J. Ana. Num. Theo#, No. 2, 139-143 (2016) %N =¥} 139

Journal of Analysis & Number Theory
An International Journal

http://dx.doi.org/10.18576/jant/040209

Common Fixed Point Theorem in Fuzzy Metric Spaces
with An Application in the Product Space

Manish Jairt*, Satish Kumat and Manoj Kumat

1 Department of Mathematics, Ahir College, Rewari 12340tljdn
2 Department of Mathematics, IGU, Meerpur, Rewari, India
3 Department of Mathematics, Lovely Professional Univgrstunjab, India

Received: 1 Mar. 2016, Revised: 2 Jun. 2016, Accepted: 62Dir&
Published online: 1 Jul. 2016

Abstract: The purpose of this paper is to investigate the existenceaiaiggieness of common fixed point for a pair of mappings using
implicit functions in the setup of fuzzy metric spaces. Theppings considered need not be commutative (nor minimahuatative)
and the results are proved without making an appeal to thiencity of maps. At the end we give an application in the prdipaces.
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1 Introduction and Preliminaries fuzzy metric spaces. Pop4(,11] introduced the idea of
implicit relations to prove a common xed point theorem
The introduction of the notion of fuzzy sets by Zad@h [ in metric spaces. Jairlf] further extended the results of
proved a turning point in the development of Popa [L0,11] in fuzzy metric spaces. Afterwards, implicit
mathematics. This notion laid the foundation of fuzzy relations are used as a tool for nding common xed points
mathematics. Kramosil and MichaleR][introduced the  of maps under different conditions (se&3[14,15,16,17,
notion of fuzzy metric space by generalizing the concept18,19,20]). We first summarize some basic results that
of the probabilistic metric space to the fuzzy situation. are useful for further study.
George and Veeramar] modified the concept of fuzzy
metric spaces introduced by Kramosil and Michalgk [ Definition 1.1([1]). A fuzzy set A in X is a function with
There are many view points of the notion of the metric domain X and values if9, 1].
space in fuzzy topology; for instance, one can refer to_ . ) .
Kaleva and Seikkala4], Kramosil and Michalek2] and ~ Definition 1.2(121]). A binary operation
George and Veeramar@][ This leads to a milestone in * : [0:1] X [0,1] — [0,1] is a continuous t-norm if
fixed point theory of fuzzy metric space and afterwards al[0; 1], %) is a topological abelian monoid with unit s.t.
flood of papers appeared for fixed point theorems in fuzzy? * P < ¢ * d whenever a< ¢ and b< d, for all
metric spaces. a,b,c,d < [0,1].
cla S'A;n c;?{)hoert%r:)lglztri%o::)grllgefrlﬁ?ndg ptcr)]'gtCtgri%%;,ﬁot:eofDeﬁnition 1.3([3]). The 3-tuplgX, M, ) is called a fuzzy
metric space if X is an arbitrary set, is a continuous t-

common fixed points. An early result in this direction was : ) e
established by Jungck under commuting mags].| PO?:;)TV?]%dC(,:/II’ICﬁtignf;ZZy set on°X [0, ) satisfying the

Jungcks concept of commuting maps has been enjoyed in
various spaces and has been generalized in several waygM-1) M(x,y,0) > 0;

over the years. One such generalization was made byFM-2) M(x,y,t) = 1iffx =Yy;

Mishra et al. b] by introducing the concept of compatible (FM-3) M(x,y,t) = M(y,xt);

maps in the setup of fuzzy metric spaces which was(FM-4) M(x,y,t) « M(y,zs) < M(X,z,t +59);

further generalized by Singh and Jaig] [with the  (FM-5) M(x,y,-) : (0,%0) — [0,1] is continuous, for all
introduction of the notion of weak compatible maps in X,y,z€ X and st > 0.
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Throughout this paper, we consider M to be fuzzy metric ~ We now introduce our notion.
space with condition:

. Definition 1.14Let Phi te the cl f all functi
(FM-6) tle M(xy,t) = 1, forall x,y € X and t> 0, efinition et Phi denote the class of all functions

0:(R")5— [0,1] satisfying the following conditions:

Definition 1.4([3]). Let (X, M, x) be a fuzzy metric space. (0;)0 is continuous in all the variables except in the first
A sequencéx,} in X is said to be variable; .
: tt intx X_if lim M ) —1f (0;)0 is increasing in each of the variables;
() convergentio apointx 2. o, (%n, x,t) = Lfor (0 )0(t,1,t,1,1) > t; O(1,t,1,t,1) > t; O(1,L.t,t,t) > t;
o allt>0 . O(t,t,1,t,t) > 1.
(i) Cauchy sequenceﬂn M (Xn4p, %n,t) = 1for all t >
0and p> 0.

Definition 1.5([3]). A fuzzy metric spacgX, M, x) is said
to be complete if and only if every Cauchy sequence in
is convergent.

2 Main results

>ﬁn this section, we establish the existence and uniqueness

of the common fixed point for the pair of mappings
Lemma 1.5(22]). M(x,y,-) is non-decreasing for all without considering the commutative (or minimal
X,y € X. commutative) conditions and continuity hypothesis of the
mappings in fuzzy metric spaces.

Lemma 1.6(2)). Letx, — x and y —y, then Ouir first result is given below:

() lim M(Xn,Yn,t) > M(x,y,t) forallt > 0;

(i) T’E:OM 0= M O forallt = 0. if M i Theorem 2.1Let (X,M,*) be a complete Fuzzy metric

I n|—>°° (.Xn,Yn, ) =M(xy.t) >0,ifM(xy,1) space. Let A, B be maps from X into itself satisfying the
IS continuous. following conditions:

Definition 1.8([23]). Two maps fg: X — X are saidtobe  (2.1) there exisD € @, k€ (0,1) and.# > 2 such that
commuting if f@x) = gf(x) for all x € X.
M(Ax By kt) > O{M(x,Ax,.#t),M(y, By, 7't),

Definition 1.9([5]). Let A and B be mappings from a fuzzy M(y,Ax 0 t). M(y, Bx BA1)

metric spaceX,M,x) into itself. The maps A and B are

said to be compatible (or asymptotically commuting), if M(x,y, #t)}

for all t, rI&n M(ABx,, BAX,,t) = 1, whenever{x,} is a ¢ i X 0.2) with 5 and

sequence in X such thdim Ax, = lim Bx, = z for some orallx,y € X, a,p €(0,2) with a + =2 an
X N—oo N—oo t>0.

ze X.

Then A and B have a unique common fixed pointin X.
From the above definition it is inferred thaandB are .
non-compatible maps from a fuzzy metric spa¥eM, )  ProofLet Xo € X. Construct a sequenc} in X as

into itself if lim Ax, = lim Bx, = z for somez € X, but follows:
elther I|m M(Aqu Bqu t) # 1 or the limit does not exist. Axon = Xoni1 and Bxons1 = Xans2, N=0,1,2,3,....
Definition 1.10([6]). Let A and B be maps from a Fuzzy From (2.1), fora = B = 1, we have

metric spacéX, M, x) into itself. The maps are said to be
weakly companble if they commute at their coincidenceM (Xzn.1,Xaon 2, kt)

points, that is Az= Bz implies that ABz BAz. = M(A¥on, BXons 1, kt)
Note that compatible mappings are weakly compatible > 0{M (Xon, AXon, #£t), M (X2n11,
but converse is not true in general. BXons 1,2 1), M (Xons 1, A¥on, A1),
Lemma 1.11(B]). If there exists ke (0,1) such that M (X2n, BXoni1, #t), M (Xon, Xons1, £ 1)) }
MOy, kt) = M(x 1), then x=y. = O{M(Xzn, Xen+1,#t),M(Xen+1, Xon+2, £ 1),

Lemma 1.12(B]). If there exists ke (0,1) such that 1, M(Xon, Xont2, £ 1), M(Xon, Xon11, £1)) }
M(yn.Jrla)/n +2, kt) > M(Yn,yn+1,t), for all t > 0, then > 0{M(X2n,X2n+1,t) * 1,M(X2n+1,X2n+2,t) x 1,
{yn} is a Cauchy sequence. 1,M(Xan, Xant1,t) * M(Xn+1, Xent-2, (£ — 1)),
Lemma ;.13([5]). Let(X,M,x*) be acompleye fuzzy mgtric M (Xon, Xons1,t) % 1))} (by (04))

space with (FM-6) and TX — X be a mapping satisfying: > O{M (Xom, Xons 1,1) % M (Xons 1, Xons 2, (4 — 1)t),

M(Tx Tykt) > M(x,y,t), forall x,y € X, M (Xon+1,X2n+2,t) * M(Xen, Xon s 1, (£ — 1)t),
where ke (0,1). 1, (M(Xzn, Xzn+1,1) * M(Xan+1, Xon+2, (4 — 1)t),
Then T has a unique fixed pointin X. M (Xan, X2n11,t) * M(Xeny 1, Xens 2, (2 — 1)t))))} (by (0ii))
(@© 2016 NSP
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> M(Xon, Xont1,t) * M(Xons1, Xont2, (27— L)t) (by (03 ) (2.2) there exisD € @, ke (0,1) and K> 2 such that
> M(Xzn, Xon+1,1) * M(Xani 1, Xon4 2, t).
>M

M(AXx, By, kt) > 8"{D{M(x,Ax, .#t),M(y, By, . 7t),
(Xon, Xon+1,t) * M(Xont1, Xons2,t/kP) for p,ne N, ( ) {otM( WM )

M(y,Ax,a.2't),M(y,Bx, B.%'t),

that iS, M(X7y7%t)}}
M (X2n 1, %2n+2,Kt) > M(Xan, Xen1,t) ¥ M <X2n+17x2n+27 %) I)Of ar|]| X,yee >E) fi, B EO(C?L’ Zt)) with o + Bt': 2andt>
, wheref : [0,1] — [0,1] being a continuous, non-
for p,ne N. 0,4] 0.4] 9

decreasing function witl®(t) > t, for all t € [0,1]
Similarly, and ne N.

t Then A and B have a unique common fixed pointin X.
M (X2n 2, %2n+3,Kt) > M(Xan11,X2nt2,t) M <X2n+27x2n+37 @)

Proof Proof follows immediately by Theorem 2.1.
for p,ne N.

So, in general ..
3 An application

t
M (Xn1-1, Xnt2, Kt) > M(Xn, Xnp1,t M(x X —) . . . _ :
O, X2, K8 = MO0 X012,8) M (X1, X2, 45 In this section, we provide an application of our main

for p,ne N. result in the product spaces.
Theorem 3.1Let (X,M,x) be a complete Fuzzy metric
Since,M(Xn+1, %2, kp) —1asp— o, we have space with &t > t, for all t € [0,1]. Let A and B be two
maps on the product space XX with values in X
M (Xn 41, X012, Kt) > M(Xn,%n11,t)  forneN. satisfying the following condition:
By Lemma 1.11,{x,} is a Cauchy sequence and has a(3-1Xhere exist € @, a constant ke (0,1) and %" > 2
limit in X, let it be z and hence{Axn} = {Xon:1} and such that
{Bxont1} = {Xoni2} being sub sequences ofxn}
converges ta. (A(x,y),B(u,v),kt)
We claim thatAz= z. > 0{M(A(Xy),x, 2t),M(B(u,v),u, 2£t),
Using (2.1), fora = 1= (3, M(A(X,Y),u,a#t),M(B(u,v),x, BZt)

M(AZ Byan 1,kt) > B{M(2,AZ ), M(Xen: 1, Bans 1, #t), MO U 21) «M(y. v, £1))}

M (Xont+1,AZ £1),M(z,BXpns1, #1), forall x,y,u,vin X, t>0, o, € (0,2) such thato +
M(Z, Xons 1,2 1))} B = 2, then there exists a unique point w in X such
that Alw,w) = w = B(w,w).

Proceeding limit as — o, and using 0;) we have ) ,
Proof. Takingv=yin (3.1),

M(A(x,Y),B(u,y), kt)
= O{M(A(xY),x, 1), M(B(u,y), u, £t),

M(Azzkt) > 0{M(z,Az, #t),1,M(z,Az, ¢'t),1,1}
>M(zAzt)  (by (0ii))

> M(z,Azt).
= Az M(A(.y). U @ 1), M(B(U.Y) X, BA )
By Lemma 1.10Az=z M(x,u, 2t) «1)}
Next we showBz= z
Using (2.1), fora = 1= (3, for all x,y,u in X. Therefore, by Theorem 2.1, for each

y € X, there exists one and only oa@) in X such that
M(z Bz kt) = M(Az Bz kt)
3.2 =z Z(y),y,t).
S O{LMZBZ A LMz Bz A1) 1) YU =AY =B YD,
>M(zBz.#t) (by (Bii)) rI\IIE;)\\//: for anyy,y in X, using (3.1) witha = 1= f3, we
>M(z,Bzt).

By Lemma 1.10Bz= z SubsequentlyAz=z=Bz M(zly), 2(). k)
Uniqueness follows immediately by (2.1). = M(A(z(y),y),B(z(Y).Y) kt)

(
, OIM(A(Y),y), 2y), 2 '1), (B(Z()/),)/) ()/) «%/t),
Spice Lot A B be maps flom X nlo tsel setiiying the  M(AZ).).2Y). 1) M(B(@Y ) ¥ .2
following conditions: M(z(y),z(y'), #t) xM y,;/ K1)}

(@© 2016 NSP
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=0{1,1,M(z(y),z(y), #1),M(2y), 2y ), #
M(2(y),2(y), 1) * M(y,Y, £ 1))}

= 0{1,1,M(z(y), z(Y),#t) « L, M((y), 2y ), #
M(2(y),2(y), £ t) * M(y,Y, £ 1)) }

>o{1 1, M(z(y),z()/) A *M(Y,Y, 21),

2Y), ) xM(y Y, ),

2y), #1) «M(y,Y,£1))} (by (i)

(by (@iii )

b,

t)x1,

7

),2(Y), A1)« M(y,y, #1)
2y),zy),t) « M(y,y . t)
zM(z<y>,z< o) MOV = LMY D),

AA

so that, we have

M(z(y), z(y'),kt) = M(y,y,1).

Therefore, Lemma 1.12 implies that the nzp of X into
itself has exactly one fixed point in X, i.e., z(w) = w.
Thus, by (3.2)w = z(w) = A(w,w) = w = B(w,w).
Uniqueness follows immediately using (3.1) and > t.

4 Conclusion

Without making an appeal to the continuity and
commutative (or minimal commutative) conditions of
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