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Abstract: Integrals involving a variety of special functions have eeveloped by many authors. Also many interesting integral
formulas associated with the Bessel function of the firstKimve been established. Very recently, Agarwal et al. ptedetwo
interesting integrals involving the Bessel function of finst kind, which are expressed in terms of generalized (W)igypergeometric
functions. In a similar way, in this paper, we establish twotaer new interesting integral formulas involving the gietized Bessel
functions, which are also expressed in terms of genera{l&iyht) hypergeometric functions. Further, some spemaks of our main
results are also considered.

Keywords: Gamma function, Hypergeometric functigfrq, Generalized (Wright) hypergeometric functiogi$, Bessel functions,
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1 Introduction we considerc = —1 andb = 1 in (1.1) thenw®.(2)
reduces to the modified Bessel function of purely
Integrals involving a variety of special functions have imaginary argumert, (z). Similarly, if we considec = 1
been developed by many authors (s@e[[10], [11], [15], andb=2in (1.1) thenw‘"jyc(z) reduces to%, while, if
see also§] and [14]). A nu'mber of integrals involving the' we considet = —1 andb — 2 thenw? (2) becomes
product of Bessel functions play an important role in ! VT
several diverse field of physics, such as in neutronsAlso, W) .(2) can be reduces in terms of cosine and sine
physics, palasma physics and radio physics etc. In théunctions as follows (se€lp]):
present paper, we present two new generalized integral
formulas involving the generalized Bessel functions,
which are expressed in terms of the generalized (Wright)
hypergeometric functions. Further, some interesting
special cases of our main results are also considered.

(i) On settingv = —g and replacing by ¢? in (1.1), we

NRCE (g)g coxz (1.2)

A useful generalizatiomt (2) of the Bessel function T2 z v

of the first kind is defined foe € C\{0} andb,c,v € C il On settingv = — P and replacina by —c2 in (1.1
with O(v) > —1 as follows (seeq]): ( )we get g 2 pracing by (3.1,
0 _~\k 2)V+2k b
W (2) = (=0 (& , 1.1 2\ 2 coshcz
vel? k;) KT (v+k+150) (1) V‘}ig, 2= (E) Vi (1.3)
whereC denotes the set of complex numbergz) is the il On settingv = 1 — 2 and replacina by ¢2 in (1.1
familiar Gamma function andf) .(0) = 0. ( )we get g 2 pacing by (&1,
b
If we considerc = b =1 in (1.1) thenw(2) W, (2= <E> * sincz (1.4)
becomes the Bessel function of the first kiydz) and if -3¢ z) Vm
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(iv) Onsettingyv =1— g and replacing by —c? in (1.1),
we get

b,
Wy o) = (3>2 ez (15

z) Vm

The generalization of the generalized hypergeometric=2, v

seriespFg (1.9) is due to Fox1] and Wright (], [4], [5])

who studied the asymptotic expansion of the generalized

(Wright) hypergeometric function defined by (se@ |
p.21])

r(aj+AjK)

*
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r (Bj+BjKk)
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[ (ag, A7) e, (ap, Ap); }
z (1.6)

(B1.B1), s (By,Bq)i
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3
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where the coefficientsA,---,Ap and By,---,By are
positive real numbers such that

q p
1+ZBJ— Aj>0 a.7)
=1 =1
A special case of (1.6) is
p
(a1, 1), ..y (ap,1); Elr(n’l) ag, e ap;
SRRSO < R I
(B151), wes (Bg, 1) D F(Bj) Bl s Ba;

where pFq is the generalized hypergeometric series

defined by (seeq, section 1.5])

O], ey ap
pFg [ Z} =
B v Bq:

(ap)n--(apn 2 _ g BB
Zo Bun-(Bgn = pFg(aq, . ap; By, Bg; 2, (1.9)

Mg

where(A )y, is called the Pochhammer’s symba].[

For our present investigation, the following interesting

and useful result due to Lavoie and Trotti@2] will be
required

/le“* @-x%P1(1- 2)2”71 (1—5)B71dx: (§>2u [la) T(B)

0 3 ra+p)’ (.20

(O(a) > 0andd(B) > 0)

2 Main results

Two generalized integral formulas which have been

Proof. In order to derive (2.1), we denote the left-hand side
of (2.1) byl, express:ing/v\'jvC as a series with the help of
(1.1) and then interchanging the order of integral sign and
summation, which is verified by uniform convergence of
the involved series under the given conditions, we get

o ok v+2k 1 _ -
(-9 v/2) / xp+ﬂ—1(17x)2(p+v+2k)—1<17§>Z(P+U) 1<17§>P+V+2k L
by Jo 3 4

(22)

Now using the result (1.10) in (2.2), we get

2(p+0) @ _P K
SO LT S S
3 2 Eorw+ L r@eerorviag K

which upon using (1.6), yields (2.1). This completes the
proof of Theorem 2.1.

Theorem 2.2. The following integral formula holds true:
For p, o, v, b, ce C with O(p+ o) >0, O(v) >
—(5b), O(p+v) >0andx >0,

/lepfl (1-x2Pr) =1 (1 %)Zp’l(k 2)“04 W (w(l— %)2> dx

2(p+v) (p+v,2);
:(2) (3)'reronw| —% » 24
(v+332.1), (2p+0+v,2);

Proof. It is easy to see that a similar argument as in the
proof of Theorem 2.1 will establish the integral formula
(2.4).

Next we consider other variations of Theorems 2.1
and 2.2. In fact, we establish some integral formulas for
the generalized Bessel function?(z) expressed in
terms of the generalized hypergeometric functiéq

Corollary 2.1. Let the conditions of Theorem 2.1 be
satisfied angp + o, p+v € C\Z,. Then the following
integral formula holds true:

foret e (1 )T 1 P e (v (1 )02

2(p+0)
:(E> (%)V - r(p+0)r(p+v)

3 vi LBy repiotv)

CORNCS
xoF3 ) . —% . (2.5)
(v+1§§’). ( p+a+v)A <p+a+v+ )

established in this section, are expressed in terms of
generalized Wright hypergeometric function with suitable Corollary 2.2. Let the conditions of Theorem 2.2 be

arguments in the integrands.

Theorem 2.1. The following integral formula holds true:

For p, g, v, b, ce C with O(p +0) >0, O(v) >

—(4b), O(p+v) >0andx >0,

[t e (1 P 2 (e D)

(p+Vv,2); o?

_ (g)z(wa) (%)vr(era)le ) 21

(v+ LJZLb.l). (2p+0+v.2),

satisfied angp + o, p+v € C\Z,. Then the following
integral formula holds true:

fe a2 (P (1 )°)

:(g>2<f’+”<g)v r(p+0)r(p+v)
3 2 rv+EB)reprotv)
(5) (o) .

*2f3 b 2p+0+v o4Vl 81 |’ @8
(v+252). (7). (B52)
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Proof. In order to proof (2.5), using the results Corollary 4. The following integral formula holds true:

(Mn =25 and(A)zn = 22"(3)n(252)n  (n€No),in  Forp, g, be Cwith O(p) > 5, 0(p+0)>0,002p+

(2.3) and summing the given series with the help of (1.9),0) > % andx >0,
we easily arrive at right-hand side of (2.5). This
completes the proof of Corollary 2.1. Similarly, itis easy ~ [# 8 1@ 2o 2 (1 521 (1 527 Leon(ay(1 %)) o
to see that a similar argument as in proof of Corollary 2.1
will establish the Corollary 2.2. 2120 (P-8.2 202
:ﬁr(é) r(p+0)1% —- |- (34)

81
(3.1, @+0-5.2);

Remark 1. Settingb =c=1 in (2.1), (2.4), (2.5) and
(2.6) and adjusting the parameters, we easily get
equations (2.1), (2.3), (2.6) and (2.7) which are knownThe above two corollaries can be established with the
integral formulas involving Bessel functiond,(z) of help of Theorems 2.1 and 2.2 by setting= —g, cis
Agarwal et al. 4]. Further, on settingp=1 andc= -1  replacing by—c? and then using (1.3).
in (2.1), (2.4), (2.5) and (2.6) and adjusting the
parameters, we obtain new integral formulas involving theCorollary 5. The following integral formula holds true:
Modified Bessel functionk, (). For p, 0, b e C with O(p+0) >0, O(p) >
5-1,0(2p+0)>5-1andx>0,
/le"“”l (17x)2p’b’1 (17 g)Z(era)—l (1— E)pigilsin@y(lf ;) (1—><)2) dx
3 Special cases
2 (P*%Jrl«z): 22

:ﬁ(%)(5>2(p+ﬂ>F(p+ﬂ>14’z Nl @9)

In this section, we establish certain new integral formulas (3.1, (20+0-B+12)

for the cosine and sine functions.

Corollary 1. The following integral formula holds true: Corollary 6. The following integral formula holds true:
Forp, o, beCwith O(p) >3, O(p+0)>0,0(20+ For p, 0, beC with U(p+0) >0, Ulp) >

b b
a)>gandx>0, 5—1,020+0)>35—1andx>0,
1 poboq _ 2p—b-1 p+o-1 2
e a0 a2 E ) o) = S AR T
b1
2(p+0) (p-5.2; 22 yy (2% bt2 (P=2+120 422
—va(? Al y =vr(3)l3 r(p+0)1% - |- (36)
n(3> forens 3. @ro-20 * o (2)(3) G0 eora-§urz %

Corollary 2. The following integral formula holds true:  The above two corollaries can be established with the
Forp, g, be Cwith O(p) > g, O(p+0)>0, 0020+ help of Theorems 2.1 and 2.2 by setting= 1 — g, cis
o) > g andx > 0, replacing byc? and then using (1.4).

/%ﬂ*%*i (17X)2(P+cr)—1<1,g)zﬁ’b’1<1,;)‘7*’7’1005(0(),(1,2)2) i Corollary 7. The following integral formula holds true:
0 For p, g, b e C with O(p+ o) >0, O(p) >

032 ep b-1,0(2p+0)>8-1andx>0,

2\2p-b
:fn(é) Fp+a)y% Rusa (32)
1 b 5.
(zAl)A (2p+0 2:2)

/01Xp+071 (1x2ob1 (17 §)2<p+a)—1 (1 g)p—gflsmh(%k 2) (lfx)z) ax

The above two corollaries can be established with the J (2\2040)
help of Theorems 2.1 and 2.2 by settimg= —3, c is (3 (3) “"“”1”‘4

replacing byc? and then using (1.2).

(p-§+12;
= 4 I
(%.1). (2p+afg+1.2);

Corollary 3. The following integral formula holds true: Corollary 8. The following integral formula holds true:
Forp, o,beCwithO(p) > 5, O(p+0)>0,0(2p+ For p, o, b e C with O(p+0) >0, Op) >

b b
O—)>gandx>o, 2—1,D(2p+0')>§—1andx>0,
1 7b7 ho 1
/lepwfl (lix)zp,b,;l(li2)2(p+a)—1<17z)p—g—lcosh<w<172)(17”2) " /0 o3 1(17X)Z(P+0)71<17§>2p b 1<17 §>p+a 1smh(cxy<17§)2> o
2\ 2(p+0) (P*%Z): 2,2 v\ (2 2p—b+t2 (P*%Jrl-,Z): 422
= = . . =vr(3)(3 r( ) — |- (38)
ﬁr(3> F(p+a)1%[(% ) oy 33) ﬂ(z)(3> p+0)1% 3 e §orn ®
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The above two corollaries can be established with the [8]J. Choi, P. Agarwal, S. Mathur, and S.D. Purohit, Certain

help of Theorems 2.1 and 2.2 by setting= 1 — g, cis new integral formulas involving the generalized Bessel
replacing by—c? and then using (1.5). Egg(itdlfc))ns Bull. Korean Math. Sod1, no. 4, 995-1003

Remark 2. On settingb = ¢ = 1 in (3.1), (3.2), (3.5) and [9] J. Choi and P. Agarwal, Certain unified integrals involyi
(3.6), we see that these results reduces to the known results a product of Bessel functions of first kind, Honam

Mathematical J. (435, 667-677 (2013).
(3.2), (3.3),(3.7) and (3.8) of Agarwal et al4]. Also, we : PN
notice that fory — _g, ¢ replaced b)cz and—c2 in (2.5) [10] J. Choi and P. Agarwal, Certain unified integrals asseci

. ) ith B | functions, B Val P 13:
and (2.6) and then using (1.2) and (1.3) respectively, we 8013)_68% unctions, Boundary Value ProlZ013:95

will obtain some interesting integral formulas. Further, f [11]J. Choi, A. Hasnove, H.M. Srivastava, and M.

_ b 2 ; : ; ;
v =1-3, creplaced byc® and —c in (2.5) and (2.6) Turaev, Integral representations for Srivastava’s triple
and then using (1.4) and (1.5) respectively, we may obtain  hypergeometric functions, Taiwanese J. Math, no. 6,
some more interesting integral formulas. 2751-2762 (2011).

[12] J.L. Lavoie and G. Trottier, On the sum of certain Apjsell
series, Ganita, (190, 31-32 (1969).

[13] P. Malik, S.R. Mondal, and A. Swaminathan, Fractional
integration of generalized Bessel function of the first kind
IDETC/CIE, USA, 2011.

In the present paper, we have investigated some newl4] P. Agarwal, S. Jain, S. Agarwal, and M. Nagpal, On a new

integral formulas involving the generalized Bessel class of integrals involving Bessel functions of the firgti

function w‘"jyc(z), which are expressed in terms of Commun. Numerical Anal2014, 1-7 (2014).

generalized (Wright) hypergeometric functions. Also, it [15] Y.A.  Brychkov, Handbook of Special Functions,
2jv Derivatives, Integrals, Series and Other Formulas, CRC

: 2iy
can be easily seen thak,(2), Iv(2), Vi and VT are Press, Taylor and Francis Group, Boca Raton, London, and
special cases of the generalized Bessel funon'rbg(z). New York, 2008.

Therefore, the results presented in this paper are easily
converted in terms of various Bessel functions after some
suitable parametric replacements. Bessel functions are
associated with a wide range of problems in diverse areas
of mathematical physics, for example, neutrons physics,
plasma physics and radio physics etc. So the results
presented in this paper may be applicable in the theory of
mathematical physics.
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