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Abstract: In this paper, we investigate permanents ohann (0, 1,2)-matrix by contraction method. We show that the permanent of
the matrix is equal to the generalizkdPell numbers.
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1 Introduction where the summation extends over all permutatiorsf
) ] the symmetric grouf,.
The well-known Pell sequencgR,} is defined by the Let A = [a;j] be anm x n real matrix with row vectors
recurrence relation, far> 2 ai,do,...,am. We sayA is contractible on column (resp.
P.— 2P 44 P row) k if co[umn (resp. rpw)k contains exactly two
: h-1"h-2 nonzero entries. Suppogeis contractible on columik
whereP; =1 andP = 2. with ay # 0 # ajx andi # j. Then the(m—1) x (n— 1)
In [1], the authors defineck sequences of the matrix Ajjx obtained fromA by replacing rowi with
generalized ordek-Pell numbers{Pﬁ} as shown: ajai + axaj and deleting rowj and columnk is called
i i i i the contraction oA on columnk relative to rows andj.
Ph=2R_1+P o+ ...+ Rk (1) If Ais contractible on rowk with a; # 0 # ay; and
forn> 0 and 1< i <k, with initial conditions i # j, then the matrixAij; = A;E:k} is called the
i lifn=1-1i, contraction ofA on rowk relative to columnsg andj. We
Pr=1 0 otherwise, Or1—k=n<0, say thatA can be contracted to a matriif either B = A

or there exist matriceg\p,Aq,...,A (t > 1) such that
whereP! is thenth term of theith sequence. The sequence Ao = A, A = B, and A is a contraction ofA,_; for
{PX} is reduced to the usual Pell sequefibg} fork=2. r=1..t _ _ _
For example, fof = 4, they obtained™, = 1, P*, = In [2], Lee defined the following matrix
4 _pb_ : ;
ZfléeIIZequ%r?ggggve first few terms of generalized order 10.. 010 .00
: 111...10 ...00

1,2,5,13,34,88,228 ... ik _ (011 1..10...00
The authors called the generalized-Pell number S
fori=kin (1) [1]. 000 0...00...11
The permanent of am-square matrixA = [a;] is
defined by and showed that perZ™? = L,; and also
perA— - B perz(nk — lr(1k7>l7 whereL, and1 are respectively the
U;n ﬂ (i) nth Lucas number anath k-Lucas number.
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In [3], Minc defined generalized Fibonacci numbers of as follows:

orderr as
0, if n<O,
f(n,r) = r 1, if n=0,
y f(n—kr),ifn>0.

k=1

Minc also defined then x n super-diagonal0, 1)-matrix
F (n,r) = [fij] as in the following:

1o e 1 0---0
1
0 =0

F(nr)= 1 )
O REEIRTRE 0 1 1]

where

Lifi=j+land1<j<r—1,
Lifl<i<n-r—-2andi<j<i+r—2,
Lifn—r+3<i<nandi<j<n,

0, otherwise.

fij =

Then he proved that
perF(n,r)=f(n,r—1).

In [4], the authors denoted the matrfx(n,r) in (2)

as.Z ™K and obtained permanent of this matrix, the same

result in 3, Theorem 2], by applying contraction to the
matrix.Z ("),

In [5], Kilic defined then x n super-diagonal0, 1, 2)-
matrix S(k,n) as:

(2 1...1 0 - 0]
12 1..1°
012 1..".0
Skn)y= |- . o 3
[0 0 1 2]

and proved that the permanent 8tk,n) equals to the
(n+ 1)th generalized&-Pell number.

In [6], Yilmaz and Bozkurt defined tha x n upper
Hessenberg matrikl, = [hj;] andn x n matrix K, = [kij]

11 -10 - --v ... 0
11 11
01 1 1-1
Hn:
10
-1
T |
K 01 1]
and
1 2 3 0 -ec cvv ven 07
10 00
01 0 1 1
K, — .1 0 1 1 . :
: T
[0+« - oo 0 1 0]
They showed that
perth = perH" 2 = B,
and

perk, = perk\" ? = R,

whereP, is nth Pell numberR, is nth Perrin number, and
H{"? andk{"~? is (n— 2)th contraction of the matrikiy
andKp, respectively.

In this paper, we show that the permanent ofrithen
(0,1,2)-matrix S(k,n) equals to thén+ 1)th generalized
k-Pell number by the contraction method.

2 Generalizedk-Pell numbers by contraction
method

In this section, we use generalized ortidPell sequence
{Pk} given in () for i = k. For this sequence, it can be
written forn > k> 2

Pk,=1 P, =P, =... =P =P=0

and
PK=2PX | +PX ... +P .
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First few terms of the generalizédPell numbers are  column 1 such that
follows in [1] as:

52 0 ... ... 0
Pk = 2PK+P* + ...+ Pf =1, 192 1°

P = 2Pk PX 4 . 4 Ps  =2x1=2, o o1 2
Pk = 2Pk 4 PR 4Pk, =2x241=5 "= N
P — 2Pk PEy 4PN, —2x542+1=13 _ _'0
Pk = 2P PKy ..+ Pk, =2x 134512+ 1=34,.. 0. o1

Then, some terms of this sequence can be given for some (1) (1) - (n)
k andn values in the following table: wheret); = 5= Ps andt;; = 2= P,. Also the matrixT;
can be contracted on column 1 such that

S [1[2[3[4[5[6] 78] 9 | 10 - -
2 |12 5| 12| 29|70 169 | 408 | 985 | 2378 125 0 v 0
3 |12 5|13 33|84 214 545 1388 3535 12 1
4 |1 25|13 34|88 228|591 1532| 3971
5 |12 5|13 34|89 232 | 605 1578| 4116 o 01 2 1°-.:
L= . )
Itis easily seen that from the above tabj&}} is the N O
usual Pell sequendd,} for k = 2. . L
The following Lemma is well-known froni. 0..o..0 12

Lemma 2.1.Let A be a nonnegative integral matrix of
ordernfor n > 1 and letB be a contraction of. Then wheret(s) = 12 = P, andt{2’ = 5 = P;. Continuing this

process, we obtain theh contraction oflf (" as follows

perA= perB. (4) ) ;
Pi2Pg1 0 v e 0
Let S(k,n) be the(k+ 1)st (0,1,2)-matrix of ordem 1 2 1
given in (3). For convenience, we use the notat®f* o
instead ofS(k,n). If .7("K be the matrix as in2) andl, tm_| 0 1 21": ,
be the identity matrix of orden, then it is immediately Lo 0
seen thatS"® = .Z(K 4 | Then the matrixS™ is _ o
contractible on column 1 relative to rows 1 and |2 : ol
particular, if k = 2, the matrix S™ reduced to the | 0 - - 0 1 2]
tridiagonal Toeplitz matrixT(" = tridiagn(1,2,1) of
ordern as follows: for2<r<n-2.So, we have
r21 0-.-.... 07 -I—n(f)zz |:|ji1 Pn2—1:| ) (6)
12 1 0--0
01 2 1°.: By combining @) and @), we get
o= (5)
T | perT(m — peﬂ;ff)z
: | =2P+P1
0. .- 0 1 2] = Prs,

and the proof is completédd.
Lemma 2.2.Let the matrixT (") be as in ). Then Lemma 2.3.LetS™ — H})} be thetth contraction of the

ix SR given i <t<n-—
perT —p. . matrix S™K givenin @) and 1<t <n—3. Then

P,, if j=1,
wherePR,, 1 be the(n+ 1)st Pell number. 41
v _ Pk if2<j<k-t,
Proof. Let " = {tfjr)} be therth contraction of the matrix 1) ,El ' fork>t+2
t . .
T(™ given in ). The matrixT(™ can be contracted on 5(1,)1—1_ Pk ifk—t+1<j<n—t,
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and relative to rows 1 and 2, we write
k P 1)
Riz  ifi=1, sy = 28y +5))
<t> $op =2 « S
=1
(t) K ; ; '
sijo1— Ry if3<i<n-t, — 2P, + RS ...+ Pk

Also sinceP§ = Pk, = .. =B, . =0fork>t+2 we

i)
nany case. )4 Pt“ < 0, we assume thay; = write P§+ PX, + ...+ P} 3 = 0. Consequently, we get

Proof. We will prove the lemma by induction dn

If we apply the contraction to the matrig"* (t+1) _ opk K K | bk, pk K
according toch:)OBI/umn we get S = 2R Rl PE RSP Pl

= Ptlfi-?:v
53 3 3...320...07
12 11...111...0 and
e e T (t+1) t t
S(ln,k): 0 Slq S(li+s(1,)c1+17q:2737"'7k_t_1
K .
. =R+ PR
0 T t+2 er r
L 0 1 2] w2
[Pk P+ PKPk Pk PEyPkPE 0 ... 0] -2 0
1 2 1 .. 1 11..0 =
. . . (t+1)+1
_ 0 ' ' ' Thus slt;rl = 5 P<for q=2,3,...k—(t+1), finally
" ’ r=1
.o, t+1 t t
0 Sl sl =ssong
L 012 _ .k
=S+ Skt~ Ry ket —k
(1) _ 1H_ D (1) _ pk _
wheres;y =P, sip = ... =8{j =P+ Pf, 8, =Pf = = s Pl 1)+ (kt) ke
(Pk+PK)—Pk=sl))  —Pk So, itis easy to show that the
assumption is true fdr= 1. So by the recurrence relation, we reach
We now assume the assumption is true tfoiThen,
there are two cases need to prove. sltj’l — sltj’l i§+1)+1 o

Case 1We considek >t +2. Slncesll =P, 312 =
_ Slk = SHIpK andsl’j _ Sltj 1_ptl§rj fork—t+ fork—t < j <n-—(t+1) and proof of Case 1 completes.

ci< learl ite th ’ ﬁ( ® _ Case 2.In this case, we will considdt <t + 2. For
1< j<n-t,we clearly write the matri§g ™" = hj } as: t=1 andk 2 Lemma 2 is obtained We assume that
) t+1 k
1 i 1 i _ sy =Ry, S12— Yotk Fr andle 511 I+J Kk
R, 3 2 3 P .. - 3 Pk 3 PK...BS,+P<R, 0 ...0| for3<j<n-t.Then,the matrix§™ = [qj)} follows
12 "1 1" " 1 110 as.
0 " P . _Plk+2 El X t%l Pk 131 P Ptk+1+PtkPlk+l 0 ...O_
1 r=t+3-k r=t+4-k r=t4+5-k
1 2 1 1 ... 110
0 . . .
1 N
0 I | :
L 0 12 1
. L 0 el
Now, we must prove our assumption fo# 1. Since the | 0 13
matrix Smk) given by (/) is contractible on column 1 (8)
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If we apply the contraction to the matl‘fién’k>
according to its first column, we get

t+1)
S =29+ )
t+1

k Kk
=R5+ 3y RAY
r=t+3—k

_ opk (K) (k)
- 2Pt+2+ Pt+1+ et P —k+3

(k)
=Ris
1), &
= S11 +S13
K t
= Pt+2 + 5(12) -
" t+1 " "
=R+ P —Ris«
r=t+3—-k
k k k k
=R +Rii+ Rt Rk —
t42 ‘
r=t+4—k
(t+1)+1
= z PK
r=(t+1)+3-k

givenin @)

(t+1)

S12

K
Rk

K
Rk

and
(t+1)

t t
R
t t
- )+ -
(t+1) Pk
- S12 t+1)+3 k*

Thus, we get the recurrence relation

K
Rrak

(t+1) (t+1) pk
Slj _Slj t+1)+] ko

and the proof of Case 2 completes.

Theorem 2.4.Let PX, | be the(n+ 1)st generalizedt-Pell
number fom > k. Then
perg™) — pk .

Proof. Since the matrix§™¥ is contractible, by Lemma 3
we obtain

n—-2
Pk Pk Pk Pk
Sﬁn’k) _ n-1 r=n—k ' r %7 n-k
-3 1 2 1 ’
0 1 2
wherey!"2 | PK—PK  =3M2  PK Sowe get

Sﬁln,k) B [P,‘f P+
_2 - 1

By combining the last equality and)( we reach

WZ; PR ]

perS™ = perg™
= 2Pk+ P+ Py

- n+la
and the proof is completed.

3 Conclusion

The famous integer sequences (e.g. Fibonacci, Pell)
provide invaluable opportunities for exploration, and
contribute handsomely to the beauty of mathematics,
especially number theory. Among these sequences, Pell
numbers have achieved a kind of celebrity status. There is
a vast literature concerned with this sequence. This study
is a different application which consider the connection
between the permanents of a matrix and Pell numbers.
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