average sample number (ASN) functions arwetkand
the results presented through tables and graphs.
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1 Introduction

Power function distribution is mostly used in depiction afpplation data where sample size is predictable. This
distribution is also counted as a life testing model to fitfdikire data. Power function distribution is a specific cake
Pareto distribution. Meniconi and Barry (1999))fliscussed the application of Power function distributidhey proved

that the Power function distribution is the best distribatito check the reliability of any electrical component. In
reliability/survival testing this distribution measureszard rate in specified time interval.

The pioneering work of sequential test is proposed by Wadd 7)[12], who developed Sequential Probability Ratio Test
(SPRT) for testing a simple null hypothesis against a simafiernative hypothesis. As a measure of the performance of
SPRT, Wald obtained the expression for the Operating Cteisiic (OC) and Average Sample Number (ASN)
functions. The robustness of the SPRT, dealing with théngsif the parameters under consider has undergone a change
has been studied by various authors, while dealing withedifiit probabilistic models useful in reliability/surviva
analysis. Epstein and Sobel (1958)applied the SPRT for testing the simple null hypothesidragiasimple alternative
hypothesis regarding the parameter of exponential digtdb. Harter and Moore (1976 conducted Monte Carlo
study to investigate the robustness of SPRT for exponedigttibution. Montagne and Singpurwalla (1988)[
generalized the results of Harter and Moore (193]&$dm Weibull to a class of distribution having an increaghailure

rate. They obtained inequalities for OC and ASN functionsrider to demonstrate the robustness. For sequential tests
and their robustness for the parameters of some familiesonfirmious distribuions, one may refers to Phatarfod
(1971)P], Chaturvedi, Kumar and Surinder (2000)[ Surinder and Naresh (2009)j] Parameshwar, Nagaraj and
Gudaganavar (201@Jand Surinder and Mukesh (2013})].

In this paper, we have developed the Sequential TestingeBuwe for the parameter of power function distribution. In
section 2, we describe the basic introduction of power fonctlistribution. In section 3, we develop the SPRT and
obtained the expressions for the OC and ASN functions faapater. In section 4, we have also studied the robustness
of the SPRT when the parameter under consideration hasgomea change. Finally, we illustrate implementation of
SPRT for power function distribution, in Section 5.
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2 Set Up of the Problem

Let the random variable(r¥)follows the Power function distribution presented by thelyability density function

(pdf)
C(x—a)c
f(x) (b_aX a<x<b ()

whereC is the shape parameter> 0 anda, b are the boundary points. Takireg= 0 the pdf converted in to

(c-1)
f(x):CXbC . 0<x<b @)

Given a sequence of observatkn X,, X3, - - -, X, from (2.2), suppose one wish to test the simple null hypashias=
C = Cp against simple alternative hypothebis = C = C;. The expression for the OC and ASN functions are obtained
and their behaviour is studied through graphs and tables.

3 Testing the Hypothesisfor C

The SPRT for testing simple null hypothesis against simjpéraative hypothesis, corresponding ratio is

f(Xi,Cl) Cl

=log(=)+ (Cy — Cp)logx + (Co — C1)logb 3
Now we choose two numbers A and B such that 8 < 1 < A. At the n'" stage acceptly if ZZ < (logB), rejectHg
if Z; > (logA), otherwise continue sampling by taking tfre+ 1)!" observationag(0,1) andBe(0,1) areTypel® and
Typel 1Y errors respectively, where= (#) andB = (%).
The OC function of SPRT is given by

Z =log|

G
where h is the non zero solution of the given equakge’) = 1
or
b f(x,C1)n
’ f(x,C)dx =1 5
After solving we get,
L cl@)r-1
(C1—Co)
On substitutingl = (C; — Co),a= (&) we get
ca'=hd+C (6)
Taking logarithm in both sides in (3.4),
hlog(a) +10g(C) = log(hd +C)
hlog(a) = log(1+ %)
hloga = hd_ —h2d2 + —h3d3
@B=T 2z T3
Taking approximation upto'8 degree of h,we get quadratic equation
2d3h? — 3Cd?h + 6C%d — 6C3loga =0 (7)

The roots are
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~3Cd?+ ,/48C3d3loga+ 39C2d*
- 493

h

ASN for power function distribution
(C)logB+ [1—L(C)]logA

L
E(N/C) = =G (®)
Now calculateE(Z;) from (3.1),whereE(Z) #£ 0,
C b
E(z) = |09(C—O) + (G —Co)/ logx; f (X)dx; + (Co —Cy)logh
0
b (C-1)
~1og( )+ (€1~ Co) [ "logu L —dx + (Co—Crllogh

£(2) =log() - 2 ©

4 Robustness of SPRT for the Scale Parameter of Power Function Distribution

Let us suppose that the parameZdras undergone a change then the pdfin (2.2) becdmeC, by ) . To study the
robustness of SPRT developed in section 4 with respect tou@&ibn, consideh as the solution of the equation

by f(Xi C b) h
———1"f(%,C,by)dx =1 10
A [f(Xi,Co,b)] ( | 1) Xi ( )
After solving we get
D1 hes oo Cayn _ e, —
() IC()" = h(C1 —Co) +C
Letg=(%),a=(g),d=(C1—Co)
The equation is written as

c(@)(¢")=hd+C

hd

(@")(¢") =[5 +1] (11)
Taking logarithm in both sides in (4.2) and we get results
h°d® hd®> d
303 ezt~ log(a) —dlog(g) =0 (12)

ASN function for SPRT can be obtained as follows
L(C)logB+ [1—L(C)]logA

EN/C) = B, (Z)

by
Eoy(Z) = | Z106.C.ba)ox (13)
Ct by
Ebl(zi):|og(c—o)+(co—cl)|og|o+(cl—co)/O logx f (x;,C, by)dx
= 10g(Z) + (Co—Ca)logh-+ (€1~ Colloghs — ]

E4,(2) = log(@) ~diog( ) + & (14)
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5 Implementation of SPRT for power function distribution

The nature of SPRT in case of power function distributionasatibed as, leXy, Xo, X3, - - -, X, be identically independent
distributed r.v's from power function function distribati (2.2), whereC > 0O,we wish to test the simple null
hypothesisly = C = Cp against simple alternative hypothesis = C = C1(> Cp) having pre-assigned @ a,3 < 1.
which are (A and B) defined in section 3 aBddefined as

f(x,C1)
f(x,Co)

!

Z =log| S

] =log(=) + (C; — Cp)logx; + (Co— C1)logb (15)

Letn(>),i=1,2,...,. The SPRT summarized and simplified to the following (&) = 5 X; and N=first intege(n > 1)
for which inequalityY (n) < c; +dnorY(n) > ¢, +dn holds with constants

o B InA ),d:ln[(%)b@‘cﬂ]

(Ci—Co)’ (C1—-GCo (C1—Co)

At the stoping stage of sampling,Yf(N) < c¢; + dN we acceptyp and if Y(N) > ¢, + dN we rejectHy for different
values of N, where A and B are the fixed constahtg.3 shows acceptance and rejection region for null hypothesien
Hp=Cyp=20,H; =C; =25b=1a = =0.05. The calculated values constants@re- —0.9108 ¢, = 0.59713 and
d = 0.01938. from these constantsyifN) < 0.019N — 0.9108 we acceptlp and if Y(N) > 0.019N + 0.59714 we accept
H;.At the intermediate stage, we continue sampling.

QOC Function ASN Function

L)) ———>
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Fig. 1. OC function and ASN function for testing wh&€j = 20, C; =25, b=1,a = 3 = 0.05.
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Fig. 2: Robustness of OC and ASN functions for test@yg= 20, C; =25, b=1,a0 = 3 = 0.05, p= ¢.
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Fig. 3: Acceptance and rejection region for testltg—= 20, C; =25, b=1,a0 = 3 = 0.05, p= ¢.

Table: 1 OC and ASN fimctions for testing €, =20.C, =25.b=1 and e = 8=05.p=4¢.

#=1.0000 $=0.9999 $=1.00011
7] L(8) E(N) L(#) E(N) L(8) E(N)
19.0 0.991363 | 72.31351 0.992172 | 71.53846 0.990406 73.17874
19.2 0987318 | 76.99261 0.988400 | 76.14191 0.986043 77.94159
194 0.982016 | $2.0659% 0.983430 | 81.13327 0.030344 §3.10313
19.6 0975152 | 87.55464 0.977001 | 86.54096 0.572990 88.68267
19.8 0.966368 | 93.47234 0.968737 | 9237310 0.963604 94.60146
200 0.955244 | 99.82246 0.958246 | 08.64377 0.951753 101.1284
20.2 0.941309 | 1065910 0.945068 | 105.3381 0.936951 107.9745
204 0.024045 | 113.7422 0.028695 | 112.4284 0.918671 115.1869
20.6 0.902911 | 1212111 0.908590 | 119.8574 0.896371 122.6915
208 0.877375 | 128.8965 0884214 | 127.5332 0.869329 1303769
21.0 0.846963 | 1366539 0.855074 | 135.3235 0.837704 138.0801
212 0.811339 | 1443026 0.820789 | 143.0518 0.800600 145.6304
214 0.770356 151.6088 0.781158 150.4991 0.758145 152.7644
21.6 0.724155 158.3153 0.736244 157.4116 0.710572 159.2276
218 0.673220 164 1503 0.686438 163.5172 0658462 164.7502
22.0 0.G18398 | 168.8549 0.632498 | 168.5496 0.602763 169.0833
222 0.560876 | 1722127 0.575530 | 172.2782 0.544740 172.0282
224 0.502091 174.0768 0.516919 174.5352 0.483879 173.4642
22.6 0.443597 1743928 0.458205 175.2418 0.427737 173.3580
228 0386905 173.1983 0.400925 1744119 0371786 171.7775
23.0 0.333337 170.6221 0.346460 172.1547 0.319273 168.8698
232 0.283912 | 166.8587 0295914 | 168.6504 0.271124 164.8426
234 0.230300 | 162.1437 0.250047 | 164.1287 0.227908 150.0362
33.6 0.190819 | 156.7255 0.209262 | 158.8380 0.189855 154.3971
238 0.165483 | 150.8422 0.173644 | 153.0222 0.156307 148.4561
24.0 0.136072 | 144.7059 0.143025 | 146.9019 0.128790 142.3152
242 0.111204 | 1384934 0.117056 | 140.6642 0.105093 136.1401
244 0.090408 | 1323438 0.005283 | 134.4383 0.085330 130.0501
24.6 0.073173 | 126.3606 0.077204 | 128.3968 0.068991 124.1660
24.3 0.059011 | 1206156 0.062312 | 122.5594 0.035583 118.5246
25.0 0.047437 | 113.1547 0.050128 | 116.9981 0.044647 113.1745
252 0.038032 | 110.0033 0.040215 | 111.7430 0.035771 108.1363
254 0.030422 | 1041714 0032136 | 106.8078 0.028397 103.4164
25.6 0.024288 | 1006578 0.025708 | 102.1935 D.022819 99.01144
258 0.019357 | 96.45376 0.020498 | 97.89312 0.018179 94.91104

6 Conclusion

The values of OC and ASN functions for the cabesb;,b = by, b > by are plotted irFig.2 respectively. From thEig.2

we observe that fdo < b;andb > by, the OC curve is not shifted to any other side of the curvenfRteFig.2 it is clear
that SPRT is robust, as the deviation in OC and ASN functioadresignificant. Thus we conclude that for the present
model, the SPRT for testing the hypothesis regardinig highly robust for changes in the valuelof
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