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Abstract: In this paper, we introduce and examine the properties oesmw class of ideal lacunary convergent sequence spaces usi
an infinite matrix with respect to a modulus functiBn= (fy) in 2-normed linear space. We study these spaces for somke¢iqzd
structures and algebraic properties. We also give somgadarelated to these sequence spaces.
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1 Introduction and Preliminaries The concept of 2-normed space was initially
introduced by Gahler7] as an interesting nonlinear
The idea of difference sequence spaces was introduced kgeneralization of a normed linear space which was
Kizmaz [9]. Who studied the difference sequence spacesubsequently studied by many authoB, Recently a lot
lo(A),c(A) and co(A). The the idea was further of activities have been started to study summability,
generalized by Et and dfak [4] for /.(A"),c(A") and  sequence spaces and related topics in these nonlinear
Co(AM). Let w be the space of all complex or real space. Sahiner et al.23| introduce I-convergence in
sequence = () andm, s be non-negative integers, then 2-normed space.
Z = (s, Cc andcy, we have sequence spaces,
Give thatl c 2V be trivial ideal inN. The sequence
(Xn)nen In X is said to bd -convergentto € X, if for each
Z(AM%) = {x= (%) € w: (Ad%) € Z}, € > 0 then the set,

where (AI'X) = (AM%) = (Ag”*lxk ~ Ag‘*lxkﬂ) and Ale) = {n €N X —x|= 5} €l 10,11

A%x = (x¢) for all k € N, which is equivalent to the
following binomial representation
Let X be a real vector space of dimensidnwhere

m . .
A — 5 (1Y (™M) x 2 <d< o A 2Znorm on X is a function
s 7k VZO( ) <V> s II...] : X x X = R Which satisfies:

i ()]l x,y ||=0if and only ifx andy are linearly dependent,
P.Kostyrko et al 10] introduced the concept off- i) %y |=]y.x |,
convergence of sequence in metric space and studiedii)|| axy |=|a | | xy], a € R,
some properties of such convergence. Since then manMV)” xy+z|< Iyl +] %z
author have been studied these subject and obtained -
various results 79,30,31,32,?] Note thatl-convergence The pair(X,|| .,.||) is called a 2- normed space.[
is an interesting generalization of statistical conveogen ~ As an example of a 2-normed space we may ke R?

being equipped with standard and Euclid 2-normRm
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are given by, sequence of strictly positive real numbers ahe- (an)
be an infinite matrix of complex numbers. We write
Ax = (Aa(X))% 1 if Aa(xX) = S5_1(an(x)) converges for
X11 X22 eachn € N. By w(2— X) we denotes the space of all
Il = abs (|22 .
21 222 sequences defined over 2-normed sp@&eﬂ | ) Now

We know that(X, Il |l ) is 2-Banach space if every we define the following sequence spaces:

Cauchy sequence X is convergent to somec X. NG A A F p, - 1o = {x: (%) € w(2—X):Ve>0,

1 p
By an ideal we mean a family c 2X of subsets a {reN: Y [fk( | A(AS), Z || )} ‘> ¢l el eachze x}
non-empty seX satisfying: " KeT,

pel Np[A AT F, p,H,.,II]={x:(xk) € w(2—-X):Ve>0,
(iHA,B el impliesAuB e | 1 Pk
(iVAcl, BC Aimpliy BE {reN: h_rk; (I Aam) -Lz) )™ > &)

While an admissible idedlof X further satisfiey € | for
eachy € X [10]. By Lacunary sequence we mean an
increasing sequend®= k; of positive integers satisfying;
ko = 0 andh, = k; —k;_; — o asr — c. We denote the
intervals, whichg determines by, = (kr—1 — k]

€| forsomeL > 0 and eaclze X},
WhereA (A) = S andax forallne N

If F(x) =X, we get

A sequence spack is said to be solid or normal if
(akxx) € X whenever(x,) € X and for all sequences of

scalar(ay) with |ay| < 1. NL[A,AMp, ||, | {x_ %) € W(2—X) Ve >0,
We recall that a modulugis a function from0, ) — 1 D
10,00) such that rem: = 5 [(I1Aamx.zl1 )] " > ¢}
(i)f(x) = Oif and only ifx =0, FKT
(i) F(x+y) < F(x) + f(y) forall x>0, y>0, eleachzex},
(iii) f is increasing,
(iv) f is continuous from right at 0.
It follows from (i) and(iv) that (f) must be continuous Nj[A AM, p, ||, S = {x = (%) € w(2—X) :Ve >0,
every where o0, ). For a sequence of mod#i= (fy), o
we give the following conditions. {reN: h Z [( | Ac(Ad™y) — L,z || )} > e}
rK

(V)sup fk(X) <o forallx>0
(vi)limy_o f(X) = 0, uniformly ink > 1. €| forsomeL >0 and eaclze X},

We remark that in casdy = f for all k, wheref is a
modulus, the condition$v) and (vi) are automatically
fulfilled.

If p=(px) =1forallke N

NBIA AT ... [llo = {x = (%) € (2~ X): Ve >0,

1

. {ren: = 5 [(IA@r).zll )] = €}
2 Main Results he kz )
In this article using the lacunary sequence and notion of €l eachze X}’
ideal, we aimed to introduced some new ideal convergent
sequence space by combining an infinite matrix with
respect to a modulus functid® = (fx) and study their NSIA AN F )., ||] = {x: (%) € w(2—X):Ve >0,
linear topological structures. Also we give some relations
related to these sequence spaces. {r eEN: = [( | AATx) — L,z || )} > s}

hr KeTy 7 B

Let | be an admissible idedr; = (fx) be a sequence

of moduli,(x, Il ) be 2-normed space = (px) be a € for somel. >0 and eaclz € X}
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The following inequality will be used throughout the and
paper. Letp = (px) be a positive sequence of real numbers

with 0 < py < suppx =G, D = max(l, 2G—1)_ Then for Ng[AAT,p,1I,- I, 4o € N[A AL F,p. |-, 1, Zo
all ay, by € C for all k € N. We have

|a + b P < D(Jay| P+ |by| ™) (1) Proof. Letx € Nj[A,AM, p, |, ||, 2, then for somé. >
0 and for eaclz € X

Theorem 2.1.Let F = (fx) be a sequence of modulus {r EN: 1 Z {fk( | A AT — L), ]| )} Pk > a}

functions,p = (px) is bounded ther\y[A, AT F, p, ||, ., |I] he &
and Nj[AAMF,p,|,..|[]o are linear space over the
complex fieldC. Now lete > 0, and we choose @ & < 1 such that for

everyt with 0 <t < 8, we havefy(t) < ¢ for all k. Now
Proof. We shall give the proof only for by usinglLemma (1), we get
NSIA AN F,p,|,..|[lo and other can be proved by the

same technique. Leky € NS[A AMF,p,|,.|lo and
a,B € C, there exisMq andNg such thaja| < My and 1 m Pk
IB| < Ng. Since [|,.,|| is 2-norm andF = (fy) is a {r e h_rk; {fk(HAk(ASXk_L)’Z”)} Ze}
modulus function for alk from equation (1),the following ' 1
inequality holds: — {r eN: = (hy.maxen ")) > s}
T
u{r eN: hi(max{ (2h(1)8 1", (2f(1)5 )"
1 T
— f Al (axe+ z Pk
2, L Aaxc By 2| )" <3 [(Iadars-u .21 )" > ¢}
kel
1 .
Ma = [( | AD™), z | )] T'hls'; completes the proof. The other case can be proved
& similarly.
1 Px _ :
+D-(NB)Hh_ Z {fk( | AL (Byi), z | )} _Theorefrz)Z.B.Let F = (fx) be a sequence of moduli.
rKe If lim¢sup~~ = n > 0 for all k then
On the other hand from the above inequality we get.
N(I-)[Aﬂéna p, Ha-v ”72]0 = NI@[AvAgnv F, P, Ha'v ”72]0
1 m Pk
= >
{reveg 3 [n(lIAdRaxcpy).zl )" ¢} and
No[A,AS.p. |- Il.2 = Ng[A AT F.p. |l |2
1 Pk gL ™Es s Mol ] QLY Es s Mol
:D. HZ m >
c{reN:D.Ma)" ¢ > [ A 2] )] ™ > €}
1 Px Proof. In Theorem 2.2, it is shown that,
o{ren:D. N = 5 [l I Adaly.z) )| = ¢} | )
" kelr NG[A’A;nv Fv P, Ha'v ”72] - NG[AvAgnv P, Ha'v ”72]
we must show that
Two sets on the right side belongs t¢ so this N'Q[A,Ag“, - ,24 C N'Q[A,AQ‘,F, o, l,.|l,Z For any
completes the proof. modulus function there exist a positive lint> 0 and
x € Ny[A AN F p,[,..Z. Since B > 0 for every

Lemma 1. Let f be a modulus function ,and let fk()>|3t for all k. Hence
0<9d < 1. 1Then for eachx > & we have
f(x) <2f(1)0 *x[16]
1 m Pk
{revep 3 [n(IAadape-L.z) )|}

kely

>{ren:gi— 1 [(||Ak(Ag"xk—L),z||)}pkza}

hr kelr

Theorem 2.2.Let F = (f) be sequence of a moduli
and O< infypk=h < px <sup pk=H < .

No[A. AT, p, |, 11,2 < Ng[A ATLF, p, 1., ]1.2

(@© 2015 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

138 o

M. Aiyub: Some New I-Lacunary Generalized Difference...

This completes the proof.

Corollary 1. Let F, =
sequences of moduli. If

(fx) and F, = (gk) be

f
limsup—= KU oo

t Ok(t)
implies that

Nle[A,Ag17F2, P, Ha-v ”72]0 = NIQ[AvAgnaFZ P, ”7" H,Z]O
and

Ny[A, AL F1p,ll,- 1.2 = N§[A AL P2, p, |, 11,2

Theorem 2.4.Let (X,|| o ||s) and (X,H o HE) be
standard Euclid 2- normed spaces respectively then

NIG[AvdsmﬂFv P, ”7'7 HS] ﬂNI@[AaAéna F,p, H7'7 ||E]

¢ [NoAAZFp| (lis+ 11l )

Proof. We have the following inclusion.

{revin S (Rl lls+ 1+ e (APx-1).2)]™ > ¢}

kely

c{ren:p= Zl[fk(Aku (A% — )7z\|s)]pkzs}

ofrenog 5 [i(ad @b 2le )| 2 ¢}

T KT,

by using equation (1). This complete the proof.

Theorem 2.5. Let F; = (fx) and F, = (gk) be
sequences of moduli. Then

Proof. (i) Let xx € NLAAMFy,p,l,.|.2. Let
0<e<1and 0<d <1, such thatfy(t) < & for

0<t <5 Lety=oi( | AdATX 1),z ). Let

" 3 )]

where the first summation is ovw < 4 and the second
summation is overy > 8. Then & B 21 [fk(yk)} Pk < gH

and foryx > 8, we use the fact that,

Yk Yk
Yk < 6<1+(|5)

where |z denotes the integer part af From the
properties of modulus function, we have fgr> &

fl) < (14 (%)) () < 26

Hence.

fi(1)7H 1

3 L] ™ < 2257 0 3 ™

which together withg 33 [ fi(yk)] Pk < M yields.

1 pk fk(l

h— Ez fi( yk <g +max( 2 5 ) kgr fkyk
This completes the proof.
(i) Let

X« € Ny[AADFyp,ll,. .2 N
The fact is that

NIQ[AaAsmaF27 p7 ||7'7 H’Z]'

. 1 Pk

<'> o 2 [erad (I A@ix-L).2] )]

kEr

NIG[AvAgnv F1, P, ||7-a HaZ]O - NIQ[A’Agn’ Fi0F, p, ”7" H,Z]O
and 1

| m | m S h_ [fk(”AkAka L)ZH)}

Ne[AvAs ,Fl, pa Ha-v ”72] - NQ[A’AS 3F10F27 pa ”7" H,Z] r kely
(if)
1 m Pk
NS (A AT F.p. .. | Z0NING A AT Fo. . ... . 40  NA. A Fr-4 Fo.p . . 2o O Z {gk( I A(As ™~ L),z | )}
K

and gives the results
N[A AL FLp. - [, AN NG [A AL R, b, 5 11,4 € N[A AL Fa+Fo, p |, 1,2
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3 Statistical Convergent

The notion of statistical convergence of sequences was

introduced by FastH]. Later on it was studied from

sequence space and linked with summability theory by
Fridy [6], Salat 8] and many others. The notion depends > =

on the density of subsets of the $&bf natural numbers.
A subsetE of N is said to have densityd(E) if

5(E) = limpseishte(k) exist, where g is the
characteristics function d.

A complex number sequence= (xx) is said to be
statistically convergent to the numbdér if for every
£€>0, liMpse ‘K( I = 0, where |K(¢)| denotes the
number of elements in the set

g)={keN:|[x—L|>¢}.

A complex number sequence= (xi) is said to be
strongly generalized differenc& (A, A")-statistically
convergent to the numberL if for every
£ >0, limn 5 |KAAD, €)] = 0, where|[KA(AD, ¢)|
denotes the number of elements in the
KA(AM, €) = {ke I |A(AM%) — L| > e}.

The set of all strongly generalized difference
statistically convergent sequences
SN (A, AM), If m=0, A =0, thenS'(A, A reduces to
S (A), which was defined and studied by Bilgin and Altin
[1]. If Ais identity matrix, and\, = n, s=0, S (A, A
reduces toS' (A™) which was defined by Et and Nuray
[3]. If m=0, s=0 andA, = nthenS'(A,AM reduces to
Sa, Which was defined by EsP]. If m=0, s=0andAis
identity matrix and A, = n, strongly generalized
difference S' (A, A" -statistically convergent sequences
reduces to ordinary statistically convergent sequences.

Theorem 3.1Let F = (fy) be a sequence of modulus
functions. Then

Ny A, AT F,p, ||, |I,2 € S\ (A,AD)

Proof. Letx € Ny[A, AT F, p,||,.,|,2, then

1

v 3 (AL 2] )"

elr

is denoted b%here

v
| =

o | AAros L),z )] ™

>

" kel || Ac(AT% L),z >S

v
| J| -

{fk(f)} "

" kel ||A(Af%-L).Z|>S

min(fk(e)h, fk(e)H)

P ket a2l

> minf(e)". fu(e)") %|KA<A;",5>|

Hencex € S (A, AD)

Theorem 3.2Let F = (fx) be a sequence of modulus
functions. Then

NIG[Avdgnv Fp, Hﬂ'v ”72] = S)\(A,Agn)

Proof. By Theorem 3.1, it is sufficient to show that

set

Ny[A A F,p.|l,..[.2 D S (A AD).

Let x, € S (A, A). SinceF = (fi) is bounded so that
exist an integer K > 0, such that
fk( | AdATx— L),z ) < K. Then for givere > 0, we
have

1

rkEr

[l Adamse— L.z )] ™
L [

“he ke,nAk(Ang_L%KS[fk( | Ak(A%— L),z | )}

L Pk

hr ke,hAk(Ang_L%DS[fk( | A(AM — L),z | )}

1
< max(fk(e)h, fk(S)H) + KHh—r|KA(A_2", €)]

Taking limit as ¢ — 0 and n — oo, it follows that

xe N§[AADF,p,|,..[,2
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