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Abstract: The object of this paper is to extend the idea of(α,ψ,ξ )-contractive multi-valued mappings for a pair of weak compatible
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1 Introduction

Hybrid fixed point theory for single-valued and
multi-valued mappings is an impressive development in
nonlinear analysis (see, e.g., [8,9,10,11,14,16,18,21,24]
and references therein). The concepts of commutativity
and weak commutativity were extended to multi-valued
mappings on metric spaces by Kaneko [9,10]. In [23],
Singh and Mishra introduced the notion of
(IT)-commutativity for hybrid pair of single-valued and
multi-valued maps which need not be weakly compatible.
Afterwards, Pathak [18] generalized the concept of
compatibility by defining weak compatibility for hybrid
pairs of mappings (including single-valued case) and
utilized the same to prove common fixed point theorems.
Naturally, compatible mappings are weakly compatible
but not conversely.
On the other hand, Samet et al. [19] introduced the
notions of α-ψ-contractive and α-admissible
self-mappings and proved some fixed-point results for
such mappings in complete metric spaces. Asl et al. [1]
extended these notions to multi-valued by introducing the
notions ofα∗-ψ-contractive andα∗-admissible mappings
and proved some fixed point results. Some results in this
direction are also given in [1,2,3,7,12], and [15]. Salimi
et al. [21] modified the notions ofα-ψ-contractive and
α-admissible self-mappings by introducing another
functionη and established some fixed-point theorems for

single-valued mappings in complete metric spaces.
Hussain et al. [7] extended these modified notions to
multi-valued mappings. Ali et al. [2] introduced the
notion of (α,ψ ,ξ )-contractive multi-valued mappings
and provide fixed point theorems for(α,ψ ,ξ )-contractive
multi-valued mappings in complete metric spaces.
In this paper, we will unify the(α,ψ ,ξ )-contractive
condition with a pair of weakly compatible mappings and
examine the existence of common coincidence points for
a weakly compatible hybrid pairf andT. In the sequel,
we will establish the results for a pair of single-valued
mappings also. A fixed point theorem in metric space
endowed with an arbitrary binary relation validates the
importance of obtained results.
Before proceeding towards our main result we will give
some preliminaries:
We recollect the following definitions, for the sake of
completeness. Let(X,d) be a metric space. We denote by
CB(X) the class of all nonempty closed and bounded
subsets ofX and byCL(X) the class of all nonempty
closed subsets ofX. For every A,B ∈ CL(X), let the
functionalH : CL(X)×CL(X)→ R+∪{∞} be defined by

H(A,B) = max











sup
x∈A

(d(x,B)),sup
y∈B

(d(A,y))

if maximum exists
∞ otherwise










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for everyA,B∈ CL(X), whered(a,B) = inf{d(a,b) : b∈
B} is the distance from a toB∈ X.
In this paper, we denote byΨ the class of functionsψ :
[0,∞)→ [0,∞) satisfying the following conditions:

(ψ1) ψ is a non-decreasing function;
(ψ2) ψ(t)n < ∞ for all t > 0, whereψn is thenth iterate

of ψ .

These functions are known in the literature as Bianchini-
Grandolfi gauge functions in some sources (see [4]).

Remark 1.1. For eachψ ∈ Ψ we see that the following
assertions hold:

1. lim
n→∞

ψn(t) = 0, for all t > 0;

2. ψ(t)< t for eacht > 0;
3. ψ(0) = 0.

In [19], Samet et al. introduced the concepts of an
α-admissible mapping and anα-ψ-contractive mapping
as follows:

Definition 1.2. [[19]] Let T be a self-mapping on a
nonempty setX and α : X × X → [0,∞) be another
mapping. We say thatT is α-admissible if the following
condition holds:

x,y∈ X,α(x,y)≥ 1⇒ α(Tx,Ty)≥ 1.

Definition 1.3. [[19]] Let (X,d) be a metric space andT :
X → X be a given mapping. We say thatT is an α-ψ-
contractive mapping if there exist two functionsα : X ×
X → [0,∞) andψ ∈Ψ such that

α(x,y)d(T x,Ty)≤ ψ(d(x,y)) for all x,y∈ X.

Afterwards, Asl et al. [1] introduced the concept of anα∗-
admissible mapping which is a multi-valued version of the
α-admissible mapping provided in [19].

Definition 1.4. [[1]] Let X be a nonempty set,T : X → 2X

andα : X×X → [0,∞) be two mappings. We say thatT is
α∗-admissible if the following condition holds:

x,y∈ X,α(x,y)≥ 1⇒ α∗(Tx,Ty)≥ 1,

whereα∗(Tx,Ty) = inf{α(a,b)|a∈ Tx,b∈ Ty}.

They extended theα-ψ-contractive condition of Samet et
al. [19] from a single-valued version to a multi-valued
version as follows:

Definition 1.5. [[1]] Let (X,d) be a metric space,T : X →
CL(X) be a multi-valued mapping andα : X×X → [0,∞)
be a given mapping. We say thatT is anα-ψ-contractive
multi-valued mapping if there existsψ ∈Ψ such that

α(x,y)H(Tx,Ty)≤ ψ(d(x,y)) for all x,y∈ X.

Recently, Ali et al. [2] introduced the notion of(α,ψ ,ξ )-
contractive multi-valued mappings, whereξ ∈ Ξ andΞ is
the family of functionsξ : [0,∞) → [0,∞) satisfying the
following conditions:

(ξ 1) ξ is continuous;
(ξ 2) ξ is non-decreasing on[0,∞);
(ξ 3) ξ (t) = 0 if and only if t = 0;
(ξ 4) ξ is sub-additive.

Remark 1.6. From(ξ 2) and(ξ 3), we haveξ (t)> 0, for
all t ∈ (0,∞).

Lemma 1.7. Let (X,d) be a metric space. Ifξ ∈ Ξ then
(X,ξ ◦d) is a metric space.

Lemma 1.8. ([2]) Let(X,d) be a metric space,ξ ∈ Ξ and
B∈CL(X). If there exists x∈ X such thatξ (d(x,B))> 0,
then there exists y∈ B such that

ξ (d(x,y))< qξ (d(x,B))

where q> 1.

Definition 1.9. [[2]] Let (X,d) be a metric space. A
multi-valued mappingT : X → CL(X) is called an
(α,ψ ,ξ )-contractive mapping if there exist three
functionsψ ∈Ψ andξ ∈ Ξ

α : X×X → [0,∞) such thatx,y∈ X,α(x,y)≥ 1

⇒ ξ H(Tx,Ty)≤ ψξ (M(x,y))

where

M(x,y)=max

{

d(x,y),d(x,T x),d(y,Ty), d(x,Ty)+d(y,Tx)
2

}

.

Definition 1.10.[[18]] Let (X,d) be a metric space. Then
the pair T : X → X and f : X → X is called f -weak
compatible iff f TX ⊆ X for all x ∈ X and the following
limits exist and satisfy:

(i) lim
n→∞

d( f Txn,T f xn)≤ lim
n→∞

d(T f xn,Txn), and

(ii) lim
n→∞

d( f Txn, f xn)≤ lim
n→∞

d(T f xn,Txn)

whenever{xn} is a sequence inX such thatTxn → t and
f xn → t for somet ∈ X.

Definition 1.11.[[18]] Let (X,d) be a metric space. Then
the hybrid pairT : X → CL(X) and f : X → X is called
f -weak compatible ifff TX ⊆ CLX for all x ∈ X and the
following limits exist and satisfy:

(i) lim
n→∞

H( f Txn,T f xn)≤ lim
n→∞

H(T f xn,Txn), and

(ii) lim
n→∞

d( f Txn, f xn)≤ lim
n→∞

H(T f xn,Txn)

whenever{xn} is a sequence inX such thatTxn →M, M ∈
CL(X) and f xn → t ∈ M.

It can be seen that two compatible mapsf andT are weak
compatible but the converse is not true.

Lemma 1.12.([18]) Let T : X → CL(X) and f : X → X
be f -weak compatible. If f w∈ Tw for some w∈ X, then
f Tw= T f w.

Now, we will define our mappings:
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Definition 1.13.Let X be a nonempty set,T : X →CL(X)
andα : X×X → [0,∞) be two mappings. We say thatT is
α∗-admissible with respect tof (a self-mapping onX) if
the following condition holds:

x,y∈ X,α( f x, f y) ≥ 1⇒ α∗(Tx,Ty)≥ 1,

whereα∗(Tx,Ty) = inf{α(a,b)|a∈ Tx,b∈ Ty}.

Definition 1.14.Let (X,d) be a metric space. Then the
hybrid pairT : X → CL(X) and f : X → X are called an
(α,ψ ,ξ )-contractive mapping if there exist three
functionsψ ∈Ψ , ξ ∈ Ξ andα : X×X → [0,∞) such that

x,y∈ X,α( f x, f y) ≥ 1⇒ ξ H(Tx,Ty)≤ ψξ (M(x,y))

whereM(x,y)

=max

{

d( f x, f y),d( f x,T x),d( f y,Ty), d( f x,Ty)+d( f y,T x)
2

}

.

2 Main results

This section consists two parts. In the first one, we have
established existence of coincidence point for a hybrid pair
of weak compatible mappings, and in the next one we have
proved the results for a pair of self mappings.
Recently, Ali et al. [2] proved the following theorem for
(α,ψ ,ξ )-contractive mapping:

Theorem 2.1. ([2]) Let (X,d) be a complete metric space
and let G: X →CL(X) be a strictly(α,ψ ,ξ )-contractive
mapping satisfying the following assumptions:

(i) G is anα∗-admissible mapping;
(ii) there exist x0 ∈ X and x1 ∈ Gx0

such thatα(x0,x1)≥ 1;
(iii) G is continuous.

Then G has a fixed point.

Now, we will extend the above said theorem for a pair of
weakly compatible mappings. Our theorem is as follows:

Theorem 2.2.Let (X,d) be a complete metric space and
f : X → X and T : X →CL(X) be the continuous f -weak
compatible hybrid pair such that TX⊆ f X. Suppose that
the following conditions hold:

S1. T is anα∗-admissible multi-valued mapping wrt. f ;
S2. T and f are(α,ψ ,ξ )-contractive mappings;
S3. There exists f x0 ∈ X and f x1 ∈ Tx0 such that

α( f x0, f x1)≥ 1;

Then there exists a point t∈ X such that f t∈ Tt or f and
T have a common coincidence point.

Proof.Let x0 ∈ X be arbitrary and choose,x1 ∈ X such that
f x1 ∈ Tx0. This is possible since

Tx0 ⊆ f (X).

If x0 = x1 then we see thatx0 is common fixed point off
andT. Assume thatx0 6= x1.
SinceT(X)⊆ f (X), let x2 ∈X be suchy1 = f x2 and f x2 ∈
Tx1.
In general, ifxn has been selected, choosexn+1 ∈ X so that
yn = f xn+1 ∈ Txn.
From(α,ψ ,ξ )-contractive condition, we get

ξ (H(Tx0,Tx1))

≤
(

ξ
(

max

{

d( f x0, f x1),d( f x0,Tx0),d( f x1,Tx1),

d( f x0,Tx1)+d( f x1,Tx0)

2

}))

≤
(

ξ
(

max{d( f x0, f x1),d( f x1,Tx1),d( f x0,Tx1)}
))

≤ (ξ (max{d( f x0, f x1),d( f x1,Tx1),

d( f x0,Tx1)+d( f x1,Tx1)}))
≤ (ξ (max{d( f x0, f x1),d( f x1,Tx1)})) (2.1)

If max{d( f x0, f x1),d( f x1,Tx1)} = d( f x1,Tx1) then, we
get

0< ξ (d( f x1,Tx1))

< ξ (H(Tx0,Tx1))

< ψ(ξ (max{(d( f x0, f x1),d( f x1,Tx1))}))
≤ ψ(ξ (max{(d( f x0, f x1),d( f x1,Tx1))})).
≤ ψ(ξ (d( f x1,Tx1))), (2.2)

which is a contradiction.
Therefore, max{d( f x0, f x1),d( f x1,Tx1)}= d( f x0, f x1).
From (2.1) we get

0< ξ (d( f x1,Tx1))

≤ ξ (H(Tx0,Tx1))

≤ ψ(ξ (max{d( f x0, f x1),d( f x1,Tx1)}))
≤ ψξ (d( f x0, f x1)). (2.3)

Since f : X → X andT : X →CL(X), thereforef x1, f x2 ∈
X alsoT(X)⊆ f (X).
Thus from the inspiration from Lemma 1.8 for fixedq> 1
there existsf x2 ∈ Tx1 such that

0< ξ (d( f x1, f x2)< q(d( f x1,Tx1)) (2.4)

From (2.3) and (2.4) we get

0< ξ (d( f x1, f x2)< qψ((d( f x0, f x1))) (2.5)

Sinceψ is strictly increasing function, we have,

0< ψ(ξ (d( f x1, f x2)))< ψ(q(ξ (d( f x0, f x1)))) (2.6)

putq1 =
ψ(qψ(ξ (d( f x0, f x1))))

ψ(ξ (d( f x1, f x2)))
and thenq1 > 1.

If x1 = x2 or f x2 ∈ Tx2 we can findx2 is common fixed
point of f andT. Thereforex1 6= x2 sincef x1 ∈ Tx0, f x2 ∈
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Tx1 and( f x0, f x1) > 1, andT is anα∗-admissible multi-
valued mapping with respect tof , we have

( f x1, f x2)> 1

Applying from (α,ψξ )-contractive condition

ξ (H(Tx1,Tx2))< ψ(ξ (max{d( f x1, f x2),d( f x2,Tx2)})).
(2.7)

Suppose that max{d( f x1, f x2),d( f x2,Tx2)}
= d( f x2,Tx2).
From (2.7) we get

0< ξ (d( f x2,Tx2))

≤ ξ (H(Tx1,Tx2))

≤ ψ(ξ (max{d( f x1, f x2),d( f x2,Tx2)}))
≤ ψ(ξ (d( f x2,Tx2)), (2.8)

which is a contradiction. Therefore, we may let

max{d( f x1, f x2),d( f x2,Tx2)}= d( f x1, f x2).

From (2.7), we have

0< ξ (d( f x2,Tx2))≤ ξ (H(Tx1,Tx2))≤ ψ(ξ (d( f x1, f x2))).
(2.9)

By using Lemma 1.8 withq1, there existsf x3 ∈ x2 such
that

0< ξ (d( f x2, f x3)< q1(d( f x2,Tx2)). (2.10)

From (2.9) and (2.10), we get

0< ξ (d( f x2, f x3))< q1ψ(ξ (d( f x1, f x2)))

< ψ(q1ψ(ξ (d( f x0, f x1)))). (2.11)

It follows from ψ being a strictly increasing function that

0< ψ(ξ (d( f x2, f x3)))< ψ2(qψ(ξ (d( f x0, f x1)))).
(2.12)

Continuing this process, we can construct a sequence
{ f xn} in X such that

f (xn) = f xn+1 ∈ Txn and α( f xn, f xn+1)> 1 (2.13)

and

0< ξ (d( f xn+1, f xn+2))< ψn(qψ(ξ (d( f x0, f x1)))),

for all n∈ N∪{0}.
(2.14)

Let m,n ∈ N such thatm> n, by triangle inequality, we
have

ξ (d( f xm, f xn))≤
m−1

∑
i=n

ξ (d( f xi , f xi+1))

≤
m−1

∑
i=n

ψ i−1(qψ(ξ (d( f x0, f x1))).

Since,ψ ∈Ψ , we have lim
n,m→∞

ξ (d( f xm, f xn)) = 0.

Using(ξ1), we get, lim
n,m→∞

d( f xm, f xn)) = 0.

This implies that{ f xn} is a Cauchy sequence in(X,d).
From (2.13) and the completeness of(X,d), there exists
t ∈ X such that

f xn → t as n→ ∞

Furthermore, above inequalities show that

ξ (H(Txn,Txn−1))< ψ(ξ ( f xn, f xn−1))

Since,{ f xn} is a Cauchy sequence, therefore, this must
imply that {Txn} is a Cauchy sequence, in the complete
metric space(CL(X),H) (refer to [23]).
Now let Txn → M ∈CL(X), thus,

d(t,M)≤ d(t, f xn)+d( f xn,M)

≤ d(t, f xn)+d(Txn−1,M)

≤ d(t, f xn)+H(Txn−1,M)→ 0 asn→ ∞

SinceM is closed,t ∈ M and thef -weak compatibility of
f andT implies that

(i) lim
n→∞

H( f Txn,T f xn)≤ lim
n→∞

H(T f xn,Txn),and

(ii) lim
n→∞

d( f Txn, f xn)≤ lim
n→∞

H(T f xn,Txn).

This along with the continuity off andT imply that

H( f M,Tt)≤ H(Tt,M) andd( f t, t)≤ H(Tt,M).

Now

d( f t,Tt)≤ d( f t, f f xn+1)+d( f f xn+1,Tt)

≤ d( f t, f f xn+1)+H( f Txn,Tt)

that is,

d( f t,Tt)≤ d( f t, f f xn+1)+H( f Txn,T f xn)+H(T f xn,Tt)

≤ d( f t, f f xn+1)+H(T f xn,Tt), asn→ ∞

that is, d( f t,Tt) ≤ H(Tt,M). Now, using contractive
condition,

(H(Txn,Tt))

≤ ψ
(

ξ
(

max

{

d( f xn, f t),d( f xn,Txn),d( f t,Tt),

d( f xn,Tt)+d( f t,Txn)

2

}))

≤ ψ
(

ξ
(

max

{

d( f xn, f t),d( f xn,Txn),d( f t,Tt),

d( f xn,Tt)+d( f t, f xn)+d( f xn,Txn)

2

}))

.
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Lettingn→ ∞, we obtain

ξ (H(M,Tt))

≤ ψ
(

ξ
(

max

{

d(t, f t),d(t,M),d( f t,Tt),

d(t,Tt)+d( f t, t)+d(t,M)

2

}))

≤ ψ
(

ξ
(

max

{

H(Tt,M),0,H(Tt,M),

H(M,Tt)+H(Tt,M)

2

}))

that is,

ξ (H(M,Tt))≤ ψ(ξ (H(Tt,M)), a contradiction and so

H(M,Tt) = 0.

Therefore,d( f t,Tt) = 0; that isf t ∈Tt, sinceTt is closed.
Thus f andT have a coincidence point.

Example 2.3.Let X = [0,∞) be endowed with the
Euclidean metric d. Let f x = 3

2(x
2 + x) and

Tx = [0,x2 + 2] for each x ≥ 0. T and f are clearly
continuous andT(X) = f (X) = X. Since f xn → 3 and
Txn → [0,3] iff xn → 1.
Also, d( f T xn, f xn)→ ∞ and

H( f Txn,T f xn) =

∣

∣

∣

∣

3
4

x4
n+

9
2

x3
n+

21
4

x2
n−7

∣

∣

∣

∣

→ 7

H(T f xn,Txn) =

∣

∣

∣

∣

3
4

x4
n+

13
2

x2
n+7

∣

∣

∣

∣

→ 15 if xn → 1.

Therefore,f andT are f -weak compatible, but they are
not compatible, and α : X × X → [0,∞) by

α(x,y) =

{

1, whenx,y≥ 0
0, otherwise

.

Takeψ(t) = t
2 andξ (t) =

√
t for eacht ≥ 0. ThenT and

f are(α,ψ ,ξ )-contractive mapping.
MoreoverT is α∗-admissible multi-valued mapping with
respect to f . Thus all the conditions of theorem are
satisfied. Therefore,T and f have coincidence point such
as 1 is coincidence point ofT and f .

Remark 2.4.By weakening the inequality (2.1) we can
construct single-valued version of Theorem 2.2 which is
more generalized in the sense that it requires continuity of
only one of the two mappingsT and f .

First, we will define α-admissibility for a pair of
mappings.

Definition 2.5.Let T and f be self-mappings on a
nonempty setX and α : X × X → [0,∞) be another
mapping. We say thatT and f are α-admissible if the
following condition holds:

x,y∈ X, α( f x, f y) ≥ 1⇒ α(T x,Ty)≥ 1.

Now, we will state and prove our result for single-valued
f -weak compatible mappings.

Theorem 2.6.Let (X,d) be a complete metric space and
f : X → X and T : X → X be the f -weak compatible pair
such that TX⊆ f X. Suppose that the following conditions
hold:

S1. T and f areα-admissible mappings;
S2. α( f x, f y)≥ 1⇒ ξd(T x,Ty)≤ ψξ (M(x,y)) (2.15)

where M(x,y) =
max{d( f x, f y),d( f x,T x),d( f y,Ty),d( f x,Ty),d( f y,T x)}
andξ andψ are as defined earlier.

S3. There exists f x0 ∈ X and f x1 ∈ Tx0 such that

α( f x0, f x1)≥ 1;

If one of the mappings T and f is continuous, then there
exists a point t∈ X such that f t= Tt = t.

Proof.It is seen that the sequence{Txn}, where
Txn = f xn+1 for eachn, is a Cauchy sequence (as proved
in Theorem 2.2). Hence it converges to some pointz∈ X.
Suppose thatT is continuous.
Then T2xn → Tz and T f xn → Tz. By f -weak
compatibility of f andT, we have

(i) lim
n→∞

d( f Txn,T f xn)≤ lim
n→∞

d(T f xn,Txn), and

(ii) lim
n→∞

d( f Txn, f xn)≤ lim
n→∞

d(T f xn,Txn). (2.16)

Now, using (2.15), (2.16) and the continuity ofT, we get

ξd(T2xn,Txn)

≤ ψξ (M(x,y))

≤ ψξ
(

max

{

d( f Txn, f xn),d( f Txn,T
2xn),d( f xn,Txn),

d( f Txn,Txn),d( f xn,T2xn)

})

≤ ψξ
(

max

{

d( f Txn, f xn),d( f Txn,T f xn)+d(T f xn,T
2xn),

d( f Txn,Txn)+d( f xn,T xn),d( f Txn,Txn),d( f xn,T2xn)

})

that is,

ξ d(Tz,z)≤ ψξ (max{d(Tz,z),d(T z,z),0,d(T z,z),d(z,T z)})
asn→ ∞,

that is,Tz= z. SinceTX⊆ f X, there exists a pointz′, such
thatz= Tz= f z′ and using (2.15) again,

ξ d(T2xn,Txn)

≤ ψξ (max{d( f Txn,z),d( f T xn,T
2xn),

d(z,T z′),d( f T xn,Tz′),d(z,T2xn)}).
As n → ∞ we deduce thatξ d(z,Tz′) ≤ ψξ d(z,Tz′); that
is, z= Tz′ = f z′ and by the Lemma 1.12, we get

f z= f T z′ = T f z′ = Tz= z.

Now, suppose thatf is continuous. Then,f 2xn → f z and
f Txn → f z. By f -weak compatibility of f and T and
continuity of f , we have
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(i) lim
n→∞

d( f z,T f xn)≤ lim
n→∞

d(T f xn,z), and

(ii) lim
n→∞

d( f z,z) ≤ lim
n→∞

d(T f xn,z). (2.17)

Now, using (2.15), (2.17) and continuity off , we get

ξ d(T f xn,Txn)

≤ ψξ (M(x,y))

≤ ψξ (max{d( f 2xn, f xn),d( f 2xn,T f xn),d( f xn,Txn),

d( f 2xn,Txn),d( f xn,T f xn)})
that is,

ξd( f z,z)

≤ ξd(T f xn,z)

≤ ψξ (max{d( f z,z),d( f z,T f xn),0,d( f z,z),d(z,T f xn)})
asn→ ∞

ξd( f z,z)≤ ξd(T f xn,z)

≤ ψξ (max{d( f z,z),d(T f xn,z),0,d(T f xn,z),d(z,T f xn)})
asn→ ∞

that is,T f xn → zasn→ ∞ and f z= z. Again using (2.15)
and (2.17), we have

ξd(T z,T f xn)≤ ψξ (max{d( f z, f 2xn),d( f z,Tz),

d( f 2xn,T f xn),d( f z,T f xn),d( f 2xn,Tz)})

that is,

ξ d(Tz,z) ≤ ψξ (max{d(0,d(z,Tz),0,0,d(z,Tz)})
asn→ ∞,

a contradiction. Therefore,z is a common fixed point off
andT.

Finally, we furnish an example to discuss the validity of
Theorem 2.6.

Example 2.7.Let X = [0,∞) be endowed with the
Euclidean metric d. Let f x = 1

2(x
2 + x) and

Tx = 1
3(x

2 + 2) for each x ≥ 0. T and f are clearly
continuous andT(X) = f (X) = X. Since f x = Tx iff
xn → 1, Also we can show thatf and T are f -weak
compatible.

Let α : X×X → [0,∞) by α(x,y) =

{

1, whenx,y≥ 0
0, otherwise

.

Takeψ(t) = t
2 andξ (t) =

√
t for eacht ≥ 0. ThenT and

f satisfy condition (2.15).
MoreoverT and f are α-admissible mappings. Thus all
the conditions of Theorem 2.6 are satisfied. Therefore,T
and f have coincidence point such as 1 is coincidence
point ofT and f .

Remark 2.8.We can construct coupled fixed point
theorems for multi-valued as well as single-valued
mappings by takingT defined asT : X×X →CL(X) and
T : X×X → X in the above proved theorems respectively.
In order to deduce the results for coupled fixed point we
have to take defined asα : X2×X2 → [0,∞).

3 Remarks

1. It can be seen, by takingψ(t) = ξ (t) = t for eacht ≥ 1
andα(x,y) = 1 in Theorem 2.2 we get Theorem 2 of
Pathak et al. [18] is a special case of Theorem 2.2;

2. If we assumef (x) = x in Theorem 2.2 then we observe
that Theorem 2.5 of Ali et al. [2] is a special case of
Theorem 2.2;

3. By restrictingT : X →X and takingξ (t)= t and f (x) =
x we get that results of Samet et al. [19] are the special
case of above proved results.

4 Applications

Fixed point results in metric spaces endowed with an
arbitrary binary relation
It has been pointed out in some studies that some results
in metric spaces endowed with an arbitrary binary relation
can be concluded from the fixed point results related with
α-admissible mappings on metric spaces. In this section,
we give some fixed point results on metric spaces endowed
with an arbitrary binary relation which can be regarded as
applications of results presented in the previous section.
The following definitions and notions are needed.
Let (X,d) be a metric space and letR be a binary relation
over X. Denote byS = R∪ R1 the symmetric relation
attached toR; that is,

x,y∈ X, xSy⇔ xRyor yRx.

Definition 4.1. [5] Let g : X → X be a mapping. We say
that a subsetD of X is S-g-directed if for everyx,y ∈ D,
there existsz∈ X such thatgxSgzandgySgz.

Definition 4.2. (see [20]) We say that(X,d,S) is regular if
the following condition holds: if the sequence{xn} in X
and the pointx∈ X are such that

xnSxn+1 for all n and lim
n→∞

d(xn,x) = 0,

then there exists a subsequence{xn(p)} of {xn} such that
xn(p)Sxfor all p.

Definition 4.3. [5] Let T : X → X and f : X → X be two
mappings. We say thatT is f -comparative mapping ifT
maps f -comparable elements into comparable elements;
that is,

x,y∈ X, f xS f y⇒ TxSTy.

Definition 4.4.Let T : X →CL(X) and f : X → X be two
mappings. We say thatT is f -comparative mapping ifT
maps f -comparable elements into comparable elements;
that is,

x,y∈ X, f xS f y⇒ TxSTy.

Definition 4.5.Let (X,d) be a metric space and letR be
a binary relation overX. Then the hybrid pairT : X →
CL(X) and f : X → X are called an(S,ψ ,ξ )-contractive
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mapping if there exist two functionsψ ∈ Ψ and ξ ∈ Ξ
such that

x,y∈ X, xSy⇒ ξ H(Tx,Ty)≤ ψξ (M(x,y)),

whereM(x,y) =

max

{

d( f x, f y),d( f x,T x),d( f y,Ty), d( f x,Ty)+d( f y,Tx)
2

}

.

Theorem 4.6.Let (X,d) be a complete metric space and
f : X → X and T : X →CL(X) be the continuous f -weak
compatible hybrid pair such that TX⊆ f X. Suppose that
the following conditions hold:

S1. T is an f -comparative mapping;
S2. T and f are(S,ψ ,ξ )-contractive mappings;
S3. There exists f x0 ∈ X and f x1 ∈ Tx0 such that

f x0S f x1;

Then there exists a point t∈ X such that f t∈ Tt.
or f and T have a common coincidence point.

Proof.This result can be obtained from Theorem 2.2 by
defining a mappingα : X×X → [0,∞) by

α(x,y) =

{

1, x,y∈ xSy,
0, otherwise

This completes the proof.

Remark.We can obtain the single-valued version of above
said results by using Theorem 2.6 and restrictingT as a
single-valued mapping.
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