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Abstract: Several general methods have been developed for generating new flexible family of distributions. In this paper an attempt
has been made to develop the Exponentiated Weibull-Generalized Exponential Distribution (EWGED). This distribution is an extension
of Generalized Weibull-Exponential distribution. Various properties of this distribution has been discussed viz limiting behaviour,
Shannon’s entropy, moments, quantile function, hazard function, survival function. Skewness and kurtosis are discussed. Parameter
estimation of exponentiated weibull-generalized exponential distribution by the maximum likelihood method is also provided.
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1 Introduction

Generalized distributions arise by adding parameters for more flexibility and can be used to describe real world
phenomenon. Researchers have developed and studied many generalized classes of distributions to describe and to predict
the real world scenarios. Various methods have been developed to generate new generalized distributions. Mudholkar and
Srivastava [11] proposed the exponentiated weibull distribution to analyze bathtub failure data. Marshall and Olkin [12]
proposed a new method by adding a parameter to a family of distributions with application to the exponential and weibull
families. Gera AW [3] introduced the modified exponentiated-weibull distribution for life-time modelling. Gupta et al [4]
introduced the exponentiated distributions with the additional parameter k by taking the cumulative distribution function of

the random variable X as Gk(x)=[F(X)]k.Nadarajah and Kotz [14] used the class of exponentiated distributions and

created the new exponentiated Frechet distribution. Nadarajah and Kotz [15] studied some exponentiated type
distributions. Alzaatreh et al [1] proposed new method called T-X family of distributions. In this method the two random
variables T and X are used to generate many new distributions. Alzaatreh et al [2] generalizes the method of T-X family by
inclusion of an additional parameter ¢ which leads to a new family of exponentiated T-X distribution. Alzaatreh et al [2]
studied the properties of exponentiated weibull-exponential distribution. Hamdy et al [8] extended the exponentiated
weibull-exponential distribution to more general form. Gupta et al [9] studied some properties of exponentiated
exponential distribution and obtained this distribution can be used as a possible alternative to a weibull or a gamma
distribution. Smith [18] proposed an alternative approach for estimating the parameters of distribution. Different estimation
procedures and properties of generalized exponential distribution given by Gupta and Kundu [7]. A detailed survey of
exponentiated weibull distribution is presented by Saralees et al [17]. Most recently Suriya and Jan [20] obtained the
structural properties of the T-X family of gamma-exponential distribution.

This paper is organised as follows. Section 2 defines exponentiated weibull-generalized exponential distribution. In section
3, moment generating function with mean and variance are obtained. Various properties of EWGED viz limiting
behaviour, survival function, hazard function, quantile function, shannon’s entropy, skewness and kurtosis are discussed in
section 4. In section 5, we define the method of maximum likelihood for estimating the parameters of exponentiated
weibull-generalized exponential distribution.
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2 Exponentiated Weibull-Generalized Exponential Distribution

Two random variables X, the transformer, and T, the transformed are used to develop the T-X family of distributions.
Suppose a random variable X (the transformer) follows the two parameter generalized exponential distribution given by

Gupta and Kandu [5] with probability density function (PDF) as

1
f(x):ﬂze_”b—e_”‘]ﬁ . x>0,7>0,5>0
and the cumulative distribution function (CDF) is given by
F(x)zﬁ—e’“y; x>0,4>0,7>0
Suppose T (the transformed) random variable follows weibull distribution with the following PDF & CDF

t

o 7£(1
r(t)=%t"‘*1e{7J ; t>0,a>0,7>0R(t)=1-e 9 , t>0,>0,y>0
Y

The PDF of Exponentiated Weibull-X distribution given by Alzaatreh [2] is

sl of s

yi-Fe(x) ¥ ¥

The PDF and CDF of EWGED is

g(x)=caﬂﬁﬂx(1—e*2x c-1 —IOg[l_(l_e,,X)ﬂcJ a1
7|:17(1,efrx)ﬂc:| .
,|Og[1,(17e,,x)ﬁcj o

Ve

—|og(1—(1—e*7"f°j

e

xexp| —

o

G(X):l—exp - x>0,«,p8,7,¢,7y >0

Where a, B, c are the shape parameters and t, ¥ are the scale parameters.

2.1 Some special cases of EWGED

@
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(©)

©)

®

Case (2.1.1): If p=1c=c,a=a,r=7rand y =yin (4), we get the PDF of generalized weibull-exponential distribution

given by Hamdy et al [8].
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o feawetoeep [l b
9(x)= y[l_ﬁl_e-,x)cj -
xexp| — —|Og(1_(1_efx)°j :x>0,¢,a,7,7>0

Case (2.1.2): When c=p=a=r=1and y=yin (4), we get the PDF of the exponential distribution with parameters

g

g(x)zle 7ix>0,7,7>0
v

Case (2.1.3): Putting f=c=7r=La=«aand y=yin (4), then it reduces to the weibull distribution with parameters

(r.a)

X

g(x)z%lxo“le_[yj ;x>0,a,7 >0

4

Case (2.1.4): Suppose aa= =y =1c=c and 7=rin (4), then the density function of the two parameter generalized
exponential distribution with parameters C and 7 can be obtained

g(x) = cze*”‘(l—e*’x)c_l; x>0,¢c,7>0

¢=0.08, 0=2, B=1, 1 =0.1, y=2
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Figure 1: Different shapes for pdf of EWGED with some values of ¢, 8,z and y whena =2.
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3 Moment Generating Function

Let X follows the EWGED then moment generating function can be obtained as:

e o]

M, (t)= E(etx): Ietxg(x)dx

0

o sapemye bV fabr)

exp| —

0 7[1_(1_‘37“)&} 7 d
Let _'Og[l_ﬁ_e_zx)ﬂc] ’ , then
=z

v

o

dx (6)

a1
Caﬁﬁ"x(l—e_“)ﬂc_l —Iog[l—(l_e—zx)ﬂcj

dx =dz
y[l—(l—e—fx)m] ¥
Equation (6) reduces to
t
t o |7
Mx(t):J‘e‘Z exp| ——log|1—|1—e72"7 dz
T
0
1Tt
- |
:Ie_z 1-|1-e 7 dz
0
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Mo () =142 5[ 1-e | a2 ™
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Where (t), =t(t+1)..{t+1-1),and [1_|1_e " :Z(HI 1) Lo e
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4 Properties of EWGED

4.1 Limiting behaviour.

Theorem (4.1.1): The limit of exponentiatedweibull-generalized exponential distribution as x goes to infinity is zero, and
the limit when x — 0, is

0, apc>1

- T

limg(x)= X apfic=1 @y
o0 affc <1

Proof: Rearranging the terms of (4), the limit of pdf of EWGED when x — 0 can be simplified as

Ve a-1
im g(x)= %27 tim ) _Iog(l_(l‘e )ﬁj
x—0 Y x>0 1_(1_e,fx)ﬁc »

—Iog(l—(l—e_fx)ﬂcj

I

a

X exp| —

1

_ C;‘% fim [— log (1— bef* Ha hoe
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K a-1
_Caﬂrli i —e X & (1_ _Zx)ﬂc—l
% x50 k
7/ X—> ko
-1
Xy A a o
_ 2B i 1+(1 € )ﬂ +(1 € ) T (1—87”()wﬁ 12)
T x>0 2 3

A
fim |1+ ﬁ_e—rx)ﬂc + (1_e—zx)2ﬁ° o ' =1

x—0 2 3

|img(x):%lim[(l—e**)“”ﬂ 13)

x—0 Va x—0
In (12), and it reduces to

When afic>1, (13) approaches to zero, when afc<l, it approaches to infinity and when afic=1, it reduces to La .
e

4.2 Survival and Hazard function for EWGED

The survival function of the EWGED can be obtained as
—log (1— (1—e )ﬂc )
v

a

a4)

R(x)=1-G(x)=exp| —

And the hazard function is
a-1

0 cope-ron et | oo 1-b-e )
N ggx;: f[l(l(lem)ﬁza ( 7 ) 15)

Theorem (4.2.1): When x — 0and X — 0, the limit of the hazard function for EWGED is

0, apfc>1
limh(x) = y% afic =1 (16)
00, apc <1l
0, afic>1
limh(x)=1=, apc=1 17)
X—>00 7/
00, afic <1

Proof. The proof of this theorem immediately follows from the theorem 4.1.1 with different shapes of hazard functions as
in Figure 2.
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Figure 2: Different shapes for hazard function of the EWGED with some values of c,«, 8,z and y .

4.3 Relationship between EWGED with some distributions

Lemma (1): Suppose Y be a standard exponential random variable, then by using the transformation
1
e

X = _%Iog 1-[1-e7'" Results the PDF of (4).

Proof: On solving the above transformation, the following expression is obtained

Y =[—1Iog {1—(1—e”“ )ﬁc}} 18)
e
After taking the derivative of (18), it becomes
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a-1

dy capie(1-e™ )BH —log (1_ (1-e7 )ﬂc )
dX 7[1_(1_‘3—1)( )ﬁci| ¥

s(x)= 3—; f(y)follows the pdf of (4).

19)

Lemma (I1): Suppose Y be a weibull random variable with parameter o and » , then by using the transformation
1 1
X = 2 log|1- (1— e W results the PDF of (4).
1

1 (-loglv e |2
Lemma (111): Suppose Y be a uniform random variable, then by using the X :—Elog 1-|1-e 7700 Ja results

the PDF of (4).

Proof: The proofs of lemma I&I1 are obtained as in lemma I.

4.4 Quantile function

Based on the CDF of two random variables X and T the quantile function for the exponentiated T-X distribution given by
Alzaatreh et al [2] as

1

Q(A)=F*(1-e W) (20)

Using (1) & (2), the following expressions can be obtained as

R™*(4)=y[-log (1—,1)]é (21)
Fl(x):—logil— yfl’JT (22)

Using (20), (21) & (22) the quantile function for EWGED can be written as

1
1\ e
Q (;t) =—log|1- [1_ e—r(—log(l_,l))g jﬂ .

Using the quantile function in (23), the skewness and kurtosis given by Galton [6] & Moors [10], for the EWGED can be
obtained as

4.5 Shannon entropy
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The entropy of a random variable X is a measure of variation of uncertainty given by Renyi [16]. Shannon entropy [19] for
a random variable X with PDF g(x) is defined as E[- log(g(x))]. Shannon showed important applications of this entropy

in communication theory and many applications have been used in different areas such as engineering, physics, biology
and economics.

Alzaatreh et al [2] presented the Shannon entropy for the exponentiated T-X distribution as
1
nyx =—log c — E| log f(F‘l(l—e_T )CJ +1_TC E(log(l—e_T ))— mr 07 (24)

Shannon entropy for EWGED using (24) is given by

ol

1)
- Iog[lxﬂ}
1

Mx =—(Iog(ﬂjj+£ ~log| 1-x” (B -1)E| log| 1-e +

C

1
T

(120)2;;?51“ i?&ﬂfﬁp +y{r(1+%j+l—§}+log(£)+l

0 m=

5 Parameter Estimation

This section contains expression for the parameter estimation of exponentiatedweibull-generalized exponential distribution
using the method of maximum likelihood. The likelihood function for the EWGED in (4) is given by

cafe™ (1— e ™ )ﬂH } Iog(l— (1_ e )ﬁcj
i=1 7(1—(1—9”)&) 4

_.Og(l_(l_efx)ﬁc) ’

x exp| — (25)
v

a-1

Lc.a B.z,7)=

The log-likekihood function of (25), is
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c—1

+

log L(C,a,ﬂ, T, ;/): f(c,a,ﬂ, 7, ;/) = Zbg Caﬂf_zx(l_ e ™

i 7[1—ﬁ—e_”)ﬂc}

i"’g exp| — Iog( e ﬂ)ﬂ)

n n
f(C,a,ﬂ,r,y):nIogc+n|oga+n|ogﬁ+nlogr—rzx-+ ’Bc_lzlog _ *TXi)_

i=1

nlogy—glog(l—(l—e‘”i j a- 12Iog( Iog( )”J}
n —Iog[l—(l—e_’xi)ﬁcj )

na-1logy + Z - (26)
" 4
i=1

The derivatives of (26) with respect to ¢ ,a ,B, T and ¥ are given by

Ny, g (e )
oc ¢ 'BZI g(1- ) ﬂzl (1—e )/fc
_ )Z (1—e rXi)

( (1 e ))[—Iog( (1 efX ﬁc

n, aff (l—e*”- ) - Iog( (1 o= )/fc 7
; J/(l—(l—e—rxi ))[ { } o

%_24_2'09( Iog( —z'x ) nlog}/—F
n —Iog( —(1-e™) c)
ay |- (28)
i=1 Y
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alogl_ n Zlog(l rx. +CZ( !é—e f

a-1

o ot [T

2] | -
e Ay
e, @ge:)ﬂc‘]%.eog(ll)ﬂc(lem P
acgroben i ol
o v s poap| [T

The above equations have complicated expressions which cannot be solved easily, so we use Newton Raphson numerical
iterative method. Newton Raphton method [13] is a method to solve nonlinear equations. To estimate the parameters of

EWGED setting (27-31) to zero, the MLE of é,&,,@,f and y can be obtained by solving the resulting equations using
Newton Raphson numerical procedure.

6 Conclusion

There has always been an interest in developing more flexible distributions in statistics. This paper defined a new flexible
five-parameter Exponentiated Weibull-Generalized Exponential Distribution. Several properties of EWGED including
hazard function, limiting behaviour, survival function, moments, quantile function, shannon's entropy, skewness and
kurtosis have been obtained in detail. Maximum likelihood method is proposed for estimating the parameters of
exponentiatedweibull-generalized exponential distribution.
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