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Abstract: In this paper, the joint densities of the concomitants ofegalized order statistic€660Ss) for exponential and power
function subfamilies of Morgenstern family are derivedatitical inference such as maximum likelihood (ML) and Bsign

estimation under different types of loss functions basednéormative and non-informative priors for the distribnni parameters,
reliability and cumulative hazard functions are obtainkdaddition, Bayesian prediction bounds, Bayes predictisgmator and
approximate confidence intervals of the estimators areideresd. Applications of these results are given for concants of order
statistics are presented.
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1 Introduction statistics and is denoted by.;. Some times exact
information are available only on the concomitants
The Morgenstern family has been discussed by Johnsowariable since the other variable is only ranked and not
and Kotz [L3], provides a flexible family that can be used measured exactly, consider for example a group of
in such contexts, which is specified by the cumulativepatients ranked according to the value of their response to
distribution function ¢df) and the probability density @ treatmentand subsequently the values of their blood test
function (pdf), respectively, as follows: are observed only on those patients whose initial value
exceeds a threshold, in this situation we have information
Fxy(xy) = xR (Y)[1+a(l-Fx(X)(1-F(y)], (1) only on the concomitants variable.  For

_ B _ 1 <r < - <rg<n the joint density for
fxy(xy) = ix()fy(W[1+arx(x) -1 (2R (y) -1)], (2 Yeors - Yo 1S Given by:
where—1 < a < 1, and fx(x), fy(y), andFx(x), Fy(y)

are the margingbd f's andcdf’s of X andY respectively. Girg. i) (Va7 3 Y) = O Vg V277 39K
The association parameteris known as the dependence o % g k
parameter of the random variabl¥sandY. If a is zero, :/7m/7m"'/7mufY\x(Yi|Xi> @

thenX andY are independent. w (- )b
The conditionapdf of Y givenX is given by: (e (7 M) B Bl
fx(Y1X) = Fr )2+ a(@2Fx () 1) 2Ry (y)~ D)), ~1<a <1 WNETe firy e nem (X, X0) = BX ) o X O X)-

(3 That is, in general, the joint concomitants of order
The general theory of concomitants of order statistics hastatistics Y.y, -, Yo IS dependent, where
pngmally studied by Da_wd et al. g. Let (xi,\q), f(rl rk:n)(xb... %) is the joint density of
i =1,2,---,n, ben pairs of independent random variables X(r;'n)va S Xiren)-
from bivariate population witied f F(xy). Let X.n) be  kamps [14] has introduced th&O0Ss, the joint density
ther — th order statistics, then thé value associated with  function of the first r GOSs
Xrny is called the concomitant of the —th order
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Xanmk)> Xenmky*» Xramk)» L < <nis given by: sample' based on'the ob;erved sample. Furthermore, the
approximate confidence intervals of the estimators are
fr 2 rimmig (%) = Ty o X mig (a0 %) presented. The organization of the article is as follows: In

Section 2, joint densities for concomitants GOSs
© based on exponential and power function subfamilies of
. - Morgenstern family are obtained. In Section 3, we derive
* ([A=FCaT =Rl non-Bayesian and Bayesian estimation under different
X <X < <X, types of loss functions based on informative and
non-informative priors, and study the Bayesian prediction
with parametersn € N, k > 0, m € R, such that of two-sample, also, the approximate confidence bounds
o =k+(n—-r)(m+1) >0, ¢1=[j_yy; for all  for the model parameters are constructed. Application of
1<r<n. this results based on order statistics as a special case of
In Bayesian approach, the performance depends on th€OSs is applied in Section 4. Finally, some conclusions
prior information about the unknown parameters and theand comments are given in Section 5.
loss function. The prior information can be expressed by
the experimenter, who has some beliefs about the
unknown parameters and their statistical distributions.2 Joint Densities for Concomitants of
Traditionally, most authors have used squared error (SEExponential and Power Function Subfamilies
loss funqtlon which is symmetric, al'though the use of of Morgenstern Family
symmetric loss functions may be inappropriate. One
disadvantage when using SE loss is that it penalizeBased on Morgenstern family, the density function of the
overestimation or underestimation. Overestimation of aconcomitant of the — th GOSs Yinmk, 1< <n,is
parameter can lead to more severe or less severgiven by: T
consequences than underestimation, or vice versa. .
Subsequently, the use of an asymmetrical loss function, rnmi(¥) = fr(y)[1+aC"(r,n,mk)(2Fv(y) - 1)],
which associates greater importance to overestimation or (6)
underestimation, can be considered for the estimation of . n,v
the parameter, many authors have studied the SE loss i¥nereC”(rnmk) = 1—2C(r,n,mk) = 1 — 25 7255,
Bayesian inference, see for example, Calabria and Pulcingee Beg and Ahsanullalp][ Mohie EI-Din et al. L5
[6], Singh et al. R2] and Jaheen {[1] and [12]). have proposed the joint density of the concomitants of
A very useful asymmetric loss function known as the GOSS for Morgenstern family, from3), (4) and §), the
linear exponential (LINEX) loss function, has been J\?'m de\r(rsrty of th$ f'rStrliopiow'ggpﬁoffg(gi?n
introduced by Variang5] and has been widely used by f[l,n,_rlmk]v [2.7“7“"*]6"_' irnmKy £ =T = Th 9
several authors. This function rises approximately amily 1S given by:
exponentially on one side of zero and approximatel _ [ e I
Iingarly on thye other side. i Y sty = [ [ /—m.l:lfy‘X(y'ly“)

:cpl(]jfxrxm
r—1

The general entropy (GE) loss is also asymmetric loss X o nmig (X, X )t - dxe
function which is used in several papers, for example, . Lo »

Dey et al. P], Dey and Liu [L0] and Soliman (23 and - (El Ym) Thad GERo -1

[24)). r

In many practical problems, one wishes to use a previous “’zi,j:%%jq"(zwyi)’1><2FY<V">’1)
sample to predict another future random sample drawn .l

from the same population which known as two-sample PSRt )

prediction. One way to do this is to construct an interval X (2R (y)) — 1) (2R () — 1) -+ a1
which will contain the future sample with a specified .

probability, this interval is called a prediction interval S W e P
two-sample Bayesian prediction bounds have been '1i>'2="»'rﬂ»'l%l#---#lr
discussed by several authors, including Ali Mouda | x ﬁ(ZH(yi)—l)
Balakrishnan et al.3], Ali Mousa and Al-Sagheei?] and =i

Ragab et al.40]. . <2Fy<yi)71>}
In this article, we consider the classical and Bayesian il:l

inference of the distribution parameters, reliability and \yhere all the constan®’s are constant functions ofs.
cumulative hazard functions for concomitants@DSs In this section we choose two distributions that belong to
based on some well-known subfamilies of Morgensterngitferent families to apply itin our work. Thpd f andcd f

family. The Bayes estimators are obtained underqfexponential distribution are, respectively, given by:
symmetric SE, asymmetric LINEX and GE loss functions A
fily) =AY, A >0,0<y< o, (8)

using informative and non-informative priors. In addition
we consider this Bayesian approach to predict a futurer(y) = 1-e?M A>00< y < oo, 9)
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also, the reliability function and cumulative hazard
function are, respectively, given by:

Ri(y)=Ri=e ", 1>0,0<y< o, (10)
Hi(y) =Hi=Ay, A >0,0<y< oo, (112)
The pdf and cdf of power function distribution are,

respectively, given by:
fa(y) =ay**, a>0,0<y<1, (12)
F(y) =y, a>0,0<y<1, (13)
also, the reliability function and cumulative hazard
function are, respectively, given by:
RZ(y) = R2: 1_ya7 a> 07 OSYS 17
Ha(y) =Hz = —log(1-y?),a>0,0<y<1 (15)

From (7), (8) and @), the joint density of the
concomitants 0GOSS Y1 nmk, Y2.nmk»

“Yramk, 1 <1 <n, for exponential subfamily of
Morgenstern family is given by:

(14)

r
gl[l,z.---,r;n,m,k](yly e ,Yr) = |:e7)\ Eir:lyl +a Zlci (ei/\ 2{:1),(
i=

—Ze’)‘(itrzlyt +Yi )) 4oga?

r ATy
x Ciig-ir [e (isiy o
tiqig, o ir =L Ap A Air

ir i oy
4 (-2t e—A(zj':il,i%jy, 2 +)
LA

+-.-

42t Y RPN

LTz
+<72>re’/\(22=r:ilyi+yt):| +a'c [e—)\ 2{:1y,

F(-2t e*)\(Zri:li#ij+ZYi) L.
Lj=<Ti#j
r

+(-2t Z @ A2 i)
i=1i#]

+(-2)ye? zirzlyiH .
(16)

From (7), (12 and (3), the joint density of the
concomitants 0GOSS Y1 nmi, Yi2,nmk»
 Yyramg, 1 <1 < n, for power subfamily of

Morgenstern family is given by:

r
Cast A
G2(1.2,rnmi (Y1, ¥r) = & {To e ?2iaA 1 q »ZQ To
=

« (Ze—a(Aﬁz{:le,e—az{:m)+,,,+ar—1

s

tig.ig. e ir =Lt i Ap# i

Ciliz---ir T

x [Pl)’e’a(izr:il“*’“+(71)H(2>1

ir Caisit A oA
X e ATi=ig i AT

LT
i . i .
PR Y e fATELs A
=i

e ]

£a'C T [(—1)
x e AT1A 1 (—1)1(2)t

r

« Z & ATz ATA)
LT

Dt

L aA2st LA
+ (= e i=1i#)™
L]:Zi#j
+(2>fe*2f*2i':1’*H ,
17)
= logyt, 1 <i<r To= eih,

where A
T = TN A

3 Classical and Bayesian Estimations for
Concomitants of GOSs

In this section, we study classical estimation such as ML
estimation with its approximate confidence intervals and
obtain Bayesian estimation using informative and
non-informative priors under SE, LINEX and GE loss
functions for exponential and power subfamily of
Morgenstern family. Also, we focus on two-sample
Bayesian prediction bounds and estimation for
exponential subfamily of Morgenstern family.

3.1 Maximum likelihood estimation

Suppose that = (y1,¥2,---,Yr) is a concomitants of
GOS's sample. From16), the log-likelihood function for
exponential subfamily of Morgenstern family is given by:

{(Aly) =logL(Aly)

r
=logA" +log | e Zi=1 +a»210i (e’* T 72e”‘(2tr:1yt+yi)) (18)
=

+.--+a'C* [e*/\ Xir:lyi +...+<,2>re’2’\2ir:1ylﬂ )

To derive the ML estimation of the unknown parameter

A, sayf\ML, we differentiate 18) with respect toA and
then solve the following non-linear equation numerically
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by using Newton-Raphson method: 3.2 Bayesian estimation
d AST 4 AT If we have enough information about the parameter we
Ve A a4 gfCH e A ZicYi g
(i;y.)e Ve at (i;y.)e o should use informative prior, otherwise it is better to

) consider non-informative prior. In this paper we study
oy N2 (S | ey —r-1 both informative and non-informative priors under
+(=2) (Z;y.)e ' ] =rA LAWY). different types of loss functions as follows:

(19)

The ML estimation of the reliability and cumulative 3.2.1 Informative prior

hazard functions are given by replaciag. in (10) and . -

(11), respectively. The observed asymptotic variance ofFor exponential and power subfamilies of Morgenstern
ML estimation for the parametek is given by dropping family, suppose thaA and a have a natural conjugate
the expectation operator from the element of the inversggamma prior, with hyperparametevs, 3, and vy, 3,

of the Fisher information matrix as follows: respectively:

2 22\t e
Var (Aw) = (—%) - m(A) = %)\ Vi=le=PiA y; B> 0,A >0, (22)
The asymptotic normality of the ML estimator can be Bl\,z
used to compute the approximate confidence interval for _ P27 w1 poa
the parameted. Thus, (1 — a;)100% confidence interval ' (2) = r(vs) &% e v, fp > 0,2> 0. (23)
for A becomes: Combining the likelihood function, 16), and prior
2 2 function, 2), then the posterior density df giveny is
Awc+ 2y \/Var (), Ghven oy €2) p y of giveny
Wherez% is a standard'nor'mal percent|'le. ) LA Y) mA)
From (17), the log-likelihood function for power ' Jo L(Aly)mm(A)dA
subfamily of Morgenstern family is given by: Arvi-1 '

= e MEitA) 4 g Zci (e*”ﬂ:ﬂl*ﬂﬂ
((aly) = logL(aly) = loga’ +log [To e %A b1 i= (24)
. e ME gy +t31>) T
+a Zci To (Ze’a(Ai*Etr:lA‘) —e’aﬁt{:lA‘) oo (20)
i= +a'ct [e’/\(iirzlyiﬂ;l) 4t (72)ref/\(22ir:1yi+l31):|:| ,
+a'C' Ty [(71)'e’a2ir:1Ai T (g)re—uz{zlmﬂ _
. S where

To derive the ML estimation of the unknown parameter
saydy, we differentiate 20) with respect toa and then ! _ o< _
solve the following non-linear equation numerically by Pr="(+Vv1) (i;yi+/31) g ralc (i;yi+ﬁl) e

using Newton-Raphson method:

Fot (D @Y )

(21) - . . (25)
Combining the likelihood function, 1(7), and prior

r
TO(.ZLA‘) e 1A L. 4 a'Ct T
=

(*D’(ZMG’EZL“‘ o

T2 A AN | =ra i), function, 3), then the posterior density af giveny is
The ML estimation of the reliability and cumulative given by:
hazard functions are given by replaciag,"in (14) and 5 (aly) = _L@ly) ()
(15), respectively. The observed asymptotic variance of Jo' L(@ly)re(a)da
ML estimation for the parametex is given by dropping I [TO e CIA ) L g SO T, (zefa(AﬁrE{:lAﬁBz)
the expectation operator from the element of the inverse Dz iZi '
of the Fisher information matrix as follows: e Gl 4

~ 2@ -1 +a'C' T (7l)refa(2ir:1A|‘+l32)+A“+(2)refa(22ir:1Ai+;32) i
var (au) = (~Zaan) ol i

The asymptotic normality of the ML estimator can be where

used to compute the approximate confidence interval for

the parametea. Thus, (1 — a2)100% confidence interval Do=r(r+vz)
for abecomes:

amL = 2a, v/ Var(aw),

Wherez%2 is a standard normal percentile.

To éj\ +B) T

+a'C'Ty

(1) (5 At ) @

+ (—N(Z_iﬁ +l32)’<'*“2)” :
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Bayes estimator ofA and a based on squared error loss
function

From @24), the Bayes estimatérBs under SE loss function
is given by:

hes =Ex(Aly) = [ A m(Aly)dA

1
=TI (r+w+1

r
; (rhvetd) o
D: <i;Y| +B1) +

' (28)
+a'ct |:<‘Zlyi +Bl)—(r+\/1+l) 4o

} .

From @6), the Bayes estimat@gs under SE loss function
is given by:

r
72)r (Zi;yi + ﬁl)—(r+v1+1)

fes— Ea(aly) = [ am(ay)ca

1
=—I(r 1
D, (r+v2+1)

To (3 A+R) (T2 4

(29)
+a'C'Ty

<7l>r(ilA‘ +Bz)—(rJerJrl) +
72>f<2_ZA- +ﬁz>*<“"2*”H .

Bayes estimator ofA and a based on linear exponential
loss function

From @4), the Bayes estimatcﬁ(BL under LINEX loss
function is given by:

o = tog | [e P A yeh)

r
( y_|_ﬁ1_|_ pl)—(r+Vl)+...
2

:p—logl o r(r+v1)

+a'C

r
( y+Bl+ pl)_(r+vl)+...
2

I

From (26), the Bayes estimatasg| under LINEX loss
function is given by:

i
-2)'(2 ZYi +B1+pr) W
i=

dou = —og| [ P ay)cal
JO

)
To (Zl/'\i + B2+ p2) Y

- 1
=—log {Dzr(r-kvz)

+a C*To

ZA. +Botpo) VD 4.

+ ;m

(31)

Bayes estimator ofA and a based on general entropy
loss function

From @4), the Bayes estimatoﬁBG under GE loss
function is given by:

1 -1
e = [0 ] * = | [ b |

Dill'(r +vi—1l1) [(iZYi + Bl)—(r+v1—|1) + -

r
+a'c (Ziyi 4+ By) il
i=

-1
1?

From (26), the Bayes estimat@gg under GE loss function
is given by:

_ )r(zliiyi+ﬁl)—(r+vl—|1)

(32)

-1

1
I (r4+va—lp) |To( (rv2—lz)
D, (r+va—1Iz [0 Zfﬁ—ﬁz +-

+a'CTo | ( Zf” + Bp)(rvela)

‘ o
_y¢;A+@>mwuqH |

Remark 3.1. It can be shown that, wheh = 1 and
I, = 1, the Bayesian estimate i82) and @3) coincides

(33)

with the Bayesian estimate under the weighted SE loss

function, respectively. Similarly, wherd; = —1 and
I, = —1, the Bayesian estimate iB3) and @3) coincides
with the Bayesian estimate under the SE loss function,
respectively.

3.2.2 Non-informative prior
For exponential and power subfamilies of Morgenstern

family, suppose thaf and a have the Jeffreys vague
prior, respectively:

m(A) O % (34)
1
(@) 0. (35)

Combining the likelihood function, 16), and prior
function, 34), then the posterior density df giveny is

(@© 2016 NSP
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given by:
AT r ! r r
mAly) =L |[e*Iwi 1 q Zci (eﬂ Soan Ze*)\(it:pﬁﬂ/i))
4 = (36)
-+ a'C [e*A Teth g (—2) e 2 z{:mH ,

where

z=rm {(_meww’c*

(_Zm*’+»~+<—2>'<2_Zyi>*'”. @7

Combining the likelihood function, 1(7), and prior
function, @5), then the posterior density @f giveny is
given by:

r—1 r
@y = = |Te®A 1 a ZCi To (2e’a<Ai+2{:1’°‘” 7e’32{:1’°“)
22 = (38)
o+ ad'C T [(71)'e*aiir:1‘“ +~~+(2)’e’2’f‘2ir:1‘¥H i

where
Z,=T(r) {To (_ZAi)7'+"'+ﬂrC*To |:(*1)r(_ziAi)7r+"'

(39)

+<72>f<2_gm>*f}

Bayes estimator ofA and a based on squared error loss
function

From 36), the Bayes estimatc;rss under SE loss function
is given by:

2 1
ABS— Z—ll'(r+l)

élyi)—(rm teta'c {(iyi)—mn oo
- . (40)

+ (—z)'(zlgyir““)}

From 38), the Bayes estimat@iss under SE loss function
is given by:

1
des= I (r+1) A) Y

Z;

r
To (ZXA@)%HD +-+0a"C'To
=

Bayes estimator ofA and a based on linear exponential
loss function

H”Z

(41)
ook (23 A

From 36), the Bayes estimatoiBL under LINEX loss
function is given by:

Aa = ;Tll log {Z—lll'(r) {(i;Yi +p1) "+ +a'C {(i;)ﬁ +p1) "+

+oe <72>’(2_2yi + pﬁ*’” :

From 38), the Bayes estimatoag| under LINEX loss
function is given by:

(42)

N -1 1
dg. = — log {—Z r(r)
2 2

r
T i+P2) "+ +a'CT
b 0 (i;/-\q P2) 0

; r (43)
x {(71)%;/% +p2) e (72)%2;“ + pz)*r} H .

Bayes estimator ofA and a based on general entropy
loss function

From 36), the Bayes estimatoAsg under GE loss
function is given by:

Aee = {Zilr(rfh) [(_gyi)’“*'ﬂ +eta'c {(_Zyi)*“*'l) +eo

¥ <—2>'<2zyi>*“*'1>H

From (38), the Bayes estimat@ig under GE loss function
is given by:

1 (44)
T

e = {Zizr(r ~15) [To g#\-)*“*'z) o +ad'CT {(4)‘(2&)*“*'@

4ot FZ)WZZA;)’“"Z) }

(45)

Remark 3.2. It can be shown that, wheh = 1 and

I, =1, the Bayesian estimate id4) and @5) coincides
with the Bayesian estimate under the weighted SE loss
function, respectively. Similarly, whed; = —1 and

I, = —1, the Bayesian estimate id4) and @5) coincides
with the Bayesian estimate under the SE loss function,
respectively.

Remark 3.3. 1t can be shown that, the estimation of

reliability and cumulative hazard functions can be
obtained by replacing the estimators of the distribution
parameters in10), (14) and (1), (15), respectively.

3.3 Bayesian prediction

For two sample prediction, the data from a past
(informative) sample are used to make prediction on
future observations (or functions of such observations) of
a future sample from the same population. Consider the
concomitants of GOSS Y1 nmks Yiznmk>" s Yinnmk
from a random sample of sizen , and
\N[l,nl,m,k] vVV[Z,nl,m,k] )T vVV[nl,nl,m,k] is another
independent sample of sirg from the same population.

In this case, if we want to find the prediction bounds for
Wisn, mk from the second sample,d s < n, from (6),

the density function ofVis , i is given by:

g(ws|0) = fw(w)[1+4 a*C*(s,ng,m,K)(2Ry (W) — 1)].
(46)

To find the Bayesian prediction bounds and Bayes
predictive estimator foMs, mi in a future random
sample based on exponential subfamily of Morgenstern
family, from (8), (9), (24), (36) and @6), the Bayes
predictive density function ofsn mi, 1 <'s < n,
becomes:

gnsly) = [ o) Aly)d, =13 (@)

(@© 2016 NSP
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Hence, the predictive survival function for the th future
concomitants oGOSs is given by:

R Wisnmy > &ly] = /E gi(wely)dws, i =1,3.  (48)

So the lower and upper 10% prediction bounds
[L(x),U(x)] for Ys is obtained by equating48) to
(1+71)/2 and(1— 1)/2, respectively. Now, the predictive
estimator oM, my, 1 < s< nyg, under SE loss function
can be obtained as:

Ws — E(WAly) = /O Wegi (Wey)dWws, i = 1,3, (49)

4 Numerical results

The main idea of applying a numerical example is to

determine the value of the association parametein
this section, for type-1l censored sample (with= 0 and
k = 1), in order to illustrate all the inferential results

established in the preceding sections, we use real life dat
for exponential and power subfamilies of Morgenstern

family, as follows:

1.We consider the data given in Nelsod9] for

1,2,6,10,14,15,16. A question of interest is whether
there is any treatment effect. We introduce here the
data from weeks 1X) and 16 ¥), as shown in Table
4.2, with ignoring some values considered as outliers.
Based on this data, we computed the ML and
Bayesian estimates afunder the SE, LINEX and GE
loss functions using informative (withv, = 0.1,

B> = 0.2) and non-informative prior. Also, we
computed the ML, Bayesian estimates of the
reliability (with y = 0.5) and cumulative hazard (with

y = 0.5) functions and the 95% approximate
confidence intervals. We have fitted the power
distribution to this data, the results are as follows:
a3 = 0.22, ay = a = 0.59 for data setsX and,
respectively. Since the correlation coefficient of data
setsX andY is p = 0.218537, for power subfamily of
Morgenstern  family, p = 0.27519& then

o =0.794682.

Table 4.1

r= 1] 2 3] 4 5] 6 7] 8] 9] 10
. || 1.17 | 3.87| 2.80 | 0.70 | 3.82 | 0.02 | 0.50 | 3.72 | 0.06 | 3.57
Y, || 212|397 156| 1 | 1.83|8.71| 2.10]| 7.21| 3.83 ] 5.13
Xim || 002 | 0.06 | 050 | 0.70 | 1.17 | 2.80| 357 | 3.72 | 3.82 | 3.87
Yin | 871]383] 210 1 | 212] 156] 513 7.21] 1.83] 3.97

Observations of order statistics and its concomitants from

exponential subfamily of Morgenstern family. The
original data consists of 60 times to breakdown in
minutes of an insulating fluid subjected to
high-voltage stress. The data is partitioned by Nelson
[19] into six groups, each with ten insulating fluids.
These data have been analyzed by Balakrishnan et al. Table 4.2
[4] by assuming two-parameter exponential
distribution. We introduce here the data from groups 4
(group X) and 6 (groupY), as shown in Table 4.1.
Based on this data, we computed the ML and
Bayesian estimates of under the SE, LINEX and
GE loss functions using informative (witky = 0.1, Observations of order statistics and its concomitants foomer

B1 = 0.2) and non-informative prior. Also, we function distributionn = 10.

computed the ML, Bayesian estimates of the

reliability (with y = 1.5) and cumulative hazard (with

y = 1.5) functions, the 95% approximate confidence

intervals and the two-sample Bayesian prediction

estimation and lower and upper limits of 95% 5 Conclusion and comments

prediction intervals (wittm; = 10, a* = o). We have

fitted the exponential distribution to this data, the Based on exponential and power function distributions,
results are as follows: A; = 0.306996, which are belongs to different families, the joint densitie
A2 = A = 0.211706 for groupX and groupY, of the concomitants of50Ss for these subfamilies of
respectively. Since the correlation coefficient of group Morgenstern family have been discussed. The statistical
X and groupY is p = 0.018289, for exponential inference procedure for the unknown parameters of the
subfamily of Morgenstern family,0 = ¢ then given distributions such as ML estimation with its

a =0.0731559. approximate confidence intervals, Bayes estimators and
2.We consider the data given in Crowder and Harld [ two-sample Bayesian prediction bounds and estimation
for power function subfamily of Morgenstern family. are presented. Our applications of these results in those
The original data consists of twelve hospital patientsmodels are given for concomitants of order statistics, and
were given a special diet. Measurements of plasmahe estimations are conducted on the basis of complete
ascorbic acid were taken twice before treatment, threeand type-Il censored samples. From the results in Tables
times during, and twice after, at week numbers4.3to 4.9, we observe the following.

exponential distributiom = 10.

1] 2 3] 4] 5] 6] 7] 8] 910
022|018 03 | 054 0.6 03 | 0.7 | 0.31| 0.6 | 0.73
059 0.7 | 0.36] 056 | 0.4 | 0.88 | 0.41| 0.4 | 0.67 | 0.87
Xim || 0-16 | 0.18 | 0.22] 0.3 | 0.3 | 0.31] 0.54| 06 | 0.7 | 0.73
Yiq | 04 | 0.7 | 056 0.36] 0.88 | 0.4 | 056 | 0.67 | 0.41 | 0.87

_<
Il

=|x
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Table 4.3
r Am Ass AsL ABG
bi—-3 pi=—2 p——1] p-1 pi=2 pi=3 | -3 =2 i=1] h=1 =2 =3
1 0.109689 IP 0.119995| 0.146373 0.135917 0.127285| 0.113728 0.108263 0.103443 | 0.212706 0.16694 0.119995| 0.0106336 - -
NIP 0.111375] 0.136574 0.12654 0.118302| 0.10544 0.10028 0.0957388| 0.204917 0.15868 0.111375 - -
2 0.15363 P 0.160083| 0.182567 0.174152 0.166717| 0.154115 0.148708 0.143777 | 0.22973 0.195419 0.160083| 0.0826677| 0.0246623
NIP 0.154707] 0.176838 0.168538 0.161222] 0.148856 0.143562 0.13874 | 0.225099 0.190421 0.154707] 0.0761975 - -
3 0.198809 IP 0.203536| 0.227429 0.218644 0.210725| 0.196969 0.19094 0.185378 | 0.265313 0.234841 0.203536| 0.136611 | 0.0982304| 0.0393309
NIP 0.199504| 0.223289 0.214532 0.20665 | 0.192986 0.187008 0.181498 | 0.261957 0.231156 0.199504| 0.131723 | 0.0925076 -
4 || 0.249754 IP 0.253316 0.280929 0.270846 0.261687] 0.245627 0.23853 0.231953 | 0.312346 0.283189 0.253316] 0.190302 | 0.155934 | 0.117145
NIP 0.250165]| 0.277834 0.267717 0.258541| 0.24248 0.235393 0.228831 | 0.309854 0.280376 0.250165| 0.18637 | 0.151465 | 0.111709
5 0.276114 IP 0.278862| 0.305215 0.295702 0.286951| 0.271357 0.264366 0.257834 | 0.33158 0.305506 0.278862| 0.223164 | 0.193463 | 0.161574
NIP 0.276371] 0.302819 0.293263 0.28448 | 0.268852 0.261855 0.255321 | 0.329625 0.303289 0.276371| 0.220057 | 0.157582 | 0.164008
6 || 0.305908 IP 0.308037] 0.334568 0.325056 0.31624 | 0.300379 0.293209 0.286475 | 0.356997 0.332755 0.308037] 0.256686 | 0.229652 | 0.201217
NIP 0.306045] 0.33271 0.323142 0.314282] 0.298361 0.29117 0.284421 [ 0.355475 0.331003 0.306045] 0.254167 [ 0.226826 | 0.198025
7 0.283092 P 0.284936| 0.303872 0.29719 0.29089 | 0.279296 0.273944 0.268856 | 0.323896 0.304586 0.284936| 0.244312 | 0.223109 | 0.201057
NIP 0.283174] 0.302161 0.295458 0.289141] 0.277525 0.272166 0.267073 | 0.322431 0.302976 0.283174| 0.24222 0.220829 | 0.198561
8 0.250759 P 0.252381] 0.265066 0.26065 0.256427] 0.248502 0.244778 0.241199 | 0.282606 0.267613 0.252381] 0.221016 | 0.204746 | 0.187946
NIP 0.250818] 0.263509 0.25909 0.254864 [ 0.246939 0.243216 0.239639 [ 0.28122 0.26614 0.250818] 0.219256 | 0.202875 ] 0.18595
9 0.267762 P 0.269154| 0.281921 0.277487 0.273235| 0.265231 0.261456 0.257821 | 0.297893 0.283628 0.269154| 0.23943 0.224081 | 0.208308
NIP 0.267773] 0.280556 0.276115 0.271859| 0.263847 0.260071 0.256435 | 0.296674 0.28233 0.267773| 0.237872 | 0.222425 | 0.206545
10 || 0.267236 P 0.268429| 0.279737 0.275828 0.272061| 0.264924 0.261537 0.258263 | 0.294208 0.281406 0.268429| 0.241841 | 0.228156 | 0.214141
NIP 0.267191] 0.27851 0.274596 0.270826| 0.263683 0.260295 0.25702 | 0.293101 0.280235 0.267191| 0.24046 0.226697 | 0.212598
Bayesian prediction
T (T, Ow) Width W Tw.0w) Width W (T Uw) Width s (G, Uw) Width A B
5 P (0.0859445,19.1543])| 19.0684 | 4.3469 | (0.0870242,19.2448) 19.1578 4.3767 | (0.0881307,19.3345) 19.2464 4.4065 | (0.0892648,19.4234) 19.3341 4.4363 -
5 NIP (0.086724,19.4875)| 19.4008 | 4.40829 | (0.0878135,19.5799) 19.4921 | 4.43851 | (0.0889299,19.6714) 19.5825 4.46873 | (0.0900743,19.7622) 19.6721 4.49895 -
7 P 040840483,16.704@} 16.6206 | 3.97063 | (0.0851048,16.7792) 16.6941 | 3.99785 | (0.0861875,16.8531) 16.7669 | 4.02507 | (0.0872973,16.9263) 16.839 4.05229
7 NIP 0.0845735,16.8771) 16.7925 | 4.00492 | (0.0856366,16.9527) 16.8671 | 4.03238 | (0.086726,17.0276)| 16.9409 4.05983 | (0.0878428,17.1017) 17.0139 4.08729 -
8 P 0.0948665,18.1903)] 18.0954 | 4.38916 | (0.0960592,18.2701) 18.174 4.41925 | (0.0972815,18.349)] 18.2517 4.44934 | (0.0985344,18.4272) 18.3287 4.47943 -
[8] NIP 70.0954597,18.35%%{ 18.2643 | 4.42439 | (0.0966599,18.4405) 18.3438 | 4.45473 | (0.0978898,18.5203) 18.4224 4.48506 | (0.0991505,18.5993) 18.5001 4.51539 -

Different types of estimation of based on informative (IP) and non-informative (NIP) prigkiso, a 95% two-sample Baysian
prediction intervals and estimationw§, s=1,2,3,4, atr =5,r =7 andr = 8.

Table 4.4

P Ry | | Rues | RueL) \ Riec) |
L || [Pm=" ] pm="2]p="T[] p=1] p=2] p=38["h="[h="2[h="1] Nh=17] h=217 h=3 |
T | 0.848289] 1P || 0.835276] 0.802872 | 0.815564 | 0.826192 | 0.843166] 0.850106] 0.856274 0.726833] 0.778482] 0.835276] 0.984176] - -
NIP || 0.846147| 0.814761 | 0.827116 | 0.8374 | 0.853713| 0.860347| 0.866227 0.735374| 0.788187| 0.846147| - - -
2 || 0.79418 | 1P || 0.78653 | 0.760446 | 0.770105| 0.778742 | 0.793603] 0.800065] 0.806005 0.708507] 0.745026] 0.78653 | 0.883378] 0.963682] -
NIP || 0.792898| 0.767009 | 0.776618 | 0.785187 | 0.799888| 0.806265| 0.812118| 0.713446 0.75154 | 0.792898| 0.891994] - -
3 || 0.742143] 1P ] 0.736809] 0.710957 | 0.720388 | 0.728996 | 0.744194] 0.750055] 0.757246] 0.671683] 0.703006] 0.736899] 0.814715] 0.862996| 0.94271
NIP || 0.74137 | 0.715386 | 0.724845 | 0.733465 | 0.748654| 0.755397] 0.761666] 0.675072| 0.706093] 0.74137 | 0.820711| 0.870436] -
7 | 0.687543] 1P | 0.683879] 0.656132 | 0.666131 | 0.675346 | 0.691812| 0.699216] 0.706149| 0.625029] 0.653911] 0.683879| 0.751674] 0.79144 | 0.838855
NIP || 0.687119] 0.659185 | 0.669265 | 0.67854 | 0.605086| 0.702514] 0.709463] 0.628273| 0.656676] 0.687110] 0.756120| 0.796763] 0.845723
5 | 0.660883] IP || 0.658169] 0.63266 | 0.641752 | 0.650232 | 0.665621] 0.672637] 0.67926 | 0.608128] 0.632384] 0.658169] 0.71552 | 0.748118] 0.784773
NIP || 0.660633] 0.634938 | 0.644104 | 0.652646 | 0.668126| 0.675176] 0.681826] 0.609914| 0.63449 | 0.660633| 0.718862| 0.789486] 0.781913
6 | 0.632002] 1P || 0.620087] 0.605408 | 0.614108 | 0.622283 | 0.637266] 0.644157] 0.650606] 0.585370] 0.607057] 0.620987| 0.680431] 0.70850 | 0.739467
NIP || 0.631873] 0.607098 | 0.615874 | 0.624114 | 0.639198| 0.64613 | 0.652704| 0.586717| 0.608654| 0.631873] 0.683007| 0.7116 | 0.743016
7 | 0.654006] 1P || 0.6522 | 0.633936 | 0.640321 | 0.646401 | 0.657741] 0.663043] 0.668122] 0.615178] 0.633257] 0.6522 | 0.693178] 0.715579] 0.739645
NIP || 0.653926] 0.635565 | 0.641987 | 0.648099 | 0.659491| 0.664813| 0.669912| 0.616531| 0.634788| 0.653926] 0.695357| 0.71803 | 0.742419
8 | 0.686507] 1P || 0.684839] 0.671031 | 0.676397 | 0.680695 | 0.688835] 0.692604] 0.606423| 0.654483] 0.660360] 0.684830] 0.717829] 0.735563] 0.754335
NIP || 0.686446] 0.673503 | 0.677982 | 0.682293 | 0.690452| 0.694319] 0.698054| 0.655846] 0.67085 | 0.686446| 0.719727| 0.73763 | 0.756597
9 | 066922 | 1P || 0.667824] 0.655156 | 0.650528 | 0.663748 | 0.671765] 0.67558 | 0.679273] 0.639647] 0.653481] 0.667824 0.698273] 0.714536] 0.731643
NIP || 0.669209] 0.656499 | 0.660887 | 0.66512 | 0.673161| 0.676985| 0.680687| 0.640817| 0.654754| 0.669209] 0.69990 | 0.716313| 0.733561
10 |[ 0.669748| IP || 0.66855 | 0.657306 | 0.661172 | 0.664918 | 0.672075] 0.675498] 0.678823] 0.643192] 0.655663] 0.66855 | 0.695752] 0.710182] 0.72527 |
NIP || 0.660793] 0.6585170] 0.6623040] 0.6661510] 0.673327| 0.676757] 0.68000 | 0.644261| 0.656815] 0.669793] 0.607105] 0.711738] 0.72695 |

Different types of estimation d®; based on informative (IP) and non-informative (NIP) priors

1.Increasing the value of the estimated parameters does5.At |, = —1, we find thatagg = égs, ﬁz(BG) = ﬁz(BS),

not dgpend on theAincreasingrof . andl:lz(se) = |3|2(BS>_
2.For fixedr, AL, Hyp) decreases ap; increases, 6.The Bayes estimators of the considered parameters
Mg, Hyse) decreases aby increases, andRyg), under LINEX and GE loss functions give more

accurate results through the fitted values than ML
estimator and those under SE loss function by
increasing and decreasing the valuepgfp, andly,

Ri(Bg) increases apy, |1 increases, respectively.
3.For fixedr, &g, RosL) decreases g% increasesagg,

RygL) decreases ab increases, andflyp), Hygg) I, , respectively.
increases apy, Iz increases, regpectAlver. R 7.We can compute two-sample Bayesian prediction
4.Atly = —1, we find thatAgs = Ags, Rieg) = Rues): bounds and estimation for only exponential
andﬁl(BG)Zﬁl(Bs)- distribution, not for power function distribution.
(@© 2016 NSP
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Table 4.5

r Himy Hies Hiey Higg)

p=-3] m=-2 [ p=-1] p=1 pp=2 pr=3 | h=-83 [ h=-2 1] Ih1h=-1 =1 11=2 =3

1 0.164534| IP 0.179993| 0.21956 | 0.203876 | 0.190928| 0.170592| 0.162395| 0.155164| 0.319059| 0.25041 | 0.179993| 0.0159504 - -

NIP || 0.167063| 0.204861| 0.18981 | 0.177453| 0.15816 | 0.15042 | 0.143608| 0.307375| 0.23802 | 0.167063 - - -

2 0.230445(| IP 0.240125| 0.273851| 0.261228 | 0.250076| 0.231173| 0.223062| 0.215665| 0.344595| 0.293129| 0.240125| 0.124002 | 0.0369935 -

NIP || 0.232061| 0.265257| 0.252807 | 0.241833| 0.223284| 0.215343| 0.20811 | 0.337649| 0.285632| 0.232061| 0.114296 - -

3 0.298214 | IP 0.305304 | 0.341144| 0.327966 | 0.316087| 0.295454| 0.28641 | 0.278067| 0.39797 | 0.352262| 0.305304| 0.204917 | 0.147346 | 0.0589964

NIP || 0.299256| 0.334934| 0.321798 | 0.309975| 0.289479| 0.280512| 0.272247| 0.392936| 0.346734| 0.299256| 0.197585 | 0.138761 -

4 0.374631|| IP 0.379974 | 0.421394| 0.406269 | 0.392531| 0.368441| 0.357795| 0.34793 | 0.468519| 0.424784| 0.379974| 0.285453 | 0.233901 | 0.175718

NIP || 0.375248| 0.416751| 0.4015760| 0.387812| 0.36372 | 0.35309 | 0.343247| 0.464781| 0.420564 | 0.375248| 0.279555 | 0.227198 | 0.167564
5 [ 0414171 IP || 0.418293] 0.457823] 0.443553 | 0.430427] 0.407036] 0.396549] 0.386751] 0.49737 | 0.458250] 0.418293| 0.334746 | 0.200105 | 0.242361 |

NIP || 0.414557| 0.454229| 0.439894 | 0.42672 | 0.403278| 0.392783| 0.382982| 0.494438| 0.454934| 0.414557| 0.330086 | 0.236373 | 0.246012 |

6 0.458862(| IP 0.462056 | 0.501852| 0.487584 | 0.47436 | 0.450569| 0.439813| 0.429712| 0.535496| 0.499133| 0.462056| 0.385029 | 0.344478 | 0.301826

NIP || 0.459068| 0.499065| 0.484713 | 0.471423| 0.447542| 0.436755| 0.426631| 0.533213| 0.496505| 0.459068| 0.38125 0.340239 | 0.297038

7 0.424638| IP 0.427404| 0.455808| 0.445785 | 0.436335| 0.418944| 0.410916| 0.403284 | 0.485844| 0.456879| 0.427404| 0.366468 | 0.334664 | 0.301586

NIP || 0.424761| 0.453242| 0.443187 | 0.433711| 0.416288| 0.408249| 0.40061 | 0.483647| 0.454464| 0.424761| 0.36333 0.331244 | 0.297842

8 0.376139| IP 0.378572| 0.397599| 0.390975 | 0.384641| 0.372753| 0.367167| 0.361799( 0.423909| 0.40142 | 0.378572| 0.331524 | 0.307119 | 0.281919

NIP || 0.376227| 0.395264| 0.388635 | 0.38229 | 0.370409| 0.364824| 0.359459| 0.42183 | 0.39921 | 0.376227| 0.328884 | 0.304313 | 0.278925

9 0.401643(| IP 0.403731| 0.422881| 0.41623 | 0.409853| 0.397847| 0.392184| 0.386732| 0.44684 | 0.425442| 0.403731| 0.359145 | 0.336122 | 0.312462

NIP || 0.401659| 0.420834| 0.414173 | 0.407789| 0.395771| 0.390107| 0.384653| 0.445011| 0.423495| 0.401659| 0.356808 | 0.333638 | 0.309818

10 || 0.400854| IP 0.402643| 0.419606| 0.413742 | 0.408092| 0.397386| 0.392306| 0.387395| 0.441312| 0.422109| 0.402643| 0.362762 | 0.342234 | 0.321212

NIP || 0.400787| 0.417765| 0.411894 | 0.406239| 0.395525| 0.390443| 0.38553 | 0.439652| 0.420353| 0.400787| 0.36069 0.340046 | 0.318897

Different types of estimation dfl; based on informative (IP) and non-informative (NIP) priors

Table 4.6
r avL dps apL 4
p2:73 p2:72 pzzfl pz:l p2:2 p2:3 |2:73 |2:72 |2:71 |2:l |2:2 |2:3
1 || 147018 IP 1.29106 - - 2.93741 | 0.936102| 0.752904| 0.636922| 2.00859 | 1.65668 | 1.29106 | 0.205836 - -
NIP || 1.44615 - - - 0.998582| 0.786094| 0.656488| 2.30436 | 1.88248| 1.44615 - - -
2 || 2.05156( IP 1.84219 - - 2.9345 | 1.42241 | 1.18014 | 1.01789 | 2.42163| 2.13701| 1.84219| 1.1679 | 0.480606 -
NIP || 2.03682 - - 3.70402 | 1.52706 | 1.24839 | 1.06676 | 2.6986 | 2.37319| 2.03682| 1.26552 - -
3 || 2.13499( IP 1.96701 - 13.0941 | 2.65199 | 1.60941 | 1.37885 | 1.21456 | 2.40521| 2.18958| 1.96701| 1.48068 | 1.1834 | 0.594202
NIP || 2.11848 - - 2.98061 | 1.70446 | 1.44619 | 1.26557 | 2.60021| 2.36301| 2.11848| 1.5842 1.25398 -
4 || 1.78813( IP 1.69121| 7.13138 | 2.6577 | 2.02987 | 1.46744 | 1.30491 | 1.18003 | 1.98986 | 1.84278| 1.69121| 1.36532 | 1.18035 | 0.957866
NIP 1.77124 - 2.92677 | 2.15584 | 1.52462 | 1.34846 1.21458 | 2.08875| 1.93235| 1.77124| 1.4247 1.22722 | 0.986245
5 || 2.03781( IP 1.93355| 5.59315 | 2.97207 | 2.30396 | 1.68613 | 1.5052 1.36547 | 2.22388| 2.0805 | 1.93355| 1.62321 | 1.45431 | 1.26789
NIP || 2.02635 - 3.25722 | 2.44612 | 1.75377 | 1.55762 | 1.40773 | 2.3346 | 2.18234| 2.02635| 1.69695 | 1.51746 | 1.3186

6 || 1.82173|[ IP_|| 1.74586] 3.06874 | 2.37526 | 1.99734 | 1.56206 | 1.42003 | 1.30608 | 1.97769[ 1.86317 1.74586| 1.49931 | 1.36714 | 122539
NIP || 1.80008| 3.35466 | 2.51120 | 2.08477 | 161079 | 1.45015 | 1.3384 | 2.05101| 1.03106] 1.80008| 156076 | 1.4121 | 1.26306
7 || 178216 IP_ || 1.71749] 2.72197 | 2.23552 | 1.93206] 1555 | 1.42639 | 1.32138 | 1.92377| 1.82175| 1.71749] 1.49998 | 1.38497 | 1.26389 |

| NP || 1.77196| 2.8996 | 2.33972 | 2.00437 | 1.5981 | 1.46165 | 1.35002 | 1.98689| 1.8806 | 1.77196| 154522 | 1.42521 | 1.2987 |

8 || 1.79365| IP_|| 1.7364 | 2.61394 | 2.20412 | 1.93356 | 1.58415 | 1.46192 | 1.36102 | 1.92681| 1.83249] 1.7364 | 1.53739 | 1.43337 | 1.3252 |
| NP | T.78714| 2.7577 | 2.29544 | 1.99936 | 1.62496 | 1.49574 | 1.38966 | 1.085 | 1.88699| 1.78714| 158026 | 1.47205 | 1.35944 |

‘ 9 H T.62004] IP_| 158175] 2.21664 ] 1.03613 | 1.73507 | 1.4508 | 1.35079 | 1.27583 | 1.74750] 1.6653 | 1.68175] 1.41007 | 1.32138 | 1.23023 |

| NIP || T:62016 2.30749 | 2.00006 | 1.78347 | 1.4913 | 1.38625 | 1.20849 | 1.79177] 1.70663] 1.62016| 1.44242 | 1.35055 | 1.25609 |

10 [[ 1.72041| 1P | 1.67999] 2.31657 | 2.03851 | 1.83605 | 1.55488 | 1.45165 | 1.36459 | 1.84013] 1.7606 | 1.67999| 151486 | 1.42992 | 1.343 |
| NIP | 1.72027| 2.40722 | 2.10375 | 1.88622 | 1.58824

1.47991 | 1.38895 | 1.88582| 1.80362| 1.72027| 1.54952

146165 | 1.3717 |

Different types of estimation af based on informative prior. based on informative (IP) ana-imformative (NIP) priors.

One-sample Bayesian prediction bounds and 10.For the relation betweem anda, we can use it as a
estimation can not be computed. standard to see wether the data fit the distribution or
8.The Bayesian prediction provides lower and upper not.

limits of 95% prediction intervals, it is observed that The proposed procedures for the estimation and

the prediction intervals tend be wider wheimcrease, M .
also for Bayesian prediction estimation. Even though prediction problems may be. considered for other models,
: ‘and for some other distributions.

the concomitants of ordered random variables may bé

in order or not, with our data it is not in order, our

results that have been obtained are in order. ) .
9.For considering various values for the Conflict of interest

hyperparameters in the informative priors of Bayes ] )

estimatorS, the results did not Change the Obtainedrhe authors declare that they have no conflict of interest.

conclusions.
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Table 4.7
r Rom) Roes) RosL) Rao(sg)
p2=-3 po=-2 pp=-1 pp=1 P =2 p2=3 lo=-3 lp=-2 lp=-1 l,=1 lp=2 1,=3
1 0.639063| IP 0.591349 - - 0.869458| 0.477357| 0.406592| 0.356916| 0.751484 | 0.682832| 0.591349| 0.132964 - -
NIP [ 0.633001 - - - 0.499508| 0.420088| 0.365579| 0.79755 | 0.728783| 0.633001 - - -
2 0.758777|| IP 0.721102 - - 0.869194 | 0.626911| 0.558691| 0.506162| 0.813355| 0.77265 | 0.721102| 0.554931| 0.283323 -
NIP 0.7563 - - 0.923268| 0.653016| 0.579082| 0.52261 | 0.845958| 0.806982| 0.7563 | 0.584051 - -
3 0.772331|| IP 0.744217 - 0.999886 0.8409 | 0.672268| 0.615475| 0.569096| 0.811218| 0.780785| 0.744217| 0.64168 | 0.559687| 0.337589
NIP [[ 0.769711 - - 0.873309| 0.693164| 0.633011| 0.584065| 0.835086| 0.805615| 0.769711| 0.66649 | 0.58071 -
4 0.710453| IP 0.690333| 0.992868| 0.841528 | 0.755123| 0.638377| 0.595254| 0.558658| 0.748237| 0.721216| 0.690333| 0.611852| 0.558756| 0.485182
NIP [[ 0.707043 - 0.868491 | 0.775598| 0.652429| 0.607289| 0.569101| 0.764916| 0.737998| 0.707043| 0.627503| 0.5728 0.49521
NIP [ 0.754525 - 0.895413 | 0.816496| 0.703474| 0.660289| 0.623096| 0.801749| 0.779682| 0.754525| 0.691563| 0.6507 | 0.599076

6 || 0.717118| IP 0.701844| 0.880816| 0.807258 | 0.749539| 0.661333| 0.626295| 0.595582| 0.746104| 0.725128| 0.701844| 0.646277| 0.612341| 0.572318
NIP || 0.714627| 0.902243| 0.824601 | 0.764266| 0.672581| 0.636293| 0.604541| 0.758835| 0.737927| 0.714627| 0.65867 | 0.624236| 0.583341

7 || 0.709252| IP 0.695923 | 0.848433| 0.787655 | 0.737945| 0.659671| 0.627939| 0.59984 | 0.736435| 0.717122| 0.695923| 0.646442| 0.617103| 0.58358
NIP || 0.707189| 0.865991| 0.802451 | 0.750756| 0.669688| 0.636922| 0.607958| 0.747718| 0.728429| 0.707189| 0.657357| 0.627635| 0.593508

8 || 0.711559| IP 0.699882| 0.836648| 0.782983 | 0.738218| 0.666479| 0.63699 | 0.610693| 0.73699 | 0.71922 | 0.699882| 0.655492| 0.629735| 0.600906
NIP || 0.710254| 0.85214 | 0.796294 | 0.749889| 0.675781| 0.645401| 0.618345| 0.747387| 0.729629| 0.710254| 0.665578| 0.63953 | 0.610266

9 H 0.674876‘ IP ]| 0.665924| 0.784858| 0.7386840| 0.6996 | 0.636456| 0.610361| 0.587013| 0.702201| 0.684721| 0.665924| 0.623707| 0.599848| 0.573751

NIP || 0.674701] 0.797988| 0.75001 | 0.709516| 0.644308| 0.617442| 0.593449| 0.711183] 0.693625| 0.674701| 0.63205 | 0.607857| 0.581323

\
‘ 5 || 0.756467| IP 0.738216| 0.979285| 0.872556 | 0.797494| 0.689241| 0.647719| 0.611892| 0.785935| 0.763568 | 0.738216| 0.675388| 0.63507 | 0.584733

10 [ 0.696538] IP_|| 0.687915] 0.799256| 0.756585 | 0.719912] 0.659643| 0.634397| 0.611655] 0.720703] 0.704875] 0.687915] 0.65007 | 0.628849] 0.6058 |
| N1P || 0.696508| 0.811481| 0.767347 | 0.729485 0.667423| 0.641489] 0.618157] 0.72941 | 0.713545] 0.696508| 0.658376] 0.636922] 0.613564]

Different types of estimation d®, based on informative (IP) and non-informative (NIP) priors

Table 4.8
r Hamy Haes) Haey) Hasg)
p2=-3 p2=-2 p2=-1 p2=1 p2=2 p2=3 [o=-3 l,=-2 l,=-1 =1 [,=2 =3

1 0.447753| IP 0.525348 - - 0.139886 | 0.739491| 0.899945| 1.03025 | 0.285705| 0.381507 | 0.525348| 2.01768 - -

NIP || 0.457284 - - - 0.69413 | 0.86729 | 1.00627 | 0.22621 | 0.31637 | 0.45728 - - -

2 0.276047| IP 0.326975 - - 0.140189 | 0.46695 | 0.582158| 0.680899| 0.206588| 0.25793 | 0.326975| 0.588911| 1.26117 -

NIP |[ 0.279318 - - 0.0798362| 0.426153| 0.546311| 0.64892 | 0.167286| 0.214454| 0.279318| 0.537768 - -
‘ 3 H 0.258342] 1P [ 0.295422] - [ 0.000114369] 0.173283 | 0.397099] 0.485361] 0.563707] 0.209218] 0.247456] 0.295422] 0.443665] 0.580377| 1.08593 |
[ NP 0261741 - | - | 0.135466 | 0.366489] 0.457268] 0.537743] 0.180221] 0.21615 | 0.261741] 0.405729] 0.543504] - |
4 0.341853| IP 0.370581| 0.00715804| 0.172536 0.280875 | 0.448827| 0.518768| 0.582218| 0.290036| 0.326817| 0.370581| 0.491265| 0.582043| 0.723231
NIP |[ 0.346664 - 0.140998 0.254121 | 0.427053| 0.498751| 0.563696( 0.26799 | 0.303814| 0.346664| 0.466007| 0.557113| 0.702773
5 0.279097([ IP 0.303519| 0.020933 0.136328 0.226282 | 0.372165| 0.434299| 0.491199| 0.240881| 0.269754| 0.303519| 0.392469| 0.454019| 0.536599
NIP || 0.281667 - 0.110471 0.202733 | 0.351724| 0.415078| 0.473055| 0.22096 | 0.248869| 0.281667| 0.368802| 0.429707| 0.512366

6 || 0.332514| IP || 0.354044| 0.126906 0.214111 0.288297 | 0.413498| 0.467933| 0.518217| 0.29289 | 0.321407| 0.354044| 0.436526| 0.490466| 0.55806
NIP || 0.335994| 0.102871 0.192855 0.268839 | 0.396633| 0.452097| 0.503286| 0.27597 | 0.30391 | 0.335994| 0.417533| 0.471227| 0.538984
7 || 0.343544| IP || 0.362517| 0.164364 0.238695 0.303886 | 0.416013| 0.465312| 0.511079| 0.305934| 0.332509| 0.362517| 0.436272| 0.48272 | 0.538573
NIP || 0.346457| 0.143881 0.220084 0.286674 | 0.400943| 0.451108| 0.497649| 0.29073 | 0.316865| 0.346457| 0.419529| 0.465797| 0.521705
8 || 0.340297| IP || 0.356843| 0.178352 0.244644 0.303517 | 0.405747| 0.451001| 0.493161| 0.305181| 0.329587| 0.356843| 0.422369| 0.462456| 0.509317
NIP || 0.342132| 0.160004 0.227787 0.28783 | 0.391886| 0.437883| 0.480708| 0.291172| 0.315218| 0.342132| 0.407099| 0.447021| 0.49386
9 || 0.393226| IP 0.40658 | 0.242252 0.302886 0.357239 | 0.451839| 0.493705| 0.532709| 0.353535| 0.378744| 0.40658 | 0.472075| 0.511079| 0.555561
NIP || 0.393486| 0.225661 0.287668 0.343172 | 0.439578| 0.48217 | 0.521805| 0.340826| 0.365824 | 0.393486| 0.458786| 0.497815| 0.542449
10 || 0.361634| IP 0.37409 | 0.224074 0.27894 0.328626 | 0.416056| 0.45508 | 0.491587| 0.327528| 0.349735| 0.37409 | 0.430676| 0.463865| 0.501206
NIP || 0.361676| 0.208894 0.264816 0.315416 | 0.404331| 0.443964| 0.481012| 0.315519| 0.33751 | 0.361676| 0.417979| 0.451108| 0.48847

Different types of estimation dfl, based on informative (IP) and non-informative (NIP) priors

Table 4.9
ACI()) ACI (a)
r Lower | Upper [ Width Lower | Upper [ Width
1 -0.109807 | 0.329185| 0.438992| -0.816423| 3.75678 | 4.573203
2 -0.0632868 | 0.370547| 0.433834| -0.29809 | 4.40121| 4.6993
3 -0.0298703 | 0.427488| 0.457358| 0.103234 | 4.16675| 4.06352
4 0.00151447| 0.497994| 0.49648 | 0.282846 | 3.29341| 3.01056
5 0.031165 | 0.521063| 0.489898| 0.457839 | 3.61778| 3.15994
6 0.0586269 | 0.553189| 0.494562| 0.494468 | 3.14899| 2.65452
7 0.0718598 | 0.494324| 0.422464| 0.547041 | 3.01728| 2.47024
8 0.0763153 | 0.425203| 0.348887| 0.606246 | 2.98105| 2.37481
9 0.0923379 | 0.443186| 0.350848| 0.568122 | 2.67376| 2.10564
10 0.10158 0.432892| 0.331312| 0.657024 | 2.7838 | 2.12677

A 95% approximate confidence intervals (ACI) and their lesgif the parameters anda.
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