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Abstract: In this article, we establish existence and uniqueness results for positive solutions of a boundary value problem of the
nonlinear two-term fractional differential equation in which the lower fractional derivative orderβ and the higher oneα satisfyα −1<
β < α. Our analysis is based on a fixed point theorem. An example is given to illustrate the efficiency of the main theorem.
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1 Introduction, Motivation and Preliminaries

Fractional differential equations have many applicationsin modeling of physical and chemical processes. In its turn,
mathematical aspects of fractional differential equations and methods of their solutions were discussed by many authors,
see the text books [1,2], the survey paper [3] and papers [4,5,6,7,8,9,10,11,12] and the references therein.

In the literature,Dα
0+u(t)+ f (t,u(t)) = 0 is known as asingle termfractional differential equation. In certain cases, we

find equations containing more than one fractional differential terms. These equations are calledmulti-term fractional
differential equations. A classical example is the so-calledBagley Torvik equation

AD2
0+y(x)+BD

3
2
0+y(x)+Cy(x) = f (x),

whereA,B,C are constants andf is a given function. This equation arises from for example the modeling of motion of
a rigid plate immersed in a Newtonian fluid. It was originallyproposed in [13]. The Bagley Torvik equation is a linear
two-term fractional differential equation. The general nonlinear form of a two term fractional differential equationis of
the formDα

0+x(t) = f (t,x(t),Dβ
0+x(t)), whereα > β > 0.

There has been many papers discussed the solvability of boundary value problems of single term fractional differential
equations. For example, E. R. Kaufmann and E. Mboumi [14] studied the following boundary value problem for the single
term fractional differential equations

{

Dα
0+u(t)+ a(t) f (u(t)) = 0, 0< t < 1,1< α < 2,

u(0) = 0,u′(1) = 0,
(1)

by using the properties of the Green’s function of the corresponding BVP, wheref : [0,1]× [0,+∞)→ [0,∞) is continuous,
a ∈ L∞[0,1], there exists a constantm > 0 such thata(t) ≥ m a.e.t ∈ [0,1]. By using the Leggett-Williams fixed point
theorem, the Krasnoselskii fixed point theorem, the authorsin [14] proved that BVP(1) has at least one or three positive
solutions.

∗ Corresponding author e-mail:liuyuji888@sohu.com

c© 2016 NSP
Natural Sciences Publishing Cor.

http://dx.doi.org/10.18576/pfda/020305


208 Y. Liu et al. : Existence and uniqueness of positive solutions...

In [15,16,17,18,19], authors studied the existence of positive solutions for the following singular nonlinear(n−1,1)
conjugate-type boundary value problem of single term fractional differential equations







Dα
0+x(t)+ f (t,x(t)) = 0, 0< t < 1,n−1< α ≤ n,

x(k)(0) = 0,0≤ k ≤ n−2,x(1) =
∫ 1

0 x(s)dA(s),
(2)

wheren ≥ 2, Dα
0+ is the standard Riemann-Liouville derivative,f : (0,1)× (0,+∞)→ [0,+∞) is continuous andf may

be singular atx = 0 andt = 0,1.
Boundary value problems of two-term fractional differential equations were also studied extensively. For example,

in recent paper [20], the authors studied the existence of positive solutions of the following boundary value problem of
fractional differential equation



























Dα
0+u(t)+ f (t,u(t),Dα−1

0+ u(t)) = 0, t ∈ (0,1),1< α < 2,

a lim
t→0

t2−αu(t)− b lim
t→0

Dα−1
0+ u(t) =

∫ 1
0 g(t,u(t),Dα−1

0+ u(t)),

cDα−1
0+ + du(1) =

∫ 1
0 h(t,u(t),Dα−1

0+ u(t))dt,

(3)

where a,b,c,d ≥ 0 with δ = ad + bdΓ (α) + acΓ (α) > 0, f ,g,h defined on(0,1)× [0,∞) × R are nonnegative
Caratheodory functions that may be singular att = 0 andt = 1, f (t,0,0) 6≡ 0 on each subinterval of[0,1], Dα

0+ ( or Dα−1
0+

) is the Riemann-Liouville fractional derivative of orderα (or α −1).
In paper [21], the authors studied the existence of multiple positive solutions of the following boundary value problem

of fractional differential equation






















cDα
0+u(t) = f (t,u(t),c Dβ

0+u(t)), t ∈ (0,1),

u(0)+ u′(0) = 0,

u(1)+ u′(1) = 0

(4)

where f [0,1]× [0,∞)×R→ [0,∞) is continuous,cD∗
0+ is the standard Caputo fractional derivative of order∗, 1< α < 2

and 0< β < α −1.
Boundary value problems of multiple-term higher order fractional differential equations have been studied in known

papers. In [22], Zhang studied the existence of positive solutions of the following singular boundary value problem of
fractional differential equation







Dα
0+u(t) =−q(t) f (t,u(t),u′(t), · · · ,u(n−2)(t)), t ∈ (0,1),

u(0) = u′(0) = · · ·= u(n−2)(0) = 0,u(1) =
∫ 1

0 u(s)h(s)ds,
(5)

wheref may be singular atu= 0,u′ = 0, · · · ,u(n−2) = 0,q may be singular att = 0,D∗
0+ is the standard Riemann-Liouville

fractional derivative of order∗, n−1< α ≤ n.
In [23], authors studied the existence of positive solutions for the following boundary value problem of multi term

fractional differential equations































Dµ
0+x(t)+ f (t,x(t),Dµ1

0+x(t), · · · ,Dµn−1
0+ x(t)) = 0, 0< t < 1,

Dµi
0+x(0) = 0,1≤ i ≤ n−2,Dµn−1+1

0+ x(0) = 0,Dµn−1
0+ x(0) = 0,

Dµn−1
0+ x(1) =

m−2
∑
j=1

a jD
µn−1
0+ x(ξ j),

(6)

wheren ≥ 3, D∗
0+ is the standard Riemann-Liouville derivative of order∗, 0< µ1 < · · ·< µn−1 andn−3< µn−1 < n−2,

f : (0,1)×Rn → R is continuous,a j ∈ R, 0< ξ1 < · · ·< ξm−2 < 1,
m−2
∑
j=1

a jξ
µ−µn−1−1
j < 1.
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It is easy to see thatBagley Torvik equation AD2
0+y(x)+BD

3
2
0+y(x)+Cy(x) = f (x) can not be involved in equations

discussed in [14,20,21] sinceα = 2 andβ = 3
2 with α > β > α −1. So it is interesting to study the solvability of the

two-term fractional differential equationDα
0+x(t) = f (t,x(t),Dβ

0+x(t)), whereα > β > α −1, i.e., to establish sufficient
conditions for the solvability of boundary value problems of two-term fractional differential equations with the order of
lower fractional derivative greater thanα −1?

Motivated by mentioned problem, in this paper, we discuss the existence and uniqueness of positive solutions of the
following multi-point boundary value problem of nonlinearfractional differential equation



















Dα
0+u(t)+ f (t,u(t),Dβ

0+u(t)) = 0,a.e., t ∈ (0,1),

lim
t→0

tn−αu(t) = 0, u(1) =
m
∑
j=1

a ju(ξ j),

Dα−(n−1)
0+ u(0) = 0, · · · ,Dα−2

0+ u(0) = 0,

(7)

whereα ∈ (n−1,n), andα −1< β < α, D∗
0+ is the Riemann-Liouville fractional derivative of order∗, and f is defined

on (0,1)× [0,+∞)×R is a sub-Carathéodory function (f (t,x,y) may be singular att = 0,1), ai ≥ 0(i = 1,2, · · · ,m),

0= ξ0 < ξ1 < · · ·< ξm < ξm+1 = 1 with ∆ = 1−
m
∑
j=1

a jξ α−1
j > 0.

A functionx defined on(0,1] is called a positive solution ifx(t)> 0 for all t ∈ (0,1) andx satisfies all equations in (7).
We obtain the results on the existence and uniqueness of the positive solutions of BVP(7) by using a fixed point theorem.
An example is given to illustrate the efficiency of the main theorems.

The remainder of this paper is as follows: in section 2, we present preliminary results. In section 3, the main theorems
are proved. An example is given in section 4 to illustrate themain results.

2 Preliminary results

For the convenience of the readers, we present here the necessary definitions from the fractional calculus theory. These
definitions and results can be found in the literatures [7,1,5,2,?].
Definition 2.1.The Riemann-Liouville fractional integral of orderα > 0 of a functiong : (0,∞)→ R is given by

Iα
0+g(t) = 1

Γ (α)

∫ t
0(t − s)α−1g(s)ds,

provided that the right-hand side exists.
Definition 2.2. The Riemann-Liouville fractional derivative of orderα > 0 of a functiong : (0,∞)→ R is given by

Dα
0+g(t) = 1

Γ (n−α)
dn

dtn

∫ t
0

g(s)
(t−s)α−n+1 ds,

wheren−1< α < n, provided that the right-hand side exists.
Definition 2.3. F : (0,1)×R2×R is a sub-Carathéodory function iff satisfies the following items:

(i) t → F(t, tα−nx0, tα−β−nx1) is continuous on(0,1) for all (x0,x1) ∈ R2;
(ii) (x0,x1)→ F(t, tα−nx0, tα−β−nx1) is continuous onR2 for all t ∈ (0,1);
(iii) there existk > −1 andl ∈ (max{β −α,n−1−α − k,−k− n},0] such that for eachr > 0 there exists constant

Mr ≥ 0 such that
|F(t, tα−nx0, tα−β−nx1)| ≤ tk(1− t)lMr, t ∈ (0,1), |x0|, |x1| ≤ r.

Lemma 2.1. Let n−1< α < n, u ∈C0(0,∞)
⋂

L1(0,∞). Then

Iα
0+Dα

0+u(t) = u(t)+C1tα−1+C2tα−2+ · · ·+Cntα−n,

whereCi ∈ R, i = 1,2, . . .n.
Lemma 2.2. Suppose thath : (0,1)→ R is continuous and satisfies that there existk > −1 andl ∈ (max{β −α,n−1−
α − k,−k− n},0] such that|h(t)| ≤ tk(1− t)l for all t ∈ (0,1). Then the unique solution of















Dα
0+u(t)+ h(t) = 0,0< t < 1,

lim
t→0

tn−αu(t) = 0, u(1) =
m
∑
j=1

a ju(ξi),

Dα−(n−1)
0+ u(0) = 0, · · · ,Dα−2

0+ u(0) = 0,

(8)
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is

u(t) =
∫ 1

0
G(t,s)h(s)ds, (9)

where

G(t,s) = 1
∆











































−∆ (t−s)α−1

Γ (α) + tα−1 (ξm+1−s)α−1

Γ (α)

−tα−1
m
∑

j=i+1
a j

(ξ j−s)α−1

Γ (α) , ξi ≤ s ≤ t, i = 0,1, · · · ,m,

tα−1 (ξm+1−s)α−1

Γ (α)

−tα−1
m
∑

j=i+1
a j

(ξ j−s)α−1

Γ (α) , t ≤ s ≤ ξi+1, i = 0,1, · · · ,m.

(10)

Proof. Suppose thatu is a solution of BVP(8). By Lemma 2.1, we have fromDα
0+u(t)+ h(t) = 0 that

u(t) =−
∫ t

0
(t−s)α−1

Γ (α) h(s)ds+
n
∑
j=1

c jtα− j, t ∈ (0,1]

for some c j ∈ R, i = 1,2, · · · ,n. We get

Dα−v
0+ u(t) =−

∫ t
0
(t−s)α−v−1

Γ (α−v) h(s)ds+
v
∑
j=1

c j
Γ (α− j+1)
Γ (v− j+1) tv− j,v = 2,3, · · · ,n−1.

It is easy to see froml ∈ (max{β −α,n−1−α− k,−k−2},0] that

tn−α
∣

∣

∣

∫ t
0
(t−s)α−1

Γ (α) h(s)ds
∣

∣

∣
≤ tn−α ∫ t

0
(t−s)α−1

Γ (α) sk(1− s)lds

≤ tn−α ∫ t
0
(t−s)α−1

Γ (α) sk(t − s)lds

= tn−α+α+k+l ∫ 1
0

(1−w)α+l−1

Γ (α)
wkdw → 0 ast → 0+,

∣

∣

∣

∫ t
0
(t−s)α−v−1

Γ (α−v) h(s)ds
∣

∣

∣
≤ tα+k+l−v ∫ 1

0
(1−w)α+l−v−1

Γ (α−v) wkdw → 0 ast → 0+,v = 2,3, · · · ,n−1.

From lim
t→0

tn−αu(t) = 0, we get cn = 0. From Dα−(n−1)
0+ u(0) = 0, we get cv = 0(v = 2,3, · · · ,n − 1). Then

u(t) =−
∫ t

0
(t−s)α−1

Γ (α) h(s)ds+ c1tα−1. Fromu(1) =
m
∑
j=1

a ju(ξi), we get

−
∫ 1

0
(1−s)α−1

Γ (α) h(s)ds+ c1 =
m
∑
j=1

a j

(

−
∫ ξ j

0
(ξ j−s)α−1

Γ (α) h(s)ds+ c1ξ α−1
j

)

.

It follows that

c1 =
1
∆

(

∫ 1
0

(1−s)α−1

Γ (α) h(s)ds−∑m
j=1 a j

∫ ξ j
0

(ξ j−s)α−1

Γ (α) h(s)ds
)

.

Therefore,

u(t) =
−∆

∫ t
ξ0

(t−s)α−1

Γ (α)
h(s)ds+tα−1 ∫ ξm+1

ξ0

(ξm+1−s)α−1

Γ (α)
h(s)ds−tα−1

m
∑

j=1
a j
∫ ξ j

ξ0

(ξ j−s)α−1

Γ (α)
h(s)ds

∆

=
∫ 1

0 G(t,s)h(s)ds.

Here the Green’s functionG is defined by (10).
Reciprocally, letu satisfy (9). We can prove thatu ∈ X andu satisfies (8) by the assumption imposed onh. The proof

is completed. ⊓⊔
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Lemma 2.3. Suppose thatai ≥ 0(i = 1,2, · · · ,m) with
m
∑
j=1

a jξ α−1
j < 1. Then

G(t,s)≤ 1
∆Γ (α)

tα−1(1− s)α−1,s, t ∈ [0,1],

G(t,s)≥















1
∆Γ (α)

tα−1(1− s)α−1
i

∑
j=1

a jξ α−1
j ≥ 0,ξi ≤ s ≤ t ≤ ξi+1(i = 0,1, · · · ,m),

1
Γ (α)

tα−1(1− s)α−1 ≥ 0,ξi ≤ t ≤ s ≤ ξi+1(i = 0,1, · · · ,m).

(11)

Proof. For ξi ≤ s ≤ t(i = 0,1, · · · ,m), one sees from (10) that

Γ (α)

(

1−
m
∑
j=1

a jξ α−1
j

)

G(t,s) =−

(

1−
m
∑
j=1

a jξ α−1
j tα−1

)

tα−1
(

1− s
t

)α−1

+tα−1(1− s)α−1− tα−1
m
∑

j=i+1
a jξ α−1

j

(

1− s
ξ j

)α−1

≥ tα−1 (1− s)α−1

[

−

(

1−
m
∑
j=1

a jξ α−1
j tα−1

)

+1−
m
∑

j=i+1
a jξ α−1

j

]

= tα−1(1− s)α−1
i

∑
j=1

a jξ α−1
j ≥ 0.

For t ≤ s ≤ ξi+1(i = 0,1, · · · ,m), we have from (10) that

Γ (α)

(

1−
m
∑
j=1

a jξ α−1
j

)

G(t,s) = tα−1

[

(1− s)α−1−
m
∑

j=i+1
a jξ α−1

j

(

1− s
ξ j

)α−1
]

≥ tα−1(1− s)α−1

[

1−
m
∑

j=i+1
a jξ α−1

j

]

≥ 0.

It is easy to show from (10) thatG(t,s)≤ 1
∆Γ (α)

tα−1(1− s)α−1,s, t ∈ [0,1]. The proof is completed.⊓⊔

Choose

X =

{

x : x, Dβ
0+x ∈C(0,1], lim

t→0
tn−αx(t), lim

t→0
t1+β−αDβ

0+x(t) exist

}

.

For x ∈ X , let ‖x‖= max

{

sup
t∈(0,1]

tn−α |x(t)|, sup
t∈(0,1]

t1+β−α |Dβ
0+x(t)|

}

.

Claim 2.1. X is a Banach space with|| · || defined.
Proof. It is easy to see thatX is a normed linear space. Let{xu} be a Cauchy sequence inX . Then||xu − xv|| → 0, u,v →
+∞. It follows that

lim
t→0+

tn−αxu(t), lim
t→0+

t1+β−αDβ
0+xu(t) exist,

sup
t∈(0,1]

tn−α |xu(t)− xv(t)| → 0,u,v →+∞,

sup
t∈(0,1]

t1+β−α |Dβ
0+xu(t)−Dβ

0+xv(t)| → 0,u,v →+∞.

Thus there exists two functionsx0,y0 ∈C0[0,1] such that

lim
u→+∞

tn−αxu(t) = x0(t), lim
u→+∞

t1+β−αDβ
0+xu(t) = y0(t).
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It follows that

sup
t∈(0,1]

|tn−α xu(t)− x0(t)| → 0,u →+∞,

sup
t∈(0,1]

∣

∣

∣
t1+β−αDβ

0+xu(t)− y0(t)
∣

∣

∣
,u →+∞.

We have fromβ ∈ (α −1,α) that

∣

∣

∣
Iβ
0+Dβ

0+xu(t)− Iβ
0+(t

α−β−1y0(t))
∣

∣

∣
=
∣

∣

∣
Iβ
0+(D

β
0+xu(t)− tα−β−1y0(t)|

∣

∣

∣

=
∣

∣

∣
Iβ
0+tα−β−1(t1+β−αDβ

0+xu(t)− y0(t)|
∣

∣

∣

≤
∫ t

0
(t−s)β−1

Γ (β ) sα−β−1|s1+β−αDβ
0+xu(s)− y0(s)|ds

≤
∫ t

0
(t−s)β−1

Γ (β ) sα−β−1ds sup
t∈(0,1]

∣

∣

∣
t1+β−αDβ

0+xu(t)− y0(t)
∣

∣

∣

= tα−1∫ 1
0

(1−w)β−1

Γ (β ) wα−β−1dw sup
t∈(0,1]

∣

∣

∣
t1+β−αDβ

0+xu(t)− y0(t)
∣

∣

∣

→ 0 asu →+∞.

So lim
u→+∞

Iβ
0+Dβ

0+xu(t) = Iβ
0+(t

α−β−1y0(t)). Noteα −1< β < α. Then there exists an integerm such thatm−1< β ≤ m.

Then Lemma 2.1 implies that there exist some numbersciu ∈ R such that

lim
u→+∞

[

xu(t)+
m
∑
j=1

c jutβ− j

]

= Iβ
0+(t

α−β−1y0(t)). It follows that there exist numbersc j0 ∈ R such that

tα−nx0(t) +
m
∑
j=1

c j0tβ− j = Iβ
0+(t

α−β−1y0(t)). It follows that tα−β−1y0(t) = Dβ
0+(t

α−nx0(t)). So t → tα−nx0(t) is an

element inX with xu → x0 asu →+∞. It follows thatX is a Banach space.⊓⊔

Claim 2.2. Let M be a subset ofX . ThenM is relatively compact if and only if the following conditions are satisfied:

(i) both{t → tn−αx(t) : x ∈ M} and{t → t1+β−αDβ
0+x(t) : x ∈ M} are uniformly bounded,

(ii) both{t → tn−αx(t) : x ∈ M} and{t → t1+β−αDβ
0+x(t) : x ∈ M} are equicontinuous in(0,1].

Proof. Let

tn−α x(t) =

{

tn−αx(t), t ∈ (0,1],
lim

t→0+
tn−αx(t), t = 0, t1+β−αDβ

0+x(t) =







t1+β−αDβ
0+x(t), t ∈ (0,1],

lim
t→0+

t1+β−αDβ
0+x(t), t = 0.

By Ascoli-Arzela theorem,M is relatively compact if and only if (i) and (ii) hold. Consequently, the Claim is proved.⊓⊔

We seek solutions of BVP(7) that lie in the coneP = {u ∈ X : u(t)≥ 0, 0< t ≤ 1} . Define the operatorT : P → P, by

(Tu)(t) =
∫ 1

0
G(t,s) f (s,u(s),Dβ

0+u(s))ds, u ∈ P.

Lemma 2.4. Suppose thatf is a sub-Carathéodory function. ThenT : P → P is completely continuous.
Proof. For x ∈ P, we firstly prove thatT x ∈ X . Since f is a sub-Carathéodory function and||x|| = r, then there exists
Mr ≥ 0 such that

| f (t,x(t),Dβ
0+x(t))|= | f (t, tα−ntn−αx(s), tα−β−1t1+β−αDβ

0+x(s))| ≤ Mrtk(1− t)l, t ∈ (t,1).
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By the definition ofT , we have

(Tx)(t) =−
∫ t

ξ0

(t−s)α−1

Γ (α)
f (s,x(s),Dβ

0+x(s))ds

+tα−1

∫ 1
0 (1−s)α−1 f (s,x(s),Dβ

0+
x(s))ds−

m
∑

j=1
a j
∫ ξ j
0 (ξ j−s)α−1 f (s,x(s),Dβ

0+
x(s))ds

Γ (α)∆ ,

Dβ
0+(T x)(t) =−

∫ t
ξ0

(t−s)α−β−1

Γ (α−β ) f (s,x(s),Dβ
0+x(s))ds

+tα−β−1

∫ 1
0 (1−s)α−1 f (s,x(s),Dβ

0+
x(s))ds−

m
∑

j=1
a j
∫ ξ j
0 (ξ j−s)α−1 f (s,x(s),Dβ

0+
x(s))ds

Γ (α−β )∆

One sees thatT x,Dβ
0+(T x) ∈C0(0,1]. Furthermore,

tn−α
∣

∣

∣

∫ t
0
(t−s)α−1

Γ (α) f (s,x(s),Dβ
0+x(s))ds

∣

∣

∣
≤ Mrtn−α ∫ t

0
(t−s)α−1

Γ (α) sk(1− s)lds

≤ Mrtn−α ∫ t
0
(t−s)α−1

Γ (α) sk(t − s)lds

= Mrtn−α+α+k+l ∫ 1
0

(1−w)α+l−1

Γ (α)
wkdw → 0 ast → 0+,

∣

∣

∣

∫ t
0
(t−s)α−v−1

Γ (α−v) f (s,x(s),Dβ
0+x(s))ds

∣

∣

∣
≤ Mrtα+k+l−v ∫ 1

0
(1−w)α+l−v−1

Γ (α−v) wkdw

→ 0 ast → 0+,v = 2,3, · · · ,n−1.

Then lim
t→0+

tn−α(T x)(t) and lim
t→0+

t1+β−αDβ
0+(T x)(t) exist. HenceTx ∈ X . SoT : P → P is well defined comes fromG and

f are non-negative and Lemma 2.2. Let

tn−α(T x)(t) =

{

tn−α(T x)(t), t ∈ (0,1],
lim

t→0+
tn−α(Tx)(t), t = 0,

t1+β−αDβ
0+(T x)(t) =







t1+β−αDβ
0+(T x)(t), t ∈ (0,1],

lim
t→0+

t1+β−αDβ
0+(T x)(t), t = 0.

Thus, botht → tn−α(T x)(t) andt → t1+β−αDβ
0+(T x)(t) are continuous on[0,1], the completely continuous property of

T : P → P can be derived by a similar method see Lemma 2.3 in [?]. ⊓⊔

3 Main Result

In this section, we prove the main result. The result is basedupon the assumption thatf is a sub-Carathéodory function.
Theorem 3.1. Suppose that∆ > 0, and f : (0,1)× [0,+∞)×R → [0,∞) is a Carathéodory function and there exist

numberski > −1 and li > max{β − α,n − 1 − α − ki,−ki − n,0](i = 1,2), M1,M2 ≥ 0 such that f satisfies
f (t, tα−nu, tα−β−1v) 6≡ 0 on[a,b]× [0,r]× [−r,r](0< a < b < 1) and

| f (t, tα−nu1, tα−β−1v1)− f (t, tα−nu1, tα−β−1v2)|

≤ M1tk1(1− t)l1|u1− u2|+M2tk2(1− t)l2|v1− v2|,
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holds for allt ∈ (0,1),u1,u2 ∈ [0,∞) andv1,v2 ∈ R. Then BVP(7) has a unique positive solution if

M = max

{

2
∑

s=1

Ms
∆

(

∆ +1+
m
∑
j=1

a jξ α+ks+ls
j

)

B(α+ls,ks+1)
Γ (α) ,

2
∑

s=1

Ms
∆

[

∆ B(α+ls−β ,ks+1)
Γ (α−β ) +

(

1+
m
∑
j=1

a jξ α+ks+ls
j

)

B(α+ls,ks+1)
Γ (α−β )

]}

< 1.

Proof. We shall prove that under the assumptions supposed,T is a contraction operator. Indeed, one gets that

| f (t,u(t),Dβ
0+u(t))− f (t,v(t),Dβ

0+v(t))|

= | f (t, tα−ntn−α u(t), tα−β−1t1+β−αDβ
0+u(t))− f (t, tα−ntn−αv(t), tα−β−1t1+β−αDβ

0+v(t))|

≤ M1tk1(1− t)l1tn−α |u(t)− v(t)|+M2tk2(1− t)l2t1+β−α |Dβ
0+u(t)−Dβ

0+v(t)|

≤ M1tk1(1− t)l1||u− v||+M2tk2(1− t)l2||u− v||.

We have that
tn−α |(Tu)(t)− (Tv)(t)|

≤ tn−α ∫ 1
0 G(t,s)| f (s,u(s),Dβ

0+u(s))− f (s,v(s),Dβ
0+v(s)|ds

≤ tn−α ∫ 1
0 G(t,s)[M1sk1(1− s)l1 +M2sk2(1− s)l2]ds||u− v||

= M1tn−α ||u−v||
∆

[

−∆
∫ t

ξ0

(t−s)α−1

Γ (α) sk1(1− s)l1ds + tα−1∫ ξm+1
ξ0

(ξm+1−s)α−1

Γ (α) sk1(1− s)l1ds

−tα−1
m
∑
j=1

a j
∫ ξ j

ξ0

(ξ j−s)α−1

Γ (α) sk1(1− s)l1ds

]

+M2tn−α ||u−v||
∆

[

−∆
∫ t

ξ0

(t−s)α−1

Γ (α) sk2(1− s)l2ds + tα−1∫ ξm+1
ξ0

(ξm+1−s)α−1

Γ (α) sk2(1− s)l2ds

−tα−1
m
∑
j=1

a j
∫ ξ j

0
(ξ j−s)α−1

Γ (α) sk2(1− s)l2ds

]

≤ M1tn−α ||u−v||
∆

[

∆
∫ t

0
(t−s)α+l1−1

Γ (α) sk1ds + tα−1∫ 1
0

(1−s)α+l1−1

Γ (α) sk1ds

+tα−1
m
∑
j=1

a j
∫ ξ j

0
(ξ j−s)α+l1−1

Γ (α)
sk1ds

]

+M2tn−α ||u−v||
∆

[

∆
∫ t

0
(t−s)α+l2−1

Γ (α)
sk2ds + tα−1∫ 1

0
(1−s)α+l2−1

Γ (α)
sk2ds

+tα−1
m
∑
j=1

a j
∫ ξ j

0
(ξ j−s)α+l2−1

Γ (α) sk2ds

]

= M1tn−α ||u−v||
∆

[

∆ tα+k1+l1
∫ 1

0
(1−w)α+l1−1

Γ (α) wk1dw + tα−1∫ 1
0

(1−s)α+l1−1

Γ (α) sk1ds

+tα−1
m
∑
j=1

a jξ α+k1+l1
j

∫ 1
0

(1−w)α+l1−1

Γ (α)
wk1dw

]
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+
M2tn−α ||u−v||

∆

[

∆ tα+k2+l2
∫ 1

0
(1−w)α+l2−1

Γ (α) wk2dw + tα−1∫ 1
0

(1−s)α+l2−1

Γ (α) sk2ds

+tα−1
m
∑
j=1

a jξ α+k2+l2
j

∫ 1
0

(1−w)α+l2−1

Γ (α) wk2dw

]

= M1||u−v||
∆

[

∆ tn+k1+l1 + tn−1+ tn−1
m
∑
j=1

a jξ α+k1+l1
j

]

B(α+l1,k1+1)
Γ (α)

+M2||u−v||
∆

[

∆ tn+k2+l2 + tn−1+ tn−1
m
∑
j=1

a jξ α+k2+l2
j

]

B(α+l2,k2+1)
Γ (α)

≤ ||u− v||
2
∑

s=1

Ms
∆

(

∆ +1+
m
∑
j=1

a jξ α+ks+ls
j

)

B(α+ls,ks+1)
Γ (α) .

On the other hand, we have

Dβ
0+(Tu)(t) = 1

Γ (α−β )∆

[

−∆
∫ t

ξ0
(t − s)α−β−1 f (s,u(s),Dβ

0+u(s)))ds

+tα−β−1∫ ξm+1
ξ0

(ξm+1− s)α−1 f (s,u(s),Dβ
0+u(s)))ds

−tα−β−1
m
∑
j=1

a j
∫ ξ j

ξ0
(ξ j − s)α−1 f (s,u(s),Dβ

0+u(s)))ds

]

.

Noteα −β + li > 0,α − (n−1)+ ki+ li > 0 implies that 1+ ki+ li > 0. Similarly we get

t1+β−α |Dβ
0+(Tu)(t)−Dβ

0+(T v)(t)|

≤
||u−v||t1+β−α

Γ (α−β )∆

[

∆
∫ t

ξ0
(t − s)α−β−1[M1sk1(1− s)l1 +M2sk2(1− s)l2]ds

+tα−β−1∫ ξm+1
ξ0

(ξm+1− s)α−1[M1sk1(1− s)l1 +M2sk2(1− s)l2]ds

tα−β−1
m
∑
j=1

a j
∫ ξ j

ξ0
(ξ j − s)α−1[M1sk1(1− s)l1 +M2sk2(1− s)l2]ds

]

≤ M1||u−v||
∆

[

∆ t1+k1+l1 B(α+l1−β ,k1+1)
Γ (α−β ) +

(

1+
m
∑
j=1

a jξ α+k1+l1
j

)

B(α+l1,k1+1)
Γ (α−β )

]

+M2||u−v||
∆

[

∆ t1+k2+l2 B(α+l2−β ,k2+1)
Γ (α−β ) +

(

1+
m
∑
j=1

a jξ α+k2+l2
j

)

B(α+l2,k2+1)
Γ (α−β )

]

≤ ||u− v||
2
∑

s=1

Ms
∆

[

∆ B(α+li−β ,ki+1)
Γ (α−β ) +

(

1+
m
∑
j=1

a jξ α+ki+li
j

)

B(α+li,ki+1)
Γ (α−β )

]

.

Therefor, we get||Tu− T || ≤ M||u− v||. Hence the contraction map principle implies thatT has a fixed pointx ∈ P
by M < 1. SinceT : P → P, then we havex(t) ≥ 0 for all t ∈ (0,1]. Furthermore, fort ∈ (0,1), there existsi such that
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t ∈ [ξi,ξi+1). Then

x(t) =
∫ 1

0 G(t,s) f (s,x(s),Dβ
0+ x(s))ds =

m
∑

s=0

∫ ξi+1
ξi

G(t,s) f (s,x(s),Dβ
0+ x(s))ds

≥
∫ t

ξi
G(t,s) f (s,x(s),Dβ

0+x(s))ds+
∫ ξi+1

t G(t,s) f (s,x(s),Dβ
0+ x(s))ds

≥ tα−1

∆

(

i
∑
j=1

a jξ α−1
j

∫ t
ξi
(1−s)α−1 f (s,x(s),Dβ

0+
x(s))ds

Γ (α) +∆
∫ ξi+1

t (1−s)α−1 f (s,x(s),Dβ
0+

x(s))ds

Γ (α)

)

≥ tα−1

Γ (α)

∫ ξi+1
t (1− s)α−1 f (s,x(s),Dβ

0+x(s))ds.

Since f (t, tα−nu, tα−β−1v) 6≡ 0 on[a,b]× [0,r]× [−r,r](0< a < b < 1), then there exists(t0,u0,v0) ∈ [t,ξi+1]× [0, ||x||]×

[−||x||, ||x||] such thatf (t0, t
α−n
0 u0, t

α−β−1
0 v0)> 0. So f (t0,x(t0),D

β
0+x(t0))> 0. Then

x(t)≥ tα−1

Γ (α)

∫ ξi+1
t (1− s)α−1 f (s,x(s),Dβ

0+x(s))ds > 0

for everyt ∈ (0,1). Thenx is positive. So BVP(7) has an unique positive solution. The proof is completed. ⊓⊔

4 An example

In this section, we give an example to illustrate the main theorem.
Example 4.1. Consider the following BVP























D
5
2
0+u(t)+ t−

1
8 (1− t)−

1
8

(

A+B1t
1
2 u(t)+B2t

1
4 |D

7
4
0+u(t)|

)

= 0,a.e., t ∈ (0,1),

lim
t→0

t
1
2 u(t) = 0, u(1) = 1

2u
(1

2

)

+ 1
3u
(3

4

)

,

D
1
2
0+u(0) = 0.

(12)

whereA > 0,B1,B2 ≥ 0.
Corresponding to BVP(7), we find thatn−1= 2< α = 5

2 < 3= n, β = 7
4 and

f (t,x,y) = t−
1
8 (1− t)−

1
8

(

A+Bt
1
2 x+Ct

1
4 y
)

.

One sees that∆ = 1− 1
2

(

1
2

)
3
2 − 1

3

(

3
4

)
3
2 > 0, f

(

t, t−
1
2 u, t−

1
4 v
)

6≡ 0 on[a,b]× [0,r]× [−r,r](0< a< b< 1), f (t,u) satisfies

∣

∣

∣
f
(

t, t−
1
2 u1, t−

1
4 v1

)

− f
(

t, t−
1
2 u1, t−

1
4 v1

)
∣

∣

∣

≤ t−
1
8 (1− t)−

1
8 [B1|u1− u2|+B2|v1− v2|], t ∈ (0,1),u1,u2 ∈ [0,∞),v1,v2 ∈ R.

Let M1 = B1,M2 = B2 andk1 = k2 = 2 andl1 = l2 =− 1
8. One finds thatki >−1 andli > max{β −α,n−1−α −ki,−ki−

n,0](i = 1,2). Hence Theorem 3.1 implies that BVP(12) has a unique positive solution if

M = [B1+B2]max

{

2− 1
2(

1
2)

3
2 − 1

3(
3
4)

3
2 + 1

2(
1
2)

9/4
+ 1

3(
3
4)

9/4

1− 1
2(

1
2)

3
2 − 1

3(
3
4)

3
2

B(5/4,3)
Γ (5/2) ,

(

1− 1
2(

1
2)

3
2 − 1

3(
3
4)

3
2

)

B(5/8,3)
Γ (3/4) +

(

1+ 1
2(

1
2)

9/4
+ 1

3(
3
4)

9/4
)

B(5/2,3)
Γ (3/4)

1− 1
2(

1
2)

3
2 − 1

3(
3
4)

3
2







< 1.

(13)

By Mathlab 7.0, (13) holds if 0.6997[B1+ B2] < 1. It is easy to see that BVP(12) has a unique positive solution if
B1+B2 <

1
0.6997. ⊓⊔
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