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Abstract: In this article, we establish existence and uniquenesdtsefaur positive solutions of a boundary value problem of the
nonlinear two-term fractional differential equation iniatnthe lower fractional derivative ordgrand the higher one satisfya — 1 <
B < a. Our analysis is based on a fixed point theorem. An exampligén do illustrate the efficiency of the main theorem.
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1 Introduction, Motivation and Preliminaries

Fractional differential equations have many applicationsnodeling of physical and chemical processes. In its turn,
mathematical aspects of fractional differential equatiand methods of their solutions were discussed by many estho
see the text bookd4[2], the survey papei3] and papers4,5,6,7,8,9,10,11,12] and the references therein.

In the literatureDg, u(t) + f(t,u(t)) = 0 is known as aingle termfractional differential equation. In certain cases, we
find equations containing more than one fractional difféegiterms. These equations are caltadlti-term fractional
differential equations. A classical example is the so-callBdgley Torvik equation

ADZ.y(x) + BDZ, y(x) +Cy(x) = f(x),

whereA, B,C are constants anflis a given function. This equation arises from for exampéeriodeling of motion of
a rigid plate immersed in a Newtonian fluid. It was originglipposed in 13]. The Bagley Torvik equation is a linear
two-term fractional differential equation. The generahliwear form of a two term fractional differential equatisnof
the formDZ, x(t) = f (t,x(t),DE. x(t)), wherea > 8 > 0.

There has been many papers discussed the solvability oflaoymalue problems of single term fractional differential
equations. For example, E. R. Kaufmann and E. Mboudfigtudied the following boundary value problem for the sengl
term fractional differential equations

{Dg+u(t)+a(t)f(u(t))zo, O<t<ll<a<?2 )
u(0)=0,u(1) =0,

by using the properties of the Green'’s function of the cqroasling BVP, wheréd : [0, 1] x [0, +0) — [0, 0) is continuous,

a € L”[0,1], there exists a constarmt > 0 such thag(t) > ma.e.t € [0,1]. By using the Leggett-Williams fixed point
theorem, the Krasnoselskii fixed point theorem, the autimof$4] proved that BVP(1) has at least one or three positive
solutions.
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In[15,16,17,18,19], authors studied the existence of positive solutionsHerfollowing singular nonlineain—1,1)
conjugate-type boundary value problem of single term foaet differential equations

{Dg+x(t)+ f(t,x(t))=0,0<t<ln-1<a<n,
)

xK(0)=0,0<k<n—2,x(1) = [Fx(5)dA(S),

wheren > 2, D¢, is the standard Riemann-Liouville derivativie; (0,1) x (0, +o0) — [0, +0) is continuous and may
be singular ak = 0 andt =0, 1.

Boundary value problems of two-term fractional differah&quations were also studied extensively. For example,
in recent paperd(], the authors studied the existence of positive solutidith® following boundary value problem of
fractional differential equation

DS, u(t) + f(t,u(t),DJ u(t)) =0,t € (0,1),1< a <2,

alimt2-eu(t) - blim DZ-u(t) = [Fg(t,u(t), D u(t)). @)

—0
cD§ ! +du(1) = [y h(t,u(t), DS u(t))dt,

where a,b,c,d > 0 with & = ad + bdl" (o) + acl (a) > 0, f,g,h defined on(0,1) x [0,) x R are nonnegative
Caratheodory functions that may be singuldrat0 andt = 1, f(t,0,0) # 0 on each subinterval ¢9,1], Dg. (or Dg;1
) is the Riemann-Liouville fractional derivative of order(or a — 1).

In paper R1], the authors studied the existence of multiple positivatsmns of the following boundary value problem
of fractional differential equation

°D. u(t) = f(t,u(t),°DE, u(t)),t € (0,1),
u(0) + U (0) =0, (4)
ul)+u(1)=0
wheref[0,1] x [0,00) x R — [0,) is continuous?Dy, is the standard Caputo fractional derivative of oreel < a < 2
and0< B <a—1.
Boundary value problems of multiple-term higher order fiawal differential equations have been studied in known

papers. In22], Zhang studied the existence of positive solutions of thifing singular boundary value problem of
fractional differential equation

{ D8+U(t) = —q(t)f(t,u(t),u’(t), e 7u(n_2)(t))7t € (07 1)7

u(0)=u(0)=---=u"2(0)=0,u(l) = folu(s)h(s)ds,

(®)

wheref may be singularat=0,u' =0, --- ,u™2 = 0,qmay be singular at=0, D is the standard Riemann-Liouville
fractional derivative of order,n— 1< a <n.

In [23], authors studied the existence of positive solutions lierfollowing boundary value problem of multi term
fractional differential equations

DE.x(t) + f(t,x(t), DEIX(t), -, Dpt*x(t)) =0, 0 <t < 1,

D x(0) = 0,1 <i < n—2,DE"x(0) = 0,DEx(0) = 0, ©)

DNn—l 1 _m—2 _DNn—l )
) =3 DR )

wheren > 3, Dy, is the standard Riemann-Liouville derivative of orded < pi; < --- < g andn—3< pin_1 <n-2,

m-2
f:(0,1) x R"— Ris continuousa; €R,0< & < - < &m o<1, ¥ ajEj“_“"*l_l <1.
i£1
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Itis easy to see th&agley Torvik equat|on ADO+y( )+ BD0+y( ) +Cy(x) = f(x) can not be involved in equations
discussed in14,20,21] sincea =2 andf3 = 3 3 with o > B > a — 1. So it is interesting to study the solvability of the
two-term fractional differential equatiddg. x(t) = f(t,x(t), D§+x( t)), wherea > 3 > a —1, i.e., to establish sufficient
conditions for the solvability of boundary value problenigwo-term fractional differential equations with the ord
lower fractional derivative greater than— 1?

Motivated by mentioned problem, in this paper, we discussetlistence and uniqueness of positive solutions of the
following multi-point boundary value problem of nonlindeactional differential equation

DZ, u(t) + f(t,u(t),DE, u(t)) = 0,ae.t e (0,1),
!i_%tnfau(t) =0,u(l) = jglaju(fj), (7)

DS " Pu(0) =0,---,Dg2u(0) = 0,

wherea € (n—1,n), anda — 1< B < a, Dy, is the Riemann-Liouville fractional derivative of orderandf is defined
n (0,1) x [0,+w) x R is a sub-Carathéodory functiorf(¢,x,y) may be singular at = 0,1), & > 0(i = 1,2,--- ,m),

m
0=§ <& < <&nm<&mai=1withA=1-73 a *1>0.
j=1

A functionx defined on(0, 1] is called a positive solution ¥(t) > 0 for allt € (0,1) andx satisfies all equations in (7).
We obtain the results on the existence and uniqueness ob#itve solutions of BVP(7) by using a fixed point theorem.
An example is given to illustrate the efficiency of the maiadrems.

The remainder of this paper is as follows: in section 2, wsg@népreliminary results. In section 3, the main theorems
are proved. An example is given in section 4 to illustraterttzén results.

2 Preliminary results

For the convenience of the readers, we present here thesaegekefinitions from the fractional calculus theory. These
definitions and results can be found in the literatuies,p, 2, ?].
Definition 2.1. The Riemann-Liouville fractional integral of order> 0 of a functiong: (0,») — R is given by

18,9(t) = =5 Jo(t —9)7 *g(s)ds,

provided that the right-hand side exists.
Definition 2.2. The Riemann-Liouville fractional derivative of order> 0 of a functiong: (0,%0) — R is given by

Dg.a(t) = ﬁ é’TT] lo (t_g%fdsa

wheren— 1 < a < n, provided that the right-hand side exists.
Definition 2.3. F : (0,1) x R? x R is a sub-Carathéodory functionffsatisfies the following items:
(i) t — F(t,t9 "%o,t% P~ is continuous orf0, 1) for all (xo,x1) € R?;
(i)) (Xo0,%1) — F(t,t9 %0, t9" P, ) is continuous oiR? for all t € (0,1);
(ii) there exisk > —1 andl € (max{ — a,n—1—a —k,—k—n},0] such that for each > 0 there exists constant
M; > 0 such that
|F(t,t9 %o, t9 A% )| <tk(1—1)'M,t € (0,1), |Xo|, |Xa| <.

Lemma2.1. Letn—1< a < n,ue CY%0,0)NLL(0,). Then
1§, D, u(t) = u(t) +Cat* 1+ Cot* 2 Gt O,

whereC e R i=1,2,...n.
Lemma 2.2. Suppose that: (0,1) — R is continuous and satisfies that there ekist —1 andl € (max{# —a,n—1—
a —k, —k—n},0] such thath(t)| < t¢(1—t)' for allt € (0,1). Then the unique solution of

Dg.u(t)+h(t) =0,0<t <1,
tling)t”*“u(t) =0,u(l) =y aju(é&), (8)
— j=1

G:(n—l)u(o) — O’ R 7Dng—Zu(o) _ 07

Do
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- /O "Gt 9h(s)ds ©)

where

_A (t-s)o? +ta71(ém+175>"*1

_ta—ll—(agq ai (51*5>a7£(a>
j=|2+1 e

& <s<t,i=01---m

G(t,s) (10)

(DTSN

tC{—l (Eerl—S)071
r(a)

o1y B9t cs<cg =01,
211 ray <SS< G+, =0, 1,--- .M
j=T+

Proof. Suppose that is a solution of BVP(8). By Lemma 2.1, we have fr@f, u(t) + h(t) = 0 that

u(t) = — 5 45 r ) ()dS+ZCJta Ite (0,1

forsomecj eR, i=12,--- ,n. We get

a v—1
DI Vu(t) = — g L h(s)ds+ 2 Ci et v=23 n-1

Itis easy to see frorhe (max{3 —a,n—1—a—k,—k—2},0] that

| 5 3 Th()ds] <t 5 S0 ek (1 - 5)ds

1

<tma L (i —s)'ds

Wor+| 1

= n-atatki (0= wkdw — 0 ast — 0,

1 a+| v—1

h(s)ds| < ta+k+-v 1L wkdw — 0 ast — 0t,v=2,3,--- ,n— 1.

5)a—V-
fOI’

From Iimt”“”u(t) =0, we getcy = 0. From D ~(=Dy u(0) = 0, we getcy, = O(v=23,---,n—1). Then

u(t) = fo ,— ( s)ds—+ cit?~ 1 . Fromu(1) = .zlaju(‘fi)* we get
i=

—fol (1_ ( s)ds+cy = z a; ( E‘ L (s)> h(s)ds+ lej"’*l).
It follows that
N _oqa—1 E f'* a-1
c=4 (jol (1r2’) h(s)ds— 3T a; Jo' ¢ JF(S(),) h(s)ds).
Therefore,
A S h(sds o it (Emia 9" gyt E a fg) S o “h(s)ds
ut) = =
= Jo G(t,9)h(s)ds.

Here the Green’s functio® is defined by (10).
Reciprocally, letu satisfy (9). We can prove thate X andu satisfies (8) by the assumption imposedoithe proof
is completed. O
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m
Lemma 2.3. Suppose tha > 0(i =1,2,--- ,m) with 5 a; Ej"‘l <1.Then
j=1

G(t,s) < 5 )t" Y1-99 1 ste0,1],

st HL-9) 12a5" 20§ <s<t<&u(i=01,---,m), (11)
Tta 11-991>0,&§<t<s<§&,1(i=0,1,---,m).
Proof. Foré <s<t(i=0,1, , one sees from (10) that
< g Ea l) (t S) — <1_ jnélaj EjaltC{l) tcrfl (1_ fs)C{—l

m a-1
_|_tafl(1_ S)crfl _tailj_H_laj Ejafl (1_ i)

m m
>ta-1(1-gt [— <1— S ajfj"‘lt“‘1> +1-' % ajEj“‘ll
j=1 j=1+1
i
=t (1-9 !y a&t>0
ic1

Fort <s<¢&;1(i=0,1,---,m), we have from (10) that

m m a-1
r(a) (1—jglajsj‘"1> G(t,s) =t** [(1—s>“—1—_z g (1-¢) 1

m
>t0(1-g91 [1— ) ajsj“—ll >0.
j=1+1

It is easy to show from (10) th&(t,s) < Al'l(a) ~1(1-s)91 st € [0,1]. The proofis completed. D

Choose
X = {x :x, DE x € C(0,1], limt™ax(t), limt:+A-DP x(t) exist} .
t—0 t—0

Forx e X, let||x|| = max{ sup t"|x(t)], sup tl+/3“|D§+x(t)|} .
te(0,1] te(0,1]
Claim 2.1. X is a Banach space with- || defined.
Proof. Itis easy to see thaf is a normed linear space. Lgt,} be a Cauchy sequenceXn Then||x, — x|| — 0, u,v —
+oo. It follows that

Jim 10 (1), i t1A-aDP xy(t) exist,

sup t" 7 |xy(t) — xy(t)] = O,u,v — +oo,
te(0,1]

sup]t1+5“’|Dg+xu(t) — DB xu(t)] = 0,u,v — +oo.
te(0,1]

Thus there exists two functioms, yo € C°[0, 1] such that

lim thax,(t) =xo(t), lim tHA-aDP x,(t) = yo(t).

u—+o0 U—>—+0o0
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It follows that

sup [t"%xy(t) — Xo(t)| — O,u — +oo,
te(0,1]

Sup tHA-aDE X, (t) — yo(t)
(0,

U — +o0o.

We have fromgB € (a — 1, a) that

12, (DB, xy(t) — 0B~y (t)]

15 Df x(t) — 18, (10~ yo(1))| =

_ ‘IngtC{*ﬁ*l(tlJrB*UDngxu(t) — yo(t)|’

< J§ P SHEADE xy(9) — Yo(s)|ds

< i ,_ —-B-1ds sup ‘t”ﬁ “DB ()—YO(t)‘
te(0,]

-1

=t0- lfo 1 Y wa—B—1dw sup ‘t”ﬁ “DB xu()—yo(t)‘
]

te(0,1]

— 0 asu — +oo.

So I|m I Dg+xu( t) = Ig+ (t2P=lyo(t)). Notear — 1 < B < a. Then there exists an integersuch tham—1< g <m.
Then Lemma 2.1 implies that there exist some numbers,, € R such that

m .
lim xu(t)+zcjut5‘11 = 15 12 P-lyo(t)). It follows that there exist numberscjo € R such that
m .
9 %o(t) + 3 ciotPT = 18 (t9B-1yq(t)). It follows that t*—B-lyg(t) = DE, (t9"o(t)). Sot — t9x(t) is an
i£1

element inX with x, — Xg asu — +oo. It follows thatX is a Banach space.O

Claim 2.2. Let M be a subset oX. ThenM is relatively compact if and only if the following conditisrare satisfied:
(i) both{t —t"Ix(t) :xe M} and{t — t1+5‘“Dg+x(t) : x € M} are uniformly bounded,

(i) both{t —t"9(t):xe M} and{t — t1+3*"D§+x(t) : X € M} are equicontinuous (0D, 1].
Proof. Let

lim t"~9%(t),t =0, 1+B apB _
o, (t) tlr(T)Lt Do X(t),t =0.

n—a 1+B—apnB
tnfc{)—((t) — {t X(t)ﬂt € (O’ 1]’0 t1+B—aDg+)—(( ) {t g D X( ) (O, 1]7

By Ascoli-Arzela theoremM is relatively compact if and only if (i) and (ii) hold. Conssently, the Claim is proved.O

We seek solutions of BVP(7) that lie in the cdRe- {u€ X : u(t) > 0, 0 < t < 1}. Define the operatdf : P — P, by
/ G(t,s)f(s,u(s Dﬁ u(s))ds,ueP.

Lemma 2.4. Suppose that is a sub-Carathéodory function. Th&n P — P is completely continuous.

Proof. Forx € P, we firstly prove thaf x € X. Sincef is a sub-Carathéodory function afjg|| = r, then there exists
M; > 0 such that

(8, X(t), D5, x(t))] = | f(t,t0"t"—x(s),t0 B -1t1B-aDP x(g))| < Mt¥(1—t) t € (t,1).
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By the definition ofT, we have

_qa—1
(TX)(1) = — J§, “Foa— T (5 X(5), DG x(9))ds
J3(1-9 (sx(9).DE, x<s>>dsfj§1aj Jo (&1-97 21 (sx(9).08, x(9))ds

-1
+t¢ e ;

tsa[il

Db (TX)(t) = — [§, “Fob—p7 (5.X(5), Df X(s))ds

fol(lfs)o”lf(s,x(s),Déx(s))dsfjglaj foéj (Ej75)"’1f(s,x(s),Dg+x(s))ds

_p-1
P Fia A

One sees thaix, Dg+ (Tx) € C%(0,1]. Furthermore,

| 3 L2807 1 (s x(s), DB, x(9))ds| < Myt 5 (30 k(1 5)lds

1

<Mt SISt —9)ds

-1
— M t"- a+a+k+lj %de-) Oast — 0",

v-1

S 2 1 (s.x(9), Df. x(9))ds| < Myta ke loy [ AWt kg

(a—v)

—0ast -=0",v=23,--- ,n—1.

Then Iiglt”*“(Tx)(t) and Iigrlt”ﬁ*"’Dg+ (Tx)(t) exist. Hencél'x € X. SoT : P — P is well defined comes fror® and
t— t—
f are non-negative and Lemma 2.2. Let

_ £ (Tx)(t),t € (0,1],
A (TX)(t) = { lim g[”}g(('lzx)(et)(,t z]o,

t—0+

tHA-apP (Tx)(t),t € (0,1
1B GDE (TX)(t) = { lim ti+B- O,(DZ;()((;X)(E)( ]0

t—0t+

Thus, botht — t"%(Tx)(t) andt — t”B“”Dg+ (Tx)(t) are continuous ofD, 1], the completely continuous property of
T : P — P can be derived by a similar method see Lemma 2.3]in [ O

3 Main Result

In this section, we prove the main result. The result is bageth the assumption thétis a sub-Carathéodory function.
Theorem 3.1. Suppose thaft > 0, andf : (0,1) x [0,4) x R— [0,) is a Carathéodory function and there exist

numberski > —1 and l; > max{f3 — a,n—1—a — kj,—ki — n,0](i = 1,2), M1;,M, > 0 such thatf satisfies
f(t,t9"u,t*P-1lv) £ 0on[a,b] x [0,r] x [-r,r](0<a<b< 1) and
| (t,89 MUy, 19 B=dvy) — £(t,t9 Uy, t9 B -1vy)]

< Mltkl(l —t)|1|U1 — U2| + Mztkz(l— t)|2|V1 — V2|,
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holds for allt € (0,1),u3,uy € [0,0) andvy, v, € R. Then BVP(7) has a unique positive solution if

2 m
M = max { > 7 <A+1+ > a,-Ef’*kSHs) Lo bt
s=1 le

M B(a+ls—B ks+1) O catkstls | Blatlskst+1)
vy lA I'(Safﬁ)s + <1+ J-ZlaJ §j ) F(asflsﬂ 1 } <L

Proof. We shall prove that under the assumptions suppdsésia contraction operator. Indeed, one gets that

Y’MI\J

=1

|f(t,u(t),Df, u(t)) — f(t,v(t),DE. v(t))|

= | f (£,t0 "y (t), 1P L I B-aDP y(t)) — f (8,10 " Ay(t), 0B HB-aDE y(t)))|

< Myths (1— )37 u(t) — v(t)| + Mot (1 — )2t 4| D u(t) — D, v(1)|
< Mgtk (1 0)'2|u—vi] + Mgt (1 1)'2||u— .

We have that

I (Tu)(t) — (TV)(1)]
<t [ G(t,9)|f(s,u(s), Df, u(s) — f(s,(s), D5, v(9)|ds
< t”"’f&G(t,S)[Mlskl(l—s)'1+M2§‘2(1—S)'2]d3||U—V||

1(1— 5)tds +t9- 1]““%3“1(1—3)'1%

Mgt 9 ju—
_ ol [_p gt G gt

—t""ljglaj IK (fjrfgjléﬁ(l—s)'lds}

_'_Mzt“*aAHU—VH [—A Eo (tl_'?)a) e 2(1— S)'ZdS—Ha 1f5m+1 émrl(as)) §(2(1—S)|2d8

B m & E'_ a—1
S A s"2<1—s>'2ds]

R
+t°’*1jn§1a N &é‘lds]
MGl [ g (807 dogs ot 002 e
+t°’*1jn§1a N ﬂé"zds]

_ Mit" ju—v| atkgt+ly (1 (A-w)aH-
==z — |AtTTaTR

1 N _o\a+lg—-1
P —wkedw + 101 [ 2 dds

m X _watli—1
+t“—1jzlajfj“+kl+'1f§7(l i vvkldwl
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_,_Mzt"*aAHU—VH |:Ata+k2+l2f6[ (1_V#)(t;+)lz—1wk2dw+ta71fol (1—IS_)(°’;)'2flskzds

m a1
_Hor—ljzlaj Eja+k2+l2 fol a VF’)(‘:;)Z szdw‘|

I Hu VH -+kq+1 -1 -1 otk B(a+l .k +1)
= A Atn 17 +tn +tn jzlajfj ' l‘| 7[—(1[7)1
Moy ||u—V| Ko+ —1 —1 m . a-+ko+l B(a-+l ,k +1

ZH H Atf’H— 2+l2 tn tn jzlaj EJ 2 2‘| ( (2 >2 )

2 m
<lu-vi| 3 Y% <A+1+ b3 a,-f,-"+ks+'3> e
s=1 =1
On the other hand, we have

Dp. (TU)(t) = rtpr |4 fh, (9% #*(s.u(s), Df, u(s)ds
OB I (g 1 — 991 (s u(s), DF. u(s)))ds

P a6 97 (s u(s), D u(s)ds|

Notea — B +1; > 0,a — (n—1) + ki +|; > 0 implies that 1+ k; + I; > 0. Similarly we get

tHA-a|DE (Tu)(t) — DL, (TV)(t)|
_VHtlJrB—a

< Ll [A T (=97 P M1 (1— 91+ Mpde (1 - 5)'2]ds

OB I (g ) — 90 My (1— )+ Mpse (1 9)'2]ds

ta-p-1 Elaj j';;" (& —9) 9 M8 (1~ 9)'1 4+ Mps2(1— s)'z]ds]
J=

m
< Mleva |:At1+kl+|l B(CHI:|(1;7ﬁ[}k)1+l) + <1+ jzlaj Eja+k1+|1> B(CI{_A(»(Ll,ké;rl)‘|

MalJu—v]]
+=0 T B) TG p)

B(a-+lp—B.ko+1 m ko+lo | B(a+lokpt1
Atltketl (GJF(z B.ko+ )_|_ <1+j§1ajfj0+ o+ 2) (a+lp.ko+ )]

<lu-v|3 % @ p)
s=1

B(a+li—B.ki+1 2 i+ | B(atliki+1
(= n >+<1+jzlajfja+h+> Fapy )]-

Therefor, we get|Tu— T|| < M||u—V||. Hence the contraction map principle implies tfahas a fixed poink € P
by M < 1. SinceT : P — P, then we have(t) > 0 for allt € (0,1]. Furthermore, fot € (0,1), there exists such that
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te[&,&1). Then

X(t) = fole(t, s)f(s,x(s), Dg+ X(s))ds= sgo f;_‘“ G(t,s)f(s,x(s), Dg+ X(s))ds

> [1 G(t,9)f(s.x(s), DE. x(5))ds+ /5 G(t,9) f (s.x(s), DE. x(9))ds

s e }(1-97 L (sx(5).D5, X(9))ds ./fi“(l—s)a1f<ax<s>7D§+x<s>>ds>

i 1)
<J.§1ai & @ +a4 @

a—1 i
> £ [ (1992 (s,x(s), Db x(9))ds.
Sincef (t,t "u,t?B-1v) £ 0 on[a,b] x [0,r] x [-r,r](0< a < b < 1), then there existéy, Up, Vo) € [t, & 1] x [0, ||X|[] x
[—[[x], |IX/[] such thatf (to,t§ "uo,tg P Vvo) > 0. Sof (to, (to), DS, X(to)) > 0. Then

a—

t
F

x(t) > 1) [+ (1— 991 (s,X(s), Dg+x(s))ds >0

(a

for everyt € (0,1). Thenxis positive. So BVP(7) has an unique positive solution. Tieopis completed. O

4 An example

In this section, we give an example to illustrate the maiotbm.
Example 4.1. Consider the following BVP

5 7
D2, u(t) +t8(1—t)"8 (A+ BitZu(t) + th%|Dg+u(t)|> —0,ae,te(0,1),

limtau(t) =0, u(1)=2u(2)+3u(d), (12)

talo
DZ, u(0) =0.

whereA > 0,B,,B, > 0.
Corresponding to BVP(7), we find that- 1=2 < a = 3 <3=n, B = £ and

f(t,xy) =t 8(1—t)"8 (A+ Bt%x+Ct%y).
3 3 1 1 o
Oneseesthai=1-3(3)?2-1(3)?>0,f (t,t‘zu,t‘lv) #0on[a,b] x [0,r] x [-r,r](0< a< b< 1), f(t,u) satisfies
‘f (t,t*%ul,t*%vl) _f (t,t*%ul,t*%vl)‘
< tié(l—t)ié[BﬂUl— up| + Bz|V1—V2|],t €(0,1),us,up € [O, 0©),Vi,Vo € R

LetM; =B;,My =By andk; =k, =2andl; =1, = —%. One finds thak; > —1 andl; > max{ —a,n—1— o — ki, —k —
n,0](i = 1,2). Hence Theorem 3.1 implies that BVP(12) has a unique pesitlution if

3
o 1(1)2_1
M= [Bl+Bz]max{ 2(3)%-3 5

(13)

3 ) 9/4 9/4 :
D3 (30 1) )BA?@?}Q

By Mathlab 7.0, (13) holds if ®997B; + B,] < 1. It is easy to see that BVP(12) has a unique positive salufio
B1+Bo < %997 O
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