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Abstract: The object of this paper is to extend the ided@f i, & )-contractive multi-valued mappings for a pair of weak cotiipa
multi-valued as well as single-valued mappings and prov&eaxce of coincidence points for such kind of mappings. \&e provide
suitable examples to support our results. At the end, agiimics of results illustrate usability of our results.
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1 Introduction single-valued mappings in complete metric spaces.
Hussain et al. ] extended these modified notions to

Hybrid fixed point theory for single-valued and Multi-valued mappings. Ali et al.2] introduced the
multi-valued mappings is an impressive development inhotion of (a,y,&)-contractive multi-valued mappings
nonlinear analysis (see, e.68,9,10,11,14,16,18,21,24  and provide fixed point theorems fow, s, { )-contractive
and references therein). The concepts of commutativitynulti-valued mappings in complete metric spaces.

and weak commutativity were extended to multi-valuedIn this paper, we will unify the(a,y,&)-contractive
mappings on metric spaces by Kanel&10]. In [23], condition with a pair of weakly compatible mappings and
Singh and Mishra introduced the notion of examine the existence of common coincidence points for
(IT)-commutativity for hybrid pair of single-valued and a weakly compatible hybrid paif andT. In the sequel,
multi-valued maps which need not be weakly compatible.we will establish the results for a pair of single-valued
Afterwards, Pathak 18 generalized the concept of mappings also. A fixed point theorem in metric space
compatibility by defining weak compatibility for hybrid endowed with an arbitrary binary relation validates the
pairs of mappings (including single-valued case) andimportance of obtained results.

utilized the same to prove common fixed point theorems Before proceeding towards our main result we will give
Naturally, compatible mappings are weakly compatiblesome preliminaries:

but not conversely. _ We recollect the following definitions, for the sake of
On the other hand, Samet et all9 introduced the  completeness. LeX,d) be a metric space. We denote by
notions  of a-y-contractive and a-admissible  CB(X) the class of all nonempty closed and bounded
self-mappings and proved some fixed-point results forsypsets ofX and by CL(X) the class of all nonempty
such mappings in complete metric spaces. Asl et®l. [ closed subsets oK. For everyA B e CL(X), let the
extended these notions to multi-valued by introducing thefynctionalH : CL(X) x CL(X) — R" U {c} be defined by
notions ofa,-y-contractive andr,-admissible mappings

and proved some fixed point results. Some results in this

direction are also given inl[2,3,7,12), and [15]. Salimi

et al. 21] modified the notions ofx-y-contractive and §£§d(x’ B))’iﬁé’(d(A’”)
a-admissible self-mappings by introducing another ~ H(A,B) = max if maximum exists
functionn and established some fixed-point theorems for 00 otherwise
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for everyA,B € CL(X), whered(a,B) = inf{d(a,b) : b e
B} is the distance from a tB € X.
In this paper, we denote By the class of functiong :
[0,00) — [0, ) satisfying the following conditions:
(gn) Y is anon-decreasing function;
() Yt)" < coforallt >0, wherey" is thenth iterate
of .

These functions are known in the literature as Bianchini-

Grandolfi gauge functions in some sources (g@e [

Remark 1.1. For eachy € W we see that the following
assertions hold:

1. lim ¢"(t) =0, forallt > 0;
n—oo

2. Y(t) <t foreacht > 0;
3. y(0)=0.

(é1) & is continuous;

(£2) & is non-decreasing 0], «);

(£3) &£(t) =0if and only ift = 0;

(é4) & is sub-additive.

Remark 1.6. From(¢2) and(&3), we haveg (t) > 0, for
all't € (0, ).

Lemma 1.7. Let (X,d) be a metric space. i € = then
(X, & od) is a metric space.

Lemma 1.8. (P2]) Let(X,d) be a metric spacé € = and
B € CL(X). If there exists x X such that (d(x,B)) > 0,
then there exists g B such that

&(d(x,y)) < gé(d(x,B))

where g> 1.

In [19], Samet et al. introduced the concepts of an

a-admissible mapping and am-y-contractive mapping
as follows:

Definition 1.2.[[19] Let T be a self-mapping on a
nonempty setX and o : X x X — [0,») be another

mapping. We say thak is a-admissible if the following

condition holds:

xyeX,a(xy)>1=a(TxTy) >1

Definition 1.3.[[19] Let (X,d) be a metric space and:
X — X be a given mapping. We say thatis an a-y-
contractive mapping if there exist two functioos: X x
X — [0,) andy € ¥ such that

a(xy)d(TxTy) < g(d(xy))

Afterwards, Asl et al. ] introduced the concept of am,-

forall x,y € X.

Definition 1.9.[[2]] Let (X,d) be a metric space. A
multi-valued mappingT : X — CL(X) is called an

(a,y,é&)-contractive mapping if there exist three
functionsy € W andé € =

o : X x X — [0,0) such thak,y € X, o (x,y) > 1
= CH(TXTy) < P&(M(xy))

where
M(x,y>=max{d(x,w,d(x,Tx>,d<y,Ty>,M;‘W}.

Definition 1.10.[[18]] Let (X,d) be a metric space. Then
the pairT : X — X and f : X — X is called f-weak
compatible iff fTX C X for all x € X and the following
limits exist and satisfy:

admissible mapping which is a multi-valued version of the () lIM d(fTx, T 1) < lim d(T Xy, Txq), and

a-admissible mapping provided idg].

Definition 1.4.[[1]] Let X be a nonempty sef, : X — 2%
anda : X x X — [0, ) be two mappings. We say thatis
a.-admissible if the following condition holds:

xyeX,a(xy)>1=a.(TxTy) >1,
wherea, (Tx, Ty) = inf{a(a,b)lac Txbe Ty}.

They extended the-y-contractive condition of Samet et
al. [19] from a single-valued version to a multi-valued
version as follows:

Definition 1.5.[[1]] Let (X,d) be a metric spac§, : X —
CL(X) be a multi-valued mapping arad: X x X — [0, )
be a given mapping. We say thhtis ana-y-contractive
multi-valued mapping if there existg € ¥ such that

a(xy)H(TxTy) < @(d(xy))

Recently, Ali et al. ] introduced the notion ofa, , §)-
contractive multi-valued mappings, whefec = and= is
the family of functionsé : [0,) — [0,) satisfying the
following conditions:

forall x,y € X.

(ilim d(fTx, fxa) < lim d(T F0, Txq)

whenever{x,} is a sequence iX such thafT x, — t and
fxn — t for somet € X.

Definition 1.11.[[18]] Let (X,d) be a metric space. Then
the hybrid pairT : X — CL(X) and f : X — X is called
f-weak compatible ifff T X C CLX for all x € X and the
following limits exist and satisfy:
(i)rI1iLn H(fTX), T X)) < Ain H(T X1, Tx,), and
(ii)Lim d(fTx, fxn) < rLim H(T %, TXn)
—00 —>00

wheneverx,} is a sequence iX such thall x, =~ M, M €
CL(X) andfx, —t e M.

It can be seen that two compatible mdpandT are weak
compatible but the converse is not true.

Lemma1.12.([18]) Let T : X — CL(X) and f: X — X
be f-weak compatible. If fw Tw for some we X, then
fTw=T fw.

Now, we will define our mappings:
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Definition 1.13.Let X be a nonempty seT, : X — CL(X)
anda : X x X — [0,) be two mappings. We say thitis
a.-admissible with respect td (a self-mapping oiX) if
the following condition holds:

x,yeX,a(fx, fy) >1=a.(TxTy) >1,

wherea, (Tx, Ty) =inf{a(a,b)lac Tx,be Ty}.

Definition 1.14.Let (X,d) be a metric space. Then the

hybrid pairT : X — CL(X) and f : X — X are called an
(a,y,&)-contractive mapping
functionsy € ¥, £ € = anda : X x X — [0, ) such that

xy € X, a(fx fy) > 1= EH(TxTy) < P&(M(xy))
whereM(X,y)

:max{d(fx, fy),d(fx, Tx),d(fy,Ty), Mﬂ;‘(fym}

2 Main results

if there exist three

If Xo = X1 then we see that is common fixed point of
andT. Assume thaky # X.

SinceT (X) C f(X), letxy € X be suchy; = fx; andfx; €
Txq.

In general, ifx, has been selected, chooge: € X so that
Yn= fXn11 € Txn.

From(a, , &)-contractive condition, we get

EH(Tx0, Tx))
< (E (max{d(fxo, fx1),d(fx0, TX0),d(fx1,Txa),
d(fxo, Txq)+d(fx1,Txo) }))

2

<& (max{d(fxo, fxl),d(fxl,Txl),d(fxo,Txl)}>)

< (E(max{d(fxg, fx1),d(fx1,Tx),
d(fxo, Tx1) +d(fx1,Txa)}))
< (E(max{d(fxg, fx1),d(fx1,Tx)}))

If max{d(fxo, fx1),d(fx1,Tx1)} = d(fxg,Txs) then, we

2.1)

This section consists two parts. In the first one, we haveJ€l

established existence of coincidence point for a hybrid pai
of weak compatible mappings, and in the next one we have

proved the results for a pair of self mappings.

Recently, Ali et al. 2] proved the following theorem for

(a,y, &)-contractive mapping:

Theorem 2.1. (P]) Let(X,d) be a complete metric space

and let G: X — CL(X) be a strictly(a, ¢, § )-contractive
mapping satisfying the following assumptions:

() Gis ana,-admissible mapping;
(i) there existye X and % € Gxy
such thato (Xp, x1) > 1;
(iii) G is continuous.

Then G has a fixed point.

Now, we will extend the above said theorem for a pair of
weakly compatible mappings. Our theorem is as follows:

Theorem 2.2.Let (X,d) be a complete metric space and
f: X — X andT: X — CL(X) be the continuous f-weak
compatible hybrid pair such that TX fX. Suppose that

the following conditions hold:

S;. T is ana,-admissible multi-valued mapping wrt. f;
S,. T and f are(a, g, &)-contractive mappings;
S3. There exists fxe X and fx € Txg such that

a(fxg, fx1) > 1;

Then there exists a pointt X such that fte Tt or f and
T have a common coincidence point.

ProofLet xg € X be arbitrary and choosg,; € X such that
fx; € Txy. This is possible since

Txy C f(X).

0< &(d(fx1,Txt))

< &EMH(Tx,Tx))
(max{ (d(fxop, fx1),d(fx1,Tx1))}))
(max{ (d(fxo, fx1),d(fx1, Tx1))})).
(d(fx1,Tx))),
which is a contradiction.

Therefore, mafd(fXo, fxq),d(fx1,Tx)} = d(fxo, fx1).
From (2.1) we get

0< E d(fX]_,TXl))
<E(H(Tx,Txt))
< P(&(max{d(fxo, fx1),d(fxy, Tx)}))

< P& (d(fxo, fx1)). (2.3)
Sincef : X — X andT : X — CL(X), thereforefx, fx; €
XalsoT(X) C f(X).
Thus from the inspiration from Lemma 1.8 for fixgd> 1
there existsd x, € T x; such that

<&
<y
<Y (2.2)

—~

0< &(d(fxq, fx2) < q(d(fxq,Tx)) (2.4)
From (2.3) and (2.4) we get
0 < &(d(fxq, fx2) < q((d(fxo, fx1))) (2.5)
Sincey is strictly increasing function, we have,
0 < Y(&(d(fxa, fx2))) < @(a(€(d(fxo, x1)))) (2.6)

Y(qu(Ed(fxo, fx1))))

utg =
P T d(ta ) |
If X3 = X2 or fxo € Tx we can findx, is common fixed

point of f andT. Thereforex; # X, sincefx; € Txg, fXo €

and therg; > 1.
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Txg and(fxo, fx1) > 1, andT is ana,-admissible multi-
valued mapping with respect o we have

(le, sz) >1
Applying from (a, @& )-contractive condition

EH(Tx, Tx)) < w(&(max{d(fxy, fx2), d(fxz,szz%)%.)

Suppose that mgx(fxg, fx2),d(fx2, Tx2)}
=d(fx, Tx).
From (2.7) we get

0<¢
<¢
<y
<y

which is a contradiction. Therefore, we may let

d(sz,TXz))

H(Tx, Txe))

&(max{d(fx, fx2),d(fx2, Tx)}))
E(d(fx2, Txp)),

—_—— T

(2.8)

max{d(fxg, fx2),d(fx2, Txo)} = d(fxq, Tx2).
From (2.7), we have

0<&(d(fxo, Tx)) <EH(Tx, Tx)) < Y(&(d(fxq, fxz)()). |
2.9

By using Lemma 1.8 wittgy, there existsfxs € xp such
that

0 < &(d(fxz, fx3) < qu(d(fx2, Tx2)). (2.10)
From (2.9) and (2.10), we get
0< &(d(fxo, fxz)) < qu(&(d(fxqe, Xx2)))
< P(ay(E(d(fxo, fx1)))). (2.11)

It follows from  being a strictly increasing function that

0 < Y(E(d(fxe, fx3))) < W (q(&(d(fxo, x1)))).
(2.12)

Continuing this process, we can construct a sequence

{fxn} in X such that
f(Xn) = Xnr1 € Txa and a(fxn, fXpe1) > 1 (2.13)
and

0 < &(d(fxne1, PXnr2)) < Y (q@(&(d(fxo, Fx1)))),
for all ne NU{0}.
(2.14)

Let m,n € N such thatm > n, by triangle inequality, we
have

m-1

E(d(Fxm, FXa) < z E(d(x;, £%+1))

m-1

< Y WHawE(d(fxo, x)).

1I=n

Since,y € ¥, we haven nlmf(d(f)(m’ fXa)) = 0.
Using (£1), we get, lim d(fxm, fx)) = 0.

This implies that{ fx,} is a Cauchy sequence (X, d).
From (2.13) and the completeness(&f,d), there exists
t € X such that

fxn—t asn— o

Furthermore, above inequalities show that

EH(Tx, Tx-1)) < W(E(TXn, TXn-1))

Since,{fx,} is a Cauchy sequence, therefore, this must
imply that {Tx,} is a Cauchy sequence, in the complete
metric spacéCL(X),H) (refer to R3]).
Now letTx, — M € CL(X), thus,
d(t,M) < d(t, fxn) +d(fxn, M)
S d(t7 an) + d(TXf'I—lv M)
<d(t, fxn) + H(T%-1,M) — 0 asn — oo
SinceM is closedt € M and thef-weak compatibility of
f andT implies that
(i)rI1ianH(fT>q1,T ) < ,LianH(T X0, TXn),and
(i lim d(fTx,, fxa) < lim H(T £33, Txa).
This along with the continuity of andT imply that
H(fM,Tt) < H(Tt,M) andd(ft,t) < H(Tt,M).
Now

d(ft, Tt) < d(ft, f xpea) +d(f FXnes, TH)

<d
<d(ft, ffxn1) +H(FTx, T)
that s,

d(ft,Tt) <d(ft, ffxnr1) +H(fTx0, T fx0) + H(T 30, Tt)
<d(ft, ffXqp1) +H(T X%, Tt), asn — o

that is, d(ft,Tt) < H(Tt,M). Now, using contractive
condition,

(H(Tx,Tt))
< q;(s (max{d(fxn, ft), d( Fxn, Txa), d(ft, Tt),

d(fxn,Tt);d(ft,Tx])}>)

< L[J(E (max{d(fxn, ft),d(fxn, TXy),d(ft,Tt),

d(fxn, TH) +d(ft,2an) + (X0, Tx0) }))
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Lettingn — o, we obtain
E(H(M,TY))
< ‘I—’(f (max{d(t, ft),d(t,M),d(ft,Tt),

d(t,Tt) +d(f2t,t) +d(t,M) }))

< L[J(E (maX{H(Tt,M),O,H(Tt,M),
H(M, Tt)+H(Tt,M) }))

2
that is,

EH(M,Tt)) < @(&(H(Tt,M)), a contradiction and so
H(M,Tt) =0.

Therefored(ft, Tt) =0; thatisft € Tt, sinceTtis closed.
Thusf andT have a coincidence point.

Example 2.3.Let X = [0,0) be endowed with the
Euclidean metric d. Let fx = 3(x* + x) and

Tx = [0,x2 + 2] for eachx > 0. T and f are clearly
continuous andr (X) = f(X) = X. Since fx, — 3 and

T¥ — [0,3]iff X3 — 1.

Also, d(fT X, fxn) — o and

21

3, 9
H(me,Tfm)z‘Zx;‘+§xﬁ+ 2

—7’—>7
13

3 .
H(T X0, TX) = ‘ZX‘A—F ?xﬁ+7‘ —15if xy — 1.

Therefore,f andT are f-weak compatible, but they are
not compatible, and a : X x X — [0,,0) by

1, whenx,y>0
0, otherwise
Takey(t) = ‘? andé (t) = y/t for eacht > 0. ThenT and

f are(a, Y, &)-contractive mapping.
MoreoverT is a,-admissible multi-valued mapping with

a(xy) =

Now, we will state and prove our result for single-valued
f-weak compatible mappings.

Theorem 2.6.Let (X,d) be a complete metric space and
f:X—=XandT: X — X be the f-weak compatible pair
such that TXC fX. Suppose that the following conditions
hold:

S;. T and f area-admissible mappings;

S. a(fx fy) > 1= &d(Tx Ty) < P&(M(xy))
where MXx,y) =
max{d(fx, fy),d(fx, Tx).d(fy, Ty),d(fx, Ty),d(fy, Tx)}
andé& and g are as defined earlier.

S3. There exists fxe X and fx € Txg such that

(2.15)

a(fxo, fx1) > 1;

If one of the mappings T and f is continuous, then there
exists a point £ X such that ft=Tt =t.

Prooflt is seen that the sequencéTx,}, where
Tx, = fxnp1 for eachn, is a Cauchy sequence (as proved
in Theorem 2.2). Hence it converges to some poiatX.
Suppose that is continuous.

Then T?x, — Tz and Tfx — Tz By f-weak
compatibility of f andT, we have

(i)rl1i|_”>n d(fTx, T fx) < Ain d(T X, TX,), and
(||)rl1|g1°od(fon, fXn) < r!m)d(T %, TX). (2.16)
Now, using (2.15), (2.16) and the continuity Bf we get

Ed(T%0, Txn)
< PEM(xy))

< wa(max{dﬁm ), AP T T20), (P T,
d(fT)q17T>qq)7d(fxn7T2xn)})
< wé(max{dﬁm P, (T, T )+ AT £ T2),

d(fmm)+d(fxn,m),dumm),d(fxn,szn)})

that is,

respect tof. Thus all the conditions of theorem are §d(Tz2) < @& (max{d(Tz2),d(Tz2),0,d(Tz2),d(zT2)})

satisfied. Thereford, and f have coincidence point such
as 1 is coincidence point df and f.

asn — oo,

thatis,Tz=z SinceT X C fX, there exists a poird, such

Remark 2.4.By weakening the inequality (2.1) we can thatz=Tz= fZ and using (2.15) again,

construct single-valued version of Theorem 2.2 which is
more generalized in the sense that it requires continuity of

only one of the two mappingbs and f.

First, we will define a-admissibility for a pair of
mappings.

Definition 2.5.Let T and f be self-mappings on a
nonempty setX and o : X x X — [0,) be another
mapping. We say thaf and f are a-admissible if the
following condition holds:

xyeX, a(fx, fy)>1=a(TxTy) > 1.

Ed(T%n, TX)
< PEMax{d(fTx,,2),d(fT %, T?Xn),
d(zT2),d(fTx%,TZ),d(z T%)}).

As n — o we deduce thafd(z TZ) < @&d(z TZ); that
is,z=TZ = fZ and by the Lemma 1.12, we get

fz=fTZ=TfZ=Tz=2

Now, suppose that is continuous. Thent?x, — fz and
fTx, — fz By f-weak compatibility off and T and
continuity of f, we have
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(i)rI1iLn d(fz, T fx) < r!mn d(T fx,2), and
(||)rl1|and(fz,z) < r!m)d(T X, 2). (2.17)
Now, using (2.15), (2.17) and continuity 6f we get

Ed(T %0, Txn)
< PEM(xy))
< gE(max{d (2, Fxn). d(f2%, T F30),d(Fxn, Txn),
d(F%%n, T¥0),d( X, T £X0)})
that is,
&d(fzz)
< &d(T fxn,2)
< Yé(max{d(fzz),d(fz,T fx),0,d(fz2),d(z T fx)})
asn — o
&d(fzz) <&A(T fx,2)
< Y&(max{d(fzz),d(T fx,,2),0,d(T fxy,2),d(z, T fx1)})
asn— o

thatis,T fx, — zash — o andfz= z Again using (2.15)
and (2.17), we have

Ed(TZT fx) < W& (max{d(fz £2x,),d(fz T2),
d(F2%, T %), d(fZ T fx0),d(f%x0, T2)})
that is,
£d(Tzz) < p&(max{d(0,d(z,T2,0,0,d(zT2})
asn — oo,

a contradiction. Thereforg,is a common fixed point of
andT.

Finally, we furnish an example to discuss the validity of

Theorem 2.6.

Example 2.7.Let X = [0,o) be endowed with the
Euclidean metric d. Let fx = 3(x® + x) and
Tx = %(x2+ 2) for eachx > 0. T and f are clearly
continuous andr (X) = f(X) = X. Since fx = Tx iff
Xn — 1, Also we can show thaf and T are f-weak
compatible.

1, whenxy>0

0, otherwise
Takey(t) = 5 andé&(t) = v/ for eacht > 0. ThenT and

f satisfy condition (2.15).

MoreoverT and f are a-admissible mappings. Thus all
the conditions of Theorem 2.6 are satisfied. Therefore,

Leta : X x X — [0,00) by a(x,y) =

3 Remarks

1. Itcan be seen, by taking(t) = &(t) =t foreacht > 1
anda(x,y) = 1 in Theorem 2.2 we get Theorem 2 of
Pathak et al. [18] is a special case of Theorem 2.2;

2. Ifwe assumd (x) = xin Theorem 2.2 then we observe
that Theorem 2.5 of Ali et al. [2] is a special case of
Theorem 2.2;

3. By restrictingT : X — X and taking (t) =t andf (x) =
X we get that results of Samet et al. [19] are the special
case of above proved results.

4 Applications

Fixed point results in metric spaces endowed with an
arbitrary binary relation

It has been pointed out in some studies that some results
in metric spaces endowed with an arbitrary binary relation
can be concluded from the fixed point results related with
a-admissible mappings on metric spaces. In this section,
we give some fixed point results on metric spaces endowed
with an arbitrary binary relation which can be regarded as
applications of results presented in the previous section.
The following definitions and notions are needed.

Let (X,d) be a metric space and IBtbe a binary relation
over X. Denote byS = RUR! the symmetric relation
attached tdR; that is,

X,y € X, XSy~ XRyor yRx

Definition 4.1.[5] Let g : X — X be a mapping. We say
that a subsebD of X is S-g-directed if for everyx,y € D,
there existz € X such thagxSgzandgySgz

Definition 4.2. (see [20]) We say thdiX,d,S) is regular if
the following condition holds: if the sequené®,} in X
and the poink € X are such that

*XnS*21 forall n and nE}md(xn,x) =0,

then there exists a subsequerigg(p)} of {xn} such that
Xn(pySxfor all p.

Definition 4.3.[5] Let T : X — X and f : X — X be two
mappings. We say that is f-comparative mapping it
maps f-comparable elements into comparable elements;
that s,

X,y € X, IxSfy=TxSTy

and f have coincidence point such as 1 is coincidenceDefinition 4.4.LetT : X — CL(X) andf : X — X be two

point of T andf.

Remark 2.8.We can construct coupled fixed point
theorems for multi-valued as well as single-valued

mappings by taking defined ag : X x X — CL(X) and

mappings. We say that is f-comparative mapping it
maps f-comparable elements into comparable elements;
that is,

X,y € X, IxSfy=TxSTy

T :XxX — Xinthe above proved theorems respectively. pefinition 4.5. Let (X,d) be a metric space and IBbe
In order to deduce the results for coupled fixed point wea pinary relation oveX. Then the hybrid paif : X —

have to take defined @s: X2 x X2 — [0, ).

CL(X) and f : X — X are called an(S, ¢, ¢ )-contractive

(@© 2016 NSP
Natural Sciences Publishing Cor.



Sohag J. Math3, No. 3, 113-120 (2016)www.naturalspublishing.com/Journals.asp NS = 119

mapping if there exist two functiongy € ¥ andé € = [4]R.M. Bianchini, M. Grandolfi, Trasformazioni di
such that tipocontrattivogeneralizzato in  unospaziometrico, Atti
Accad. Naz.Lincei, Rend. Cl. Sci. Fis. Mat. N4§, 212-216
X,y € X, xSy= EH(Tx Ty) < Y& (M(x,y)), (1968).
[5] M. Berzig, Coincidence and common fixed point results on
whereM(x,y) = metric spaces endowed with an arbitrary binary relation and
applications, J. Fixed Point Theory ApgR, 221-238 (2012).
max{d(fx, fy),d(fx, Tx),d(fy,Ty), MW} [6] Sp}[() Chatterjea, Fixed point theo)rlerr?: C.R. Aca((i Bm)ga

Sci.25, 727-730 (1972).
d [7] N. Hussain, M.A. Kutbi, P. Salimi, Fixed point theory

Theorem 4.6.Let (X, d) be a complete metric space an complete metric spaces with applications, Abstr. Appl. lAna

f: X — X and T: X — CL(X) be the continuous f-weak :

. . . 2014 Article ID 280817 (2014).
compatible hybrid pair such .that TX fX. Suppose that (g} 3 jachymski, The contraction principle for mappingsaon
the following conditions hold: metric space with a graph, Proc. Am. Math. Sb&6, 1359-

. T is an f-comparative mapping; 1373 (2008).
% T and f are(SﬁjJ E)—Contr;c[iivg mappings: [9] H. Kaneko, S. Sessa, Fixed point theorems for compatible

. multi-valued and single-valued mappings, Internat. J.hMat
S3. There exists fxe X and fx € Txy such that & Math. Sci. 12 (2), 257-262 (1989).

xS fx; [10] H. Kaneko, A common fixed point of weakly commuting
Then there exists a poingt X such that ftc Tt. multi-valued mappings, Mathematica Japon8& 741-744
or f and T have a common coincidence point. (1988).

[11] M.S. Khan, Common fixed point theorems for multi-valued

Proof This result can be obtained from Theorem 2.2 by _Mmappings, Pacific J. MatB5 (2), 337-347 (1981).
defining a mappingr : X x X — [0, ) by [12] M.A. Kutbi, W. Sintunavarat, On new fixed point results f

(a,y,&)-contractive multi-valued mappings an-complete

metric spaces and their consequences, Fixed Point Theory
a(xy) = {17 Xye Xsy and Application2015 2 (2015).
’ 0, otherwise [13] R. Kannan, Some results on fixed points. 1l, Am. Math.
Mon. 76, 405-408 (1969).
This completes the proof. [14] A. Latif, A fixed point results for multi-valued geneizéd

contraction maps, Filoma6 (5), 929-933 (2012).

RemarkWe can obtain the single-valued version of above[15] B. Mohammadi, S, Rezapour, S. Naseer, Some results on

said results by using Theorem 2.6 and restricfings a fixed points ofor-L/J-Ciri(': generalized multifunctions, Fixed
; )} ; ' Point Theory Appl2013 24 (2013).
single-valued mapping. [16] G. Minak, O. Acar, I. Altun, Multivalued pseudo-Picard

operators and fixed point results, J. Funct. Spaces 2043
. . Article ID 827458 (2013).
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