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1 Introduction

Let{X,,n> 1} be a sequence of independent and identically distributedira variables with ch( ) and pdff (x). Let
Xj:n denote thg'" order statistic of a sampl&y, Xo, ..., X,). Assume thak >0, ne N, n>2, M= (my,Mp,....My_1) €

R, My = 3]-'mj such thaty =k+n—r+M,>0Vre{1,2,...,n—1},
ThenX(r,n,Mk), r =1,2,...,n, are called generalized order statistics if their joint jsdfiven by

FXNMK.XONRK) () 3o ) — k(ﬁyr) (ﬁ(l—F(Xi))mf(N))

k—1
.(1— F(xn))  (%n), (1)
on the coné 1(0+) <x1 <X < ... <Xy <F (1) of R",
For convenience, let us define X(0,n,mk) = 0. It can be seen that  for
m=---=m_1=0 k=1lie,y=n—i+1;1<i <n-—1, we obtain the joint pdf of the ordinary order statisticgsal
similar manner, choosmg the parameters appropriatelypesmther models such ak" upper record values
(m = ... =m_1 = -1 ke N iey =k1l<i < n-1), sequential order statisticsim =
(n—r+la—(n—r)ary1—1;r=1,....n—1 k=dpn; a1,02,...,a, >0, i.e,yy=(n—i+1)aj;; 1<i<n-—1),order
statistics with non-integral sample size
(m=..=m_1=0k=a—-n+lwithn-1l<aeR ie,y=a—i+1;1<i<n-1)[Rohatgi and Saleh (1988),
Saleh, Scott and Junkins (2975)], Pfeifer’s record values

(M =6 —B+1—1r=1,...,n—1and k= By; B1,B2,...,Bn >0, i.e.,y = ;1 <i <n-1)and progressively type-I
right censored order statisti¢sy € Ny, k € N) can be obtained [cf. Kamps (1995a,b), Kamps and Cramer j2001

We may now consider two cases:

Casel:m=mp=...=mMp_1=m.

Casell:y#vy, i#j,i,j=12,....n—1.

ForCasel, thert" generalized order statistic will be denotedXgr,n,m k). The pdf ofX(r,n,m,K) is given by

PO = o (1-F )" 1008 (F (), xeR @
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and the joint pdf ofX(r,n,m,k) andX(s,n,m,k), 1 <r < s<n, is given by

MO o y) — ey [ FO0] g (F00)
s—r—1 ys—1
[FE) —tmF)] [1-FW]" ). x<y, 3)

where

r
coi=[¥  W=k+(=im+1), r=12..n
=1

gm(X) = hm(X) — hi(0), xe[0,1),
@™ i m#£ -1
() = {—Iogl(l—x), if m=-1

(cf. Kamps, 1995a,b).
For the sake of convenience, let us denote, under Case I,

EX(r,n,mK)] =

(r,n,mk)

and

E[{X(r,n,m,K) } {X(s,n,m,k)}] = “(m)

rsnmk) -

ForCasell, ther" generalized order statistic will be denoteddgr, n, M, k). The pdf ofX(r,n, M k) is given by
- r
POPMI0 = Gaf(0 5 a1 -F()"™" xeR (4
i=

and the joint pdf ofX (r,n,mM k) andX(s,n,M k),1 <r < s<n, is given by

penmXom () — oo of 5 1a1-(') (1 Egi )N Y an- FO0) |
i=r+ I=
fx)  fy)
1-F(x) 1-F(y)’ X<y ©)

where

! 1
gi(r) = , 1<i<r<n
) j(;léi_)lzl(yj_yl)
(1) & 1
and & ’(s) = |_| , r+1<i<s<n,
j)=res (V¥

(cf. Kamps and Cramer (2001)).
For the sake of convenience, let us denote, under Case II,

and

E[{X(r,n,m k) } {X(s,n,i k) })] = u((ri:sj,>n,ﬁ1,k) :
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Further, it can be easily proved that

a(r) = (fp1—¥) a(r+1),

c G
T Vet
r+1
and Zia;(r +1)=0. (6)
Also, formy =mp = ... = my_1 = m, it can be shown that
5 a1 F o) = S g F o) )

and

[m(E )~ m(F )] ®)

Several authors like Kamps and Gather (1997), Keselingq)L ¥amer and Kamps (2000), Ahsanullah (2000), Pawlas
and Szynal (2001), Ahmed and Fawzy (2003), Athar and Isla®04®, Ahmed (2007), Khan et al. (2007), Khan et al.
(2010) and Saran and Pandey (2004, 2009) have done some wgeneralized order statistics. In this paper, we have
established certain recurrence relations for single aodiymt moments of generalized order statistics from Lindley
distribution.

The Lindley distribution was first introduced in the litareg by Lindley (1958) in connection with the Fiducial dibtrtion
and Bayes theorem. The probability density function (péif)indley distribution is given by

2

70x
f(x) = 14_9(1+x) , x>0, 6>0 9
and the cumulative distribution function (cdf) is given by
B 1+6046x g,
F(x)_l—we , x>0, 6>0. (10)

One can observe from eq9) @nd (L0) that the characterizing differential equation for Lindtéstribution is given by

(1+6+0x)f(x) = 02(1+x)[1— F(x)]. (11)

2 Recurrence Relationsfor Single Moments

Theorem 1.Let Case Il be satisfied, i.e4,# yj, i # |, i,] =1,2,...,n— 1. For Lindley distribution as given if9) and
k>1, neN,1<r<n, p=0,12,...,

(p+Y) _ 92)4[ (p+) (1) 92%{ (p+2) (P42 (12)

(1+ 6) ( k) + eu(rn k) — p+1 u(r,n,rﬁ,k) o “(rfl,n,r’n,k)} + p+2 “(r,n,rﬁk) B u(rfl,n,mk) :

Proofln view of (4), we have
(14 O)uP) g + O P = o / xp(Za )(1-F ) )(1+6+6x)f(x)dx
Now, on application of11), we get

(14 0)1P) o + O o = 67Lo(¥) +La(¥)], (13)

r,n,mk)
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where
00 p+b r i
Lo(X) = _/ 1 (1-Fx) dx b=01.
o9 = [0y an)(1-F) dx

Integrating by parts treating®® for integration and rest of the integrand for differentiatiwe get

Cr_ oo r Vl*l
L) = (5 X 3 A (1 F )" oo a4)
i=
Further, on usingg) and simplifying, the above equation yields:
C-1 W b+1 b+1
L = oD [~ B o) (15)

Forb = 0,1, substituting the expression lof(x) obtained in 15) into the equationi3) and then simplifying the resultant
expression, we obtain the desired relationli)(

RemarkOne can observe that by putting = mp = ... = my_1 = min (4) and using 7), the recurrence relation for single
moments of generalized order statistics from Lindley thstion, for Case |, can easily be deduced from Theoteand
is given in the following corollary.

Corollary 1.Let Case | be satisfied, i.e.,;;& mp = ... = my_1 = m. For Lindley distribution as given iif9) and k>
1,neN, meR 1<r<n, 6>0,i=0,1,2,...,

(i i+1 %02 [ (i1 (i+1)
(1+ e)u(rl,)n,m,k) + 6“((:,n,r'31,k) = i1 [“((rl,n,r%,k)_u(rlfl,n,m,k)}

%021 (iv2) (i+2)
+i ) [“(r,nmk) o u(r—l,nmk)} : (16)

RemarkJnder the assumptions of Corollaty with k = 1,m = 0, we shall deduce the recurrence relation for single
moments of ordinary order statistics from Lindley disttiba, which is in agreement with the corresponding result
obtained by Athar et al. (2014, Remark 2.1, p.4).

RemarkPuttingk = 0,m= —1 in Corollaryl, we obtain the recurrence relation for single moments otupgcord values
from Lindley distribution.

3 Recurrence Relations for Product M oments

Theorem 2.Let Case Il be satisfied, i.ey, # yj,i # j, i,j = 1,2,...,n— 1. For Lindley distribution as given i9) and
k>1L neN,1<r<s<n,s—r>2 p,q=0,1,2,...,

(1+9)u(p,q) +9u(<p~,q+1) _ 6% ys {u<p,q+1) (p.a+1) }

(r,s.n,mk) rsnmk) q+1 (rsnmk) u(ns—ank)
02T, (pav2) _, (pa+2)
+ q+2 [“(r,s,n,rﬁ,k) _“(r,sfl,n,m,k)} ) 17)

and, forl<r <n-1,

2
(p.a) (patd) O W[, (pary) (p+q+1)
(L4 Oy itnmig T O-eriinmeg = q+1 [“(r,r+17n7rﬁk) ~ Hienmk }

62 Ver1 [ (pa+2) (p+a+2)
q+2 [“(r,rJrl,n,m,k)_“(r,n,mk) } (18)
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Proofln view of (5), we have for i< r <s<n,s—r >2andp,q=0,1,2,...,

(1+ )P - +ouPird —cs_l/omxp{iilaa(r)(l—F(x))y'}l_f(;zx)l(x)dx (19)

where

X) = /meq{irilai(”(s)(t Eg;)”}(H 6+ 0y)f(y)dy.

Now, on employing {1), we get

1(X) = 6%[Eq(X) 4+ E1(X)], (20)
where
o< [ve{ 3 A0 (ED) Jor a-os

Integrating by parts treating!t9 for integration and rest of the integrand for differentiatjwe obtain

Ea(X) =

s (r)
[l s S )y

q+d+1 " r+1[

Substituting the expressions f@p(x) and E;(x) in (20), and then putting the resulting value bfx) in (19) and
simplifying, it leads to {7). Likewise, (L8) can be easily established.

RemarkOn puttingm = m; = min (5) and using 7) and @), the recurrence relations for product moments of germzdli
order statistics from Lindley distribution, for Case |, che deduced from Theore®) and is given in the following
corollary.

Corollary 2.Let Case | be satisfied, i.e.,;;&= mp = ... = my_1 = m. For Lindley distribution as given if9) and k>
LneN,meR 1<r<s<n,s—r>21i,j=012,...,
(ihi+1) 6% Y1 (ij+1 (i,j+1)
(1+e)ursnmk+6“rsnmk J+1 (rsnmk)_u(rs—lnmk)}
62y i 2 (i,j+2)
t— i+2 [IJ (r,sn mk)_“(r7s—17n7m,k)} ’ (22)
and, forl<r<n-1,
1+ 90D T 02 Vi1l (ij+1) (i+j+1)
( + )“ (rr+1,n,mKk) + u(r7r+1,n,m7k) - j+1 “(r,r+17n7m,k) _“(r,nmk)
6% a1 [, (i+2) (i+i+2)
+ i+2 [u(r,rJrl,n,m,k)_u(r,n,m,k)}' (23)

RemarkJnder the assumptions of Corollay with k = 1,m = 0, we shall deduce the recurrence relations for product
moments of ordinary order statistics from Lindley disttiba, which are in agreement with the corresponding results
obtained by Athar et al. (2014, Remark 2.1, p.4) .

RemarkPuttingk = 0,m= —1 in Corollary2, we obtain the recurrence relations for product momentgppturecord
values from Lindley distribution.
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