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Abstract: Many scientists have studied and improved the soft set yhadnich is initiated by Molodtsov33] and easily applied to
many problems having uncertainties from social life. Thémpairpose of our paper, is to introduce new soft separati@nas based
on the b-open soft sets which are more general than of the sgfeisets. We show that, the properties of soff{spaceqi = 1,2)
are soft topological properties under the bijection anelsiofute open soft mapping. Also, the property of being seoéidular and soft
b-normal are soft topological properties under bijectiorgsolute soft and irresolute open soft functions. Furthee show that the
properties of being soft Bi-spacesi = 1,2, 3,4) are hereditary properties.

Keywords: Soft set, Soft topological space, Soft interior, Soft clespen soft, Closed soft, Soft b- separation axioms, St b
spacegi = 1,2, 3,4), Soft b-regular, Soft b-normal, b-irresolute soft funosplrresolute b-open soft functions.

1 Introduction class of special information systems. In recent years,
many interesting applications of soft set theory have been
In real life situation, the problems in economics, expanded by embedding the ideas of fuzzy s415,9, 16,
engineering, social sciences, medical science etc. do n&5,29,30,31,32,34,35,47]. To develop soft set theory, the
always involve crisp data. So, we cannot successfully us@perations of the soft sets are redefined and a uni-int
the traditional classical methods because of various typedecision making method was constructed by using these
of uncertainties presented in these problems. To exceedew operationsl0].
these uncertainties, some kinds of theories were giverRecently, in 2011, Shabir and Na&{] initiated the study
like theory of fuzzy set, intuitionistic fuzzy set, rougit,se of soft topological spaces. They defined soft topology as a
bipolar fuzzy set, i.e. which we can use as mathematicatollection 1 of soft sets overX. Consequently, they
tools for dealings with uncertainties. But, all these defined basic notions of soft topological spaces such as
theories have their inherent difficulties. The reason foropen soft and closed soft sets, soft subspace, soft closure,
these difficulties Molodtsov3d initiated the concept of soft nbd of a point, soft separation axioms, soft regular
soft set theory as a new mathematical tool for dealingspaces and soft normal spaces and established their
with uncertainties which is free from the above several properties. Min i3] investigate some properties
difficulties. In [33,34], Molodtsov successfully applied of these soft separation axioms. I&7], Kandil et al.
the soft theory in several directions, such as smoothnesitroduced some soft operations such as semi open soft,
of functions, game theory, operations research, Riemanpre open soft, a-open soft and 3-open soft and
integration, Perron integration, probability, theory of investigated their properties in detail. Kandil et &4]
measurement, and so on. After presentation of thentroduced the notion of soft semi separation axioms. In
operations of soft sets 3]], the properties and particular they study the properties of the soft semi
applications of soft set theory have been studiedregular spaces and soft semi normal spaces. The notion of
increasingly 6,27,34]. Xiao et al.i44] and Pei and Miao  soft ideal was initiated for the first time by Kandil et
[37] discussed the relationship between soft sets andl.[20]. They also introduced the concept of soft local
information systems. They showed that soft sets are dunction. These concepts are discussed with a view to find
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new soft topologies from the original one, called soft Fa={F(e):ec ACE, F:A— P(X)}. The family of all

topological spaces with soft ideal (X,1,E,I).

these soft sets ovét denoted bySS(X)a.

Applications to various fields were further investigated by pefinition 2.2[31] Let Fa, Gg € SS(X)e. ThenFa is soft

Kandil et al. [L8,19,21,22,23,26]. The notion of supra
soft topological spaces was initiated for the first time by
El-sheikh and Abd El-latif 13]. They also introduced

subset 0fGg, denoted byFACGeg, if

(1)AC B, and

new different types of subsets of supra soft topological(2)F (€) € G(e), Ve A,
spaces and study the relations between them in detail. Thﬁ1 this caseFa is said to be a soft subset 6& andGg is

notion of b-open soft sets was initiated for the first time
by El-sheikh and Abd El-latif12], which is extended by

Abd El-latif et al. in [1]. Maji et al. [29 initiated the
study involving both fuzzy sets and soft sets. 8} the

said to be a soft supersetBf, Gz OFa.

Definition 2.3[31] Two soft subsetFy and Gg over a
common universe s are said to be soft equally is a

notion of fuzzy soft set was introduced as a fuzzy SOft subset 0Gg andGg is a soft subset dfa.
generalization of soft sets and some basic properties obefinition 2.4[6] The complement of a soft séF,A),
fuzzy soft sets are discussed in detail. Then, manydenoted by (F,A)¢, is defined by (F,A)° = (F¢A),

scientists such as X. Yang et akq, improved the

F¢: A — P(X) is a mapping given b¥¢(e) = X — F(e),

concept of fuzziness of soft sets. B, [Karal and Ahmed Ve e A andF¢ is called the soft complement function of
defined the notion of a mapping on classes of fuzzy softF. Clearly,(F¢)¢ is the same aB and((F,A)¢)¢ = (F,A).

sets, which is a fundamental important in fuzzy soft setpefinition 2.5[40] The difference between two soft sets
theory, to improve this work and they studied properties (F E) and(G, E) over the common universé denoted by

of fuzzy soft images and fuzzy soft inverse images of(FjE) — (G,E) is the soft se{H,E) where for alle € E,
fuzzy soft sets. Changl]] introduced the concept of H(e) = F(e) — G(e).

fuzzy topology on a seX by axiomatizing a collectioff
of fuzzy subsets oK. Tanay et al. 41] introduced the

definition of fuzzy soft topology over a subset of the

initial universe set while Roy and Samang&¢] gave the

definition f fuzzy soft topology over the initial universe
set. Some fuzzy soft topological properties based o

Definition 2.6[40] Let (F,E) be a soft set oveX andx €
X. We say thak € (F,E) read a belongs to the soft set
(F,E) whenevek € F(e) for all e E. The soft sefF,E)
overX such thaf (e) = {x} Ve € E is called singleton soft

r1ooint and denoted bxe or (x,E).

fuzzy semi open soft sets namely, fuzzy semi open sofefinition 2.7[31] A soft set(F,A) overX is said to be a

sets, fuzzy semi closed soft sets, fuzzy semi soft interior

NULL soft set denoted by or g ifforall ec A, F(e) = ¢

fuzzy semi soft closure fuzzy semi separation axioms andnull set).
fuzzy soft semi connectedness, were introduced byDefinition 2.8[31] A soft set(F,A) overX is said to be an

Kandil et al. in [L6,25].

absolute soft set denoted Byor X, if forall ec A, F(e) =

The purpose of this paper, is to introduce the notion ofX. Clearly, we have&Xg = @ga and g = Xa.
soft b-separation axioms. In particular we study the pefinition 2.9]40] Let (F,E) be a soft set oveX andx €

properties of the soft b-regular spaces and soft b-norm
spaces. We show that ¥z is b-closed soft set for all

x € X in a soft topological spacéX, 1,E), then(X, 1,E)

is soft b-T;-space. Also, we show that if a soft topological

space(X,1,E) is soft bTz-space, ther¥ x € X, xg is

b-closed soft set. This paper, not only can form the
theoretical basis for further applications of topology on
soft sets, but also lead to the development of informatior (€) =

systems.

2 Preliminaries

Definition 2.1[33] Let X be an initial universe an# be

a set of parameters. L&(X) denote the power set of

andA be a non-empty subset &. A pair (F,A) denoted
by Fa is called a soft set oveX , whereF is a mapping
given byF : A — P(X). In other words, a soft set ove

is a parametrized family of subsets of the univexXsé-or
a particulare € A, F(e) may be considered the set &f
approximate elements of the soft $&tA) and ife & A,

thenF(e) = @i.e

. We say thak € (F,E) read as< belongs to the soft set
(F,E) whenevex € F(e) forallec E.

Definition 2.10[31] The union of two soft setéF, A) and
(G,B) over the common univers¢ is the soft setH,C),
whereC = AUB and for alle € C,

F(e), ec A—B,

G(e), ee B—A,

F(e)uG(e), ec ANB.
Definition 2.11]31] The intersection of two soft sets
(F,A) and(G,B) over the common universg is the soft
set (H,C), where C = AnB and for all e € C,
H(e) = F(e) N G(e). Note that, in order to efficiently
discuss, we consider only soft séts E) over a universe
X in which all the parameter s& are same. We denote
the family of these soft sets [85(X)e.

Definition 2.12[48] Let | be an arbitrary indexed set and
L={(K.E),i €1} be a subfamily o5 X)k.

(1)The union of L is the soft set(H,E), where
H(e) = Ui Fi(e) for each e € E . We write

Oiel(FlaE) = (HvE)
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(2)The intersection ol is the soft set(M,E), where
M(e) = Nic F(e) for eache € E . We write

ﬁiel (FlvE) = (MvE)

Definition 2.13][40] Let T be a collection of soft sets over
a universeX with a fixed set of parameteis, thent C
SS(X)g is called a soft topology oKX if

(L)X, @ € T, whereg(e) = p andX(e) = X, Vec E,
(2)the union of any number of soft setstirbelongs tor,
(3)the intersection of any two soft setsiirbelongs tor.

The triplet(X, 1,E) is called a soft topological space over
X. A soft set(F,A) overX is said to be closed soft set in
X, if its relative complemen(F, A)¢ is an open soft set.
Definition 2.14[14] Let(X,1,E) be a soft topological
space. The members ofare said to be open soft sets in
X. We denote the set of all open soft sets oXerby
OS(X,1,E), or when there can be no confusion®$(X)
and the set of all closed soft sets B8(X,1,E), or
CS(X).

Definition 2.15[4(Q Let (X,7,E) be a soft topological
space andF,E) € SS(X)e. The soft closure of F,E),
denoted bycl (F,E) is the intersection of all closed soft
super sets ofF,E) i.e

cl(F,E) A{(H,E)

(H,E) isclosed soft set and (F,E)C(H,E)}).

Definition 2.16[48 Let (X,7,E) be a soft topological
space andF,E) € SS(X)e. The soft interior of(G,E),
denoted byint(G,E) is the union of all open soft subsets
of (G,E) i.e

int(G,E) O{(H,E)

(H,E)isan opensoftsetand (H,E)C(G,E)}).

Definition 2.17[48] The soft se{F,E) € SS(X)g is called

a soft point inXg if there existx € X ande € E such that
F(e) = {x} andF (€°) = ¢ for eache” € E — {e}, and the
soft point(F, E) is denoted bye.

Definition 2.18[48] The soft pointx. is said to be
belonging to the soft seiG,A), denoted by (G, A), if
for the elemene € A, F(e) C G(e).

Theorem 2.1[42] Let (X,7,E) be a soft topological
space. A soft poinke£cl(F,E) if and only if each soft
neighborhood oke intersect§F, E).

Definition 2.19[4Q Let (X,71,E) be a soft topological
space and be a non null subset of. ThenY denotes the
soft set(Y,E) overX for whichY(e) =Y Vec E.

Definition 2.20[4Q Let (X,7,E) be a soft topological
spaceF,E) € SS(X)g andY be a non null subset of.
Then the sub soft set dF, E) overY denoted by(Fy,E),

is defined as follows:

F(e)=YNF(e) Ve E.
In other wordgFy,E) = YA(F,E).

Definition 2.21[4Q] Let (X,7,E) be a soft topological
space ant be a non null subset of. Then

v ={(~.,E): (F,E) et}

is said to be the soft relative topology ¥nand(Y, 1y, E)
is called a soft subspace OX, 7,E).

Theorem 2.2[4(] Let (Y, 1v,E) be a soft subspace of a
soft topological spacéX, 7,E) and(F, E) € SS(X)g. Then

(1)If (F,E) is an open soft set i¥ andY ¢ 1, then(F,E) €
T.
(2)(F,E) is an open soft set mr if and only if (F,E) =
A(G,E) for some(G,E)
(3)(F,E) is a closed soft set mr if and only if (F,.E) =
Ym(H E) for some(H,E) is T-closed soft set.

l

z-n-<

Definition 2.22[12 Let (X, 1,E) be a soft topological
space andF,E) € SS(X)g. Then(F E) is called a b-open
soft set if (F, E)Ccl(mt(F E))Jint(cl(F,E)). The set of
all b-open soft sets is denoted WBOS(X,1,E), or
BOS(X) and the set of all b-closed soft sets is denoted by
BCS(X, 1,E), or BCS(X).

Definition 2.23[12 Let (X, 1,E) be a soft topological
space andF,E) € SS(X)e. Then, the b-soft interior of
(F,E) is denoted bybSnt(F,E)), wherebSnt(F,E)) =
U{(G.E): (G.E)C(F,E), (G,E) € BOS(X)}.

Also, the b-soft closure of(F,E) is denoted by
bScl(F,E)), where bScl(F,E)) = N{(H,E) : (H,E) €
BCS(X), (F,E)S(H,E)}.

Definition 2.24[3] Let SS(X)a andSS(Y)g be families of
soft setsu: X — Y andp: A— B be mappings. Letfy, :
SS(X)a — SS(Y)g be a mapping. Then;

(If (F,A) € SS(X)a. Then the image off,A) underfpy,,
written asfpu(F,A) = (fpu(F), p(A)), is a soft set in

SS(Y)g such that

fpu(F)(b) =
Ukep-10)oa UF(a)),  p i(b)NA# o,
o, otherwise.

forallb e B.

(2)If (G,B) € SYY)s.
under fp,, written asf,;'(G,B) =
is a soft set irSS(X)a such that

fpijl(G)(a) — { uil(G(p(a)))a

o,
forallac A.

Then the inverse image

(fod'(G), P

p(a) € B,
otherwise.

(gGB

The soft functionfpy is called surjective ifp andu are
surjective, also is said to be injective g and u are
injective.
Definition 2.25[17,28,48]

Let (X, 11,A) and(Y, 12, B) be soft topological spaces
and fpy : SS(X)a — SS(Y)g be a function. Then, the
function fp is said to be

(1)The functionfp is said to be continuous soft (cts-soft)
if fo'(G,B) € 11V (G,B) € T2.

(2)The functionfpy is said to be open soft ifpy(G,A) €
LV (GA) € 1y.

(3)The function fp, is said to be b-irresolute soft if
foi(G,B) € BOS(X)[f,i(F,B) € BCS(X)]V (G,B) €
BOS(Y)[(F,B) € BCS(Y)].
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(6)The function fp, is said to be irresolute b-open
(closed) soft if fou(G,A) € BOS(Y)[fou(F,A) €
BCS(Y)]V (G,A) € BOS(X)[(F,A) € BCS(Y)].

Theorem 2.3[3] Let SS(X)a and SS(Y)g be families of
soft sets. For the soft functiofp, : SS(X)a — SS(Y)g,
the following statements hold,

(@)fpi' ((G,B)%) = (fol(G,B))° (G,B) € SY(Y)s.

(0) fpu( for 1((G B)))C(G,B)Y (G,B) € SS(Y)g. If fp, is
surjective then the equality holds.

(c)(F, A)Cf L(fou((F,A))Y (FA) € SS(X)a. If fpu is
|nject|ve then the equality holds.

(d)fpu( )CY If fouis surjectlve then the equality holds.

©fpi(Y) =X and fou(gn) = .

(HIf (F AC(G,A), thenfpy(F,A)

(g)lf 3 (F,B)<(G, B :

o (F.B)C Tt (G,B) ¥ (F.B),

(h)f [(F, B)U(G,B)
fpu [(F.B)(G,B

v (F,B),(G,B) € SS(Y)g.

() fpul(F, A)O(G,A)] F
fpu[( ,A)Q(G,A)] FaA)mpr(G?A)
V (F,A),(G,A) € SS(X)a. If fpy is injective, then the
equality holds.

=
I
—
|
-

fou(F,A)Ofpu(G,A) and

~ Foul

3 Soft b-separation axioms

Definition 3.1. Let (X,7,E) be a soft topological space
andx,y € X such tha #y. Then,(X, 7, E) is called a soft
b-To-space if there exist b-open soft sgESE) and (G, E)
such that eithex € (F,E) andy ¢ (F.E) ory € (G,E) and
x¢& (G,E).

Proposition 3.1.Let (X, 1,E) be a soft topological space
andx,y € X such thak # y. If there exist b-open soft sets
(F,E) and (G,E) such that eitherx € (F,E) and
ye (F,E)¢orye (G,E) andx € (G,E)®. Then,(X,1,E)

is soft b-To-spaceProof. Let x,y € X such thaix # y. Let
(F,E) and (G,E) be b-open soft sets such that either
x€ (F,E)andy € (F,E)°ory € (G,E) andx € (G,E)°. If

x € (F,E) andy € (F,E)¢. Theny € (F(e))¢ forall ec E,
This implies that,y ¢ F(e) for all e € E. Therefore,
y & (F.E). Similarly, if y € (G,E) andx € (G,E)®, then
x ¢ (G,E). Hence(X,1,E) is soft b-To-space.

Theorem 3.1.A soft subspaceY, ty,E) of a soft bT,-
spaceg X, 1,E) is soft bTo.

Proof. Let X,y € Y such thatx # y. Thenx,y € X such
thatx # y. Hence, there exist b-open soft séfSE) and
(G,E) in X such that eithex < (F,E) andy ¢ (F,E) or
Y€ (G,E) andx ¢ (G,E). Sincex€Y. Thenx € Y. Hence,
xer(F E) = (~,E), (F,E) is b-open soft set. Consider
y ¢ (F,E), This implies thaty ¢ F(e) for somee ¢ E.
Thereforey ¢ YA(F,E) = (v, E). Similarly, ify € (G,E)
andx ¢ (G,E), theny € (Gy,E) andx ¢ (Gy,E). Thus,
(Y, v, E) is soft bT,

Definition 3.2. Let (X,7,E) be a soft topological space
andx,y € X such thatx #y. Then,(X,1,E) is called a
soft b-T;-space if there exist b-open soft s¢iSE) and
(G,E) such thaix € (F,E) andy ¢ (F,E) andy € (G,E)
andx ¢ (G,E).

Proposition 3.2.Let (X, 1,E) be a soft topological space
andx,y € X such thak # y. If there exist b-open soft sets
(F,E) and(G,E) such tha € (F,E) andy € (F,E)¢ and

y € (G,E) and x € (G,E)°. Then (X,7,E) is soft
b-T;-space.

Proof. Itis similar to the proof of Proposition 3.1.

Theorem 3.2.A soft subspacéY, tv,E) of a soft bT;-
spaceg X, 1,E) is soft bT;.

Proof. It is similar to the proof of Theorer8.

Theorem 3.3Let (X, T,E) be a soft topological space. If
xg is b-closed soft set im for all x € X, then(X, 1,E) is
soft b-T;-space.

Proof. Suppose that € X andxg is b-closed soft set in
T. Thenxg is b-open soft set ir. Letx,y € X such that
x#y. Forx e X andxg is b-open soft set such thatZ x¢
andy € x¢. Similarly y¢ is b-open soft set i such that
y € yg andx € yg. Thus,(X, 1,E) is soft b-T;-space over
X.

Definition 3.3. Let (X, 7,E) be a soft topological space
andx,y € X such thak #y. Then(X, 1,E) is called a soft
b-Hausdorff space or soft B-space if there exist b-open
soft setsF,E) and(G, E) such thak € (F,E), y € (G,E)
and(F,E)"\(G,E) = ¢.

Theorem 3.4.For a soft topological spacgX,7,E) we
have:
soft b-T,-space=- soft b-T;-space=- soft b-T,-space.
Proof.

(1)Let(X,1,E) be a soft bf,-space and,y € X such that
X # Y. Then, there exist b-open soft sd€fs E) and
(G,E) such that x € (F.E), y € (GE) and
(F,E)A(G,E) = ¢. Since (F,E)"(G,E) = ¢@. Then,

,E), y & (F,E). Therefore, there exist b-open

ts(F,E) and (G,E) such thatx € (F,E) and

y & (FE) and y € (G,E) and x ¢ (G,E). Thus,
(X,1,E) is soft bT;-space.

(2)Let (X, 1,E) be a soft bT;-space and,y € X such that
X # Y. Then, there exist b-open soft sd€fs E) and
(G,E) such thatx € (F,E) andy ¢ (F,E) and
y € (G,E) andx ¢ (G,E). Obviously then we have,
eitherx € (F,E) andy ¢ (F,.E) ory € (G,E) and
x ¢ (G,E). Thus,(X, 1,E) is soft b-T,-space.

Remark 3.1. The converse of Theorem 3.4 is not true in
general, as shown in the following examples.

Examples 3.1.

(DLet X = _{ab}, E = {e,e} and
T = {X,0,(F,E),(FR,E),(FE)} where
(F1,E), (F2,E), (F3,E) are soft sets ovex defined as
follows:
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Fi(e1) =X, Fui(e) ={b},
F(e1) ={a}, F(e)=X,
Fa(e1) ={a}, Fs(ex)={b}.

Then, 1 defines a soft topology oK. Also, (X, 1,E)
is soft b-T;-space, but it is not a soft B-space, for
a,b € X anda # b, but there is no b-open soft sets
(F,E) and(G,E) such that € (F,E), b € (G,E) and
(F.E)A(G.E) = ¢. .

(2)Let X = {a,b}, E = {e1,&0} and 1 = {X, ¢, (F1,E)}
where(Fy,E) is soft set oveX defined as follows by
Fi(er) =X, Fui(e) = {b}.

Thent defines a soft topology oM. Also (X, T,E) is
soft b-To-space but not a soft Br-space, since,b €
X, a# b, but all the b-open soft sets which contains
also contain$.

Theorem 3.5 A soft subspace(Y,1v,E) of a soft
b-T,-space X, 1,E) is soft b-T,.

Proof. Let X,y € Y such thatx # y. Thenx,y € X such
thatx # y. Hence, there exist b-open soft sésE) and
(G,E) in X such thatx € (F,E), y € (G,E) and
(F,E)"(G,E) = o. It follows that,x € F (e), y € G(e) and
F(eenG(e) = ¢ for all e € E. This implies that,
xeYNF(e),yecYNG(e) andF(e)NG(e) = ¢ for all

e € E. Thus, x e YNQ(FE) (Fv,E),

y € YO(G,E) = (Gv,E) and(R~,E)"(Gy,E) = @, where
(Fv,E),(Gy,E) are b-open soft sets ilY. Therefore,
(Y, v, E) is soft b-T,-space.

Definition 3.4. Let (X, 1,E) be a soft topological space,
(G,E) be a b-closed soft set iX andx € X such that
x & (G,E). If there exist b-open soft setd,E) and
(F2,E) such that x € (F,E), (G,E)C(F,E) and
(F1,E)A(F,E) = ¢, then (X,T,E) is called a soft
b-regular space. A soft b-regul@f-space is called a soft
b-T3-space.

Proposition 3.3.Let (X, 7,E) be a soft topological space,
(G,E) be a b-closed soft set iX andx € X such that
x ¢ (G,E). If (X,1,E) is soft b-regular space, then there
exists a b-open_soft s¢fF,E) such thatx € (F,E) and
(F.E)(G,E) = ¢.

Proof. Obvious from Definition 3.4.

Proposition 3.4.Let (X, 7,E) be a soft topological space,
(F,E) € S§(X)g andx € X. Then:

(1)x € (F,E) if and only if xe C (F, E).
(2)If xeN(F,E) = @, thenx ¢ (F,E).

Proof. Obvious.

Theorem 3.6.Let (X, T, E) be a soft topological space and
xe X. If (X,1,E) is soft b-regular space, then:

(1)x & (F,E) if and only if xe"(F,E) = ¢ for every b-
closed soft sefF,E). .

(2)x ¢ (G,E) if and only if xeN(G,E) = ¢ for every b-
open soft sefG, E).

Proof.

(1)Let (F,E) be a b-closed soft set such tha¥ (F,E).
Since (X,1,E) is soft b-regular space. Then, by
Proposition 3.3, there exists a b-open_soft ($&{E)
such thak € (G,E) and(F,E)"(G,E) = ¢. It follows
that, xeC(G,E) from Proposition 3.4 (1). Hence,
xeN(F,E) = @. Conversely, ifxeN(F,E) = ¢, then
x & (F,E) from Proposition 3.4 (2).

(2)Let (G,E) be a b-open soft set such thaf (G,E). If
x ¢ G(e) for all e € E, then we get the proof. If
x ¢ G(ey) andx € G(ep) for someey, e € E, then
x € G°(er) andx ¢ G°(ep) for someey, e, € E. This
means thatxeN(G,E) # ¢. Hence, (G,E)¢ is b-
closed soft set such thatz (G,E)°. It follows by (1)
xeN(G,E)¢ = . This implies thatxg C(G,E) and so
x € (G,E), which is contradiction withx ¢ G(e,) for
somee; € E. ThereforexeMN(G,E) = ¢. Conversely,
if xeN(G,E) = @, then it obvious thax ¢ (G,E). This
completes the proof.

Corollary 3.1. Let (X, 1,E) be a soft topological space
andx € X. If (X,71,E) is soft b-regular space, then the
following are equivalent:

(1)(X,1,E) is soft bT;-space.

(27 x,y € X such thatx # y, there exist b-open soft sets
(F,.E) and (G,E) _such that xeC(F,E) _and
YeN(F,E) = ¢ andye C(G, E) andxeN(G,E) = .

Proof. Obvious from Theorem 3.6.

Theorem 3.7.Let (X, T,E) be a soft topological space and
x € X. Then the following are equivalent:

(1)(X, 1,E) is soft b-regular space.

(2)For every b-closed soft sefG,E) such that
xeN(G,E) = @, there exist b-open soft setf1,E)
and(F,, E) such thatg C(Fy,E), (G,E)C(F2, E) and
(FL,E)A(F2,E) = @.

Proof.

(1)= (2) Let (G,E) be a b-closed soft set such that
xeN(G,E) = @. Thenx ¢ (G,E) from Theorem 3.6
(). It follows by (1), there exist b-open soft sets
(FL,E)_ and (F,E) such that x € (F,E),
(G,E)C(R2,E) and (F1,E)"(F2,E) = ¢. This means
that, xeC(F1,E), (G,E)C (R, E) and
(F1,E)Ai(F2.E) = ¢.

(2)= (1) Let (G,E) be a b-closed soft set such that
X & (G,E). ThenxeN(G,E) = ¢ from Theorem 3.6
(2). It follows by (2), there exist b-open soft sets
(FLE)  and (R,E) such that xgC(Fi,E),
(G,E)C(R,E) and (Fi,E)(F,E) = ¢. Hence,
x € (F1,E), (G,E)E(F.E) and (F,E)(F,E) = ¢.
Thus,(X, 1,E) is soft b-regular space.

Theorem 3.8.Let (X, 7,E) be a soft topological space. If
(X,1,E) is soft bTz-space, thelv x € X, xg is b- closed
soft set.

Proof. We want to prove thakg is b-closed soft set,
which is sufficient to prove that is b-open soft set for
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ally € {x}°. Since(X, 1,E) is soft b-T3-space, then there
exist b-open soft set§F,E)y and (G,E) such that
yeC(F,E)y and xeN(F,E)y = @ and xeC(G,E) and
ye(G,E) = ¢. It follows that,Uyg{X}c(F,E)yéxg. Now,
we want to prove that XgCUyepge(F,E)y. Let
Uyepxe(F,E)y = (H,E), whereH(€) = Uye e F(e)y for
all e€ E. Sincexg (e) = {x}° for all e € E from Definition
2.6. So, for ally € {x}® ande € E, xg(e) = {X}° =
Uye{x}c{yl Uye{x}CyE(e)g Uye{x}CF(e)y = H(e).
Thus, g CUyexe(F,E)y from Definition 2.2, and so
Xg = Uyepge(F,E)y. This means thatg is b-open soft
set for ally € {x}°. Thereforexe is b-closed soft set.
Theorem 3.9.Every soft bT3-space is soft B»-space.

Proof. Let (X, 1,E) be a soft b¥s-space ana,y € X such
thatx #y. By Theorem 3.9yg is b-closed soft set and
X & ye. It follows from the soft b-regularity, there exist b-
open soft setgF;,E) and (R, E)_such thatx € (Fi,E),
yEg(Fz E) and(F,E)N 1(F2,E) =@, Thusxe (F,E), y€
yeC€ (R, E) and (Fy, E)A(F2,E) = . Therefore(X, T,E)
is soft bT,-space.

Theorem 3.10.A soft subspace€Y, ty,E) of a soft bTs-
spaceg X, 1,E) is soft bTs.

Proof. By Theorem 3.2,(Y,ty,E) is soft b-T;-space.
Now, we want to prove thatY,tv,E) is soft b-regular
space. Lety € Y and (G,E) be a b-closed soft set i
such thaty ¢ (G,E). Then, (G,E) = (Y,E)"\(F,E) for
some b-closed soft séF,E) in X from Theorem 2.2.
Hence,y ¢ (Y,E)A\(F,E). Buty € (Y,E), soy ¢ (F,E).
Since (X, 1,E) is soft b-Tz-space, so there exist b-open
soft sets(Fy,E) and (F2,E) in X such thaty € (Fy,E),
(FE)C(R.E) and (FLE)A(R.E) = ¢. Take
(G1,E) = (Y,E)A\(F1,E) and (Gy,E) = (Y,E)N (R, E),
then (Gy,E), (Gp,E) are b-open soft sets i such that
y € (GLE), (GE)X(V.E)i(RE) = (G.E) and
(G1,E)N(G2,E)C(F1,E)A(F2, E) = @. Thus,(Y, 1v,E) is
soft b-T3-space.

Definition 3.5 Let (X, 1,E) be a soft topological space,
(F.E),(G,E) be_b-closed soft sets irX such that
(F E)A(G,E) = ¢. If there _exist b-open soft set§;, E)
and (F,,E) such thatF,E)C(Fy,E), (G,E)C(F,,E) and
(F1,E)"(F,E) = @, then (X,1,E) is called a soft
b-normal space. A soft b-normaj-space is called a soft
b-T4-space.

Theorem 3.11.Let (X,7,E) be a soft topological space
andx € X. Then the following are equivalent:

(1)(X,1,E) is soft b-normal space.

(2)For every b-closed soft séF,E) and b-open soft set
(G,E) such thatF E)C(G,E), there exists a b-open
soft set (Fl,E) such that (F,E)C(Fy,E),
bscl (F1,E)E (G, E).

Proof.

(1) = (2) Let(F,E) be a b-closed soft set an@, E) be a
b-open soft set such thafF,E)C(G,E). Then

E),(G,E)° are b-closed soft sets such that
E)ﬁ(G E)¢ = ¢. It follows by (1), there exist
b-open soft sets(F;,E) and (F2,E) such that
(F.E)C(F1,E), _ (G,E)*C(R,E) and
(FLE)A(F,E) = ¢. Now, (Fi,E)C(F2,E)°, s0
bScl (F1, E)ChScl (F2, E)© = (F2,E)¢, where(G,E) is
b-open soft set. Also(F,E)°C(G,E). Hence,
bScl (F1,E)E(F2,E)°C(G,E). Thus, F,E)C(Fy,E),
bScl (Fy, E)
C(G,E).
(2) = (1) Let (Gy1,E), (Gz, E) be b-closed soft sets such
that (Gl,E) (G2,E) = @. Then (G1,E)C(Gy,E)S,
then by hypothesis, there exists a b-open soft set

(F1,E) _ such that G1,E)C(F1,E),
bScl (F,E)C(G2,E)®. So (Gg,E)C[bScl(F,E)S,
leE)g(FlaE) and [bs;l(l:lv )] (FlvE) - (p

where(F1,E) and [bScl (Fy, E)]¢ are b-open soft sets.
Thus,(X, 1,E) is soft b-normal space.

Theorem 3.12.A b-closed soft subspadg, v,E) of a
soft b-normal spacéX, 1, E) is soft b-normal.

Proof. Let (G, E), (G, E) be b-closed soft sets ¥ such
that(Gy,E)N(Gy,E) = @. Then(Gy,E) = (Y,E)N(F, E)
and (G, E) = (Y,E)"\(Fy,E) for some b-closed soft sets
(F1,E), (F2,E) in X from Theorem 2.2. Sinc& is sa
b-closed soft subset oK. Then (Gi,E),(Gy,E) are
b-closed soft sets iX such that(G;,E)"\(Gy,E) = ¢.
Hence, by soft b-normality there exist b-open soft sets
(H,E) and (Hz,E) such that (Gi,E)C(Hy,E),
(G2,E)C(H2,E) and (Hi,E)A(Hz,E) = ¢. Since
(GLE), (Go,E)C(Y,E), then(Gy, E)C.(V,E)
A(H.E), (G, E)E(Y,E)i(Ha.E) and
(Y. E)AA(HL, E)JA[(Y.E)A(Ho, E)] = @, where(Y, E)
(Hl, ) and (Y,E)N\(H2,E) are b-open soft sets iM.
Therefore(Y, v, E) is a soft b-normal space.
Theorem 3.13Let (X, 7, E) be a soft topological space. If
(X,1,E) is soft b-normal space ang is b-closed soft set
in T for all x € X, then(X, 1,E) is soft b-Ts-space.
Proof. Sincexg is b-closed soft set for ak ¢ X, then
(X,1,E) is soft b-T;-space from Theorem 3.3. Also
(X,1,E) is soft b-regular space from Theorem 3.7 and
Definition 3.5. Hence(X, 7, E) is soft bTz-space.

4 Irresolute b-open soft functions

Theorem 4.1. Let (X,11,A) and (Y,12,B) be soft
topological spaces anfh, : SS(X)a — SS(Y)g be a soft
function which is bijective and irresolute b-open soft. If
(X,11,A) is soft b-T,-space, thertY, 12,B) is also a soft
b-To-space.

Proof. Let y1,y» € Y such thaty; # y». Since fy, is
surjective, thendxi,x; € X such thatu(xy) = v,
u(x2) = y2 andxy # Xo. By hypothesis, there exist b-open
soft setgF,A) and(G,A) in X such that eithex; € (F,A)
andxz ¢ (F,A), orxz € (G,A) andx; ¢ (G,A). So, either
X1 € Fa(e) andx; € Fa(e) or xo € Ga(e) andx; ¢ Ga(e)
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for all e € A This implies that,
y1 = U(x1) € u[Fa(e)] and y, = u(x) ¢ u[Fa(e)] or
Y2 = U(X2) € U[Ga(e)] andy; = u(x1) & u[Ga(e)] for all
e € A Hence, eithey, € fpu(F,A) andy, & fpu(F,A) or
Y2 € fpu(G,A) andy; & fpu(G,A). Sincefp, is irresolute

b-open soft function, theffi,u(F,A), fou(G,A) are b-open

soft sets iny. Hence(Y, 12, B) is also a soft bF,-space.

Theorem 4.2 Let (X,71,A) and (Y,72,B) be soft
topological spaces an, : SS(X)a — SS(Y)g be a soft

either

Proof. Since(X, 11, A) is soft bTz-space, theX, 11,A) is
soft b-regulafT;-space. It follows that(Y, 12, B) is also a

soft b-T;-space from Theorem 4.2 and soft b-regular space

from Theorem 4.4. HencdY, 1,,B) is also a soft bFs-
space.

Theorem 4.6. Let (X,13,A) and (Y,12,B) be soft
topological spaces anth, : SS(X)a — SS(Y)g be a soft
function which is bijective, b-irresolute soft and irrest
b-open soft. If (X, 11,A) is soft b-normal space, then

function which is bijective and irresolute b-open soft. If (Y, 1, B) is also a soft b-normal space.
(X, 71,A) is soft bTy-space, therY, 12,B) is also a soft  proof, Let (F,B),(G,B) be b-closed soft sets M such

b-T;-space.
Proof. It is similar to the proof of Theorem 4.Theorem

that (F,B)\(G,B) = @. Since fp, is b-irresolute soft,
then f,;(F,B) and f,(G,B) are b-closed soft set iX

4.3.Let (X,11,A) and(Y, T2, B) be soft topological spaces such that f,!(F,B)"f,(G,B) = fu![(F,B)(G,B)] =

and fpy : SS(X)a — SS(Y)g be a soft function which is

bijective and irresolute b-open soft. (X, 71,A) is soft b-
T,-space, theiY, 12, B) is also a soft bF-space.

Proof. y1,y> € Y such that, # y,. Sincefy, is surjective,
then 3xq,x2 € X such thatu(x;) = y1, u(X2) = y2 and
X1 # X2. By hypothesis, there exist b-open soft sgtsA)
and (G,A) in X such thatx; € (F,A), X2 € (G,A) and
(F,A)N(G,A) = . So x1 € Fa(e), x2 € Ga(e) and
Fa(e)NGa(e) = ¢ for all e € A This implies that,
y1 =U(X1) € U[Fa(e)], Y2 = u(x2) € u[Ga(e)] forallec A.
Hence, y1 € fw(FA), Yy € fpu(G,AN) agd
fpu(F, AN fpu(G, A) = fpu[(F,A)N(G,A)] = fpulgn] = ¢

foil@] = @n from Theorem 2.3. By hypothesis, there
exist irresolute b-open soft set&,A) and (H,A) in X

such that f,'(F,B)C(K,A), ful(G,B)C(H,A) and
(F,A)RH,A) On. It follows that,
(F,B) foul fput (F, B)]S fpu(K, A)

(G,B) = fpu[fpit(G,B)]C fpu(H,A) from Theorem 2.3
and  fu(K,ANfpu(HA) = fu[(K.AAHA)] =

fpul@a] = @ from Theorem 2.3. Sincéy, is irresolute
b-open soft function. Thenfy(K,A), fpu(H,A) are
b-open soft sets ir¥. Thus, (Y,12,B) is also a soft
b-normal space.

from Theorem 2.3. Sincep, is irresolute b-open soft Corollary 4.1. Let (X,71,A) and (Y,7,B) be soft
function, thenfpu(F,A), fou(G,A) are b-open soft sets in topological spaces anth, : SS(X)a — SS(Y)g be a soft

Y. Thus,(Y, 12, B) is also a soft bF,-space.

Theorem 4.4. Let (X,13,A) and (Y,12,B) be soft
topological spaces an}, : SS(X)a — SS(Y)g be a soft
function which is bijective, b-irresolute soft and irrest

b-open soft. If (X,11,A) is soft b-regular space, then

(Y, 12,B) is also a soft b-regular space.
Proof. Let (G,B) be a b-closed soft set ivf andy € Y

function which is bijective, b-irresolute soft and irrest
b-open soft. If(X, 11,A) is soft b-Ts-space, theitY, 12, B)
is also a soft bls-space.

Proof. It is obvious from Theorem 4.2 and Theorem 4.6.

5 Conclusion

such thaty ¢ (G,B). Since fp, is surjective and

b-irresolute soft, therdx € X such thatu(x) =y and  Recently, many scientists have studied the soft set theory,

flgul(G, B) is b-closed soft set inX such that whichis initiated by Molodtsov33] and easily applied to

X ¢ faul(G7 B). By hypothesis, there exist b-open soft sets Many problems having uncertainties from social life. In the

(F,A) and (H,A) in X such that x € (FA), present work, we introduce the notion of soft b-separation

fp—ul(Q B)C(H,A) and (F,A)A(H,A) = g It follows axioms. In particular we study the properties of the soft

that, x € Fa(e) for al e € A and _b-regular spaces and soft b-norma_l spaces. We sh_ow that,
B i = if xg is b-closed soft set for ak € X in a soft topological

(G.B) = foulfp(G,B)I< fpu(H,A) from Theorem 2.3. space(X, 1,E), then(X, 1,E) is soft b-T;-space. Also, we

So, = u(x) € u[Fa(e)] for all e € A and P i ey 1-Space. '

Y show that if a soft topological spade,1,E) is soft b-
(G,B)Cfpu(H,A). Hence, y € fn(FA) and Ts-space, thev x € X, xg is b-closed soft set. Also, we
(G, B)ng“(H’A) - . and  ghow that the property of being h-spaces(i = 1,2) is
Fpu(F, A fpu(H, A) = foul(F,A)N(H, A)] = foulgal = @ soft topological property under a bijection and irresolute
from Theorem 2.3. Sincdp, is irresolute b-open soft |, gnen soft mapping. Further, the properties of being soft
function. Then, fpu(F, A), fou(H,A) are b-open soft sets 1, reqular and soft b-normal are soft topological propertie
in Y. Thus, (Y,12,B) is also a soft b-regular space. ynder a bijection, b-irresolute soft and irresolute b-open
Theorem 4.5. Let (X,1,A) and (Y,12,B) be soft  goft functions. Finally, we show that the property of being
topological spaces an, : SS(X)a — SS(Y)g be a soft  b-Ti-spacesi = 1,2,3,4) is a hereditary property. We hope
function which is bijective, b-irresolute soft and irres@  that, the results in this paper will help researcher enhance
b-open soft. If(X, 11,A) is soft b-Ts-space, theitY, 12, B) and promote the further study on soft topology to carry out
is also a soft bfs-space. a general framework for their applications in practicad lif
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