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Abstract: This paper expresses integrals of the normal distributioetion and its cumulative function as a single series.&dlgi to
obtain this series, all functions are expanded using Taddes and binomial expansions resulting in nested melgpties. Then, by
applying some transformations and changing the order cfuhemations, we end up with a single series of special funstidruncation
of the series can be used to approximate the integrals. 8gdide sum of some infinite series involving Hermite polyradsn that
correspond to integrals with known closed forms, are nowaiokd.
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1 Introduction ¢ <d):

The integrals of the normal distribution function and its ; K 5
cumulative function appear in many applications such as! (& 0,d,k,x) Z/ t“exp(—dt®) er f (at +b)dt
the cumulative bivariate normal integral in statistics for 0

biometr.i_c. anq financial c_iatq, computation of bit error _ ) sign(x)d‘%‘l kil ,

probabilities in communication1[2,3], the study of =sign(x) ( ,x°d)er f(b)
transient heat conduction and diffusiofj pnd Gaussian 2 2

process modeling in  machine learning 5]f[ exp(—b?) & autlg-u-§-1 K

Unfortunately there is no closed form for such integrals. + [ y(u+ = +1,x2d)Hay(b)
However, the cumulative bivariate normal integral has A= (2u+1)! 2

different representations as infinite single series sign(x)a2“+2d‘”‘5‘% K 3

containing special functions such as incomplete Gamma-— y(u+ 5 + =, %x2d)Hzys1(b)
function and/or Hermite polynomialsl,[2,3]. In this (2u+2)! 2 2 ]}

paper, we derive a generalized form of the schemey >k~ 10orx<0kez"

proposed in 3] to evaluate some other integrals and their = 1)
related series. The main advantage of the resultant series

is their efficient computation using the recurrence
formulas of the special functions.

2 Integrals and the Proposed Scheme

12 o (i)2u+l_ L)2u+l 1
In this section, we describe a methodology that can be used — 20 sign(x) d o 'd y(u+ E,xzd)HZU(b)
to prove the following formulas (fod > 0, a®> < d and VT & (2u+1)!
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we get:
(i)2u+2_ (L 2u+2

__vd vad y(u+1,x2d)H2u+1(b)} )

(—1)" VTR (Ut v+ 1)

(2u+2) = ZOXDZO (2u+k+ 29+ 2)qivI(2u+ 1)! (v+ 3)

Proof. The integral in {) can be expressed as an infinite

2u+ldqx2u+k+2q+2b2v
series of the incomplete Gamma function and Hermite ) ;
polynomial as follows. sgn(x)“ & (—1)'a?tid-u-z-1 k )
Using Taylor series expansions of the exponential and = — 5 > u(2u+ 1) V(U+§+17X d)-
error functions, we get: L lu=0 )
I(a,b,d,k x) = (U3, 3i—bi)
X
2 © _q)¥ . © ()" where (a), = a(a +1)---(a +v—1),(a); = 1 and
— /thOQtzq ZO%(al—kb)Z”*ldt 1F1(a,[3;x)v is the confluent hypergeometric function
‘/TTZO = Eont(2n+1) given by:
o (a
Using the binomial expansion ofat+b)*™™ and 1F(a,Bix) = Z)Vf(ﬁz\)/ X!
integrating, we get: v=0 TAEV
(a,b,d,k,x) = Following a similar procedure; can be expressed as:
i o o 2n+1 (_1)n+q2n!a2n—m+1qu2n+k+2q—m+2bm - © o ( 1)U+V+q[-(2u_|_2\,_|_ 1)
VT & oo o (2n+K+29—m+2)ginimi2n — m-+ 1 2T L Oqu 0! (2u+ k+ 20+ 1) (u+V)! (2v+1)! (2u)!

Let us divide the inner summation into two summations . g2igdy2u+k+2a+1p2v+1
for even and odd values aof as f0||OWS'

1)™9g9r (2n+ 1 bsign(x)¥t1 & (—1)Uaud-u-5-3
I(a,b,d,k,Xx) = dir(2n+1) _ bign( z( ) y(u+ X+ 1,x%d)-
\/— m:O q'l' (n+1) 2 & u!
{ a2n— 2m+1X2n+k+2q 2m+2p52m 1F1(U+ 3, 2,—b2)
(2n+ K+ 2q_2m+ 2)/'(2m+ 1)I'(2n—2m+ 2) Therefore:
N a2n72mx2n+k+2q—2m+1b2m+l } «
(2n+k+2q—2m+1)F(2m+2)r (2n—2m+1) I(a,b,d,kx) — / theerf (at + b) dt = %T(,le)
2
= —=(1+12) =0
VT k o 2u+lg-u-§-1
sgn ( 1)“a2i+1d- k 2
I, can be written with the interior summation changed to = u(2ut 1) y(u+ > 1,x°d)-
start fromm = —oo (this would not change the sum since
the added terms are all zeros), then, using thelFl(u+ o1 2,—b2
transformatioru = n— mleads to: . (—1)ba?d- u-k_1 K 1
® o o (_1)n+q,—(2n+1)a2u+1qu2u+k+2q+2b2n—2u +sign(x) " y(u+§+27X d)-

I =
! qZOnZOUZO (2u+k+2g9+2)gint(2u+ 1) (2n—2u+1) 1F1(u+% %;_bZ)]
By changing the order of summation and using the

transformatiory = n — u, we get: This formula can be expressed in terms of the Hermite

polynomial and the incomplete Gamma function using the
22 (—=1)HVTA2u+ 2v) 1@t Idaxutkt2a+2pv - following relations (] p. 309, p.313),

'l:u;)qzogo (2u+k+29+2)g! (2v)! (2u+ 1)1 (u+v)!

where the inner summation counter is changed to start/tZUCOS(ZXt)eXp(—tz) dt = :—ZLF(U+%)1F1(U+%,%;—X2)
from O rather tharu since forv < 0 the terms vanish. §

Using the duplication formula of Gamma functio®](p. (—1)" 5

256) and the series expansion of the incomplete Gamma= ﬁ22u+1 exp(—x)Hau(X)

function ([6] p. 260, 262)

00

I (2x) = \/— F I (x+ 1) /t2“+1sin(2xt)exp(—t2) dt = xm (u+ 3)1F(u+ 3,3
© qu+a 1
20 '(g+a) = \/ﬁ(zszz exp(—x?)Hays1(X)
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where Hj(x) is the other standard form of the Hermite Similarly, using (g] p. 787):
polynomial given by:
X2\ (2n+2)!
iglpig ™ izl -k j—2k [Hane1 (9] < |x|exp<5> ((n+ 1))| X220
Hi(x) = (-1 Dle™ =j! ————(2x)"" '
B we get:
where s
jis even d 2z e 2 a?+?g-u k+3

. i/2
“/2]:{(1'1/1)/2 i isodd

1F(3,3,-x3) = i/sin(tZXt) exp(—t?) dt :er;((x)

y(3,%%) = /rer f (x)
Therefore,

X
I (a,b,d,k,x) = / t*exp(—dt?) er f (at +b)dt
0

. _ktl
:s'gn<x>k{s'g”(xid v et

K
y(u+ = +1,x2d)Hay(b)

eX[X—bZ) 00 a2u+1dfuf%71
i V4L (2u+1)! 2
= !
sign(x)a2+2d—u-5-3 k 3

Convergence of the above series is studied below.
I(a,b,d,k,x) = cong. + [S — S

k 2
d‘z—le‘b 00 a2u-&-1d—u k
y(u+ =+ 1,x2d) [Hou(b)|
VT (2u+1)! 2
u=0 '

k 2
_ d’?’lexq—%) ® 22U+l g2ut+lg-u

1S <

y(u+ k +1,%%d)

S| < y(u+ d) [Hauy1(b)|

VT UZO (2u+2)! 2

. exp—Z) & a?+2d-u(2u+2)!
Vi UZD 2u+2)l(u+ 1)
eX[ZX—b—zz) ©  q2u+24-u k43

2w Yt xXd)

_d @ |blexp- )

k3 o

<d 5 )

y(u+

<d™7 |p|

(k+3
aa-$t 2
d

ThereforeS; andS, converge.
Following the same procedure and using the following
upper bound for the incomplete Gamma functiéj [

X(d—a?))

y(@x) < (1+aexp(—x))

a(a+1)

it is easy to prove the other formula)(

The above integrals can be computed efficiently using
the above series representations and the recurrence
formulas of the incomplete Gamma function and the
Hermite polynomials @] p. 262, 782):

y(a+1,x) =ay(a,x) —x%e

Hut1 (X) = 2xHy (X) — 2uHy—1 (X)

Some special cases of the above integrals are listed in the

STUm & (ur) 2 appendix.
kK b2 oo a_2u+1d—u k
=d 2 1eX[X—E) %WV(U—FE—Fl,XZd) . ]
u= 2 3 Summation of Some Series
kg b2 L a2u+ld7u k )
sd 27exp(—4) Y ————VY(u+5+1,xd) _ _ . _
2" & u 2 Using the above series expressions of the integrals, the
ad—5Lexp bz) K summation of some series could be obtained. For
- 5:1? V(i +1,5(d —a?) la] <1,z < 1,s> 0, we have:
(1-%)° ,
2e_b o (§)2u+2 b
wherea? < d and we have used the following relation§]([ NG > (j+ 1 Haut1(b) =er f(b) —er f( o az)
p. 787, Bl p. 646): u=D ' 3)
x2 1 /2n
IHan (X)] < exp(—) 2% [2— — ( ﬂ @ (3)t2 a?h?
2 22n\n 22/ — 2 _
2 Zo(qul)! Hou(b) =V 1+ & exp<1+a2) 1
© U 1 . (4)
20—,Vw+r,><)=—rv(r,X—tX) — V/mhexp(b?) {erf(b)—erf( b )}
U= u (1_t) 1+a2
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2exp(s—b?) 2

(—1)UZ+1 (qurB’S) Hu(b) =

VT uZo u+1!
222
erf(b)_erf(z\/§+b)+zengiz+_f)_
{erf( S(Z2+1)+ 2?0+1 —erf(%)]}

Proof. From (1),

/ exp(—t?) erf (at +b)dt

_2exg—b%) & a2
VT & (2u42)!
Using the fact that]0]:

[ee]

— /e f(b) ;

/ exp[—(at+ﬁ)2} erf (at+b)dt= grerf

—00

leads to B).
Differentiating with respect tob and using the
following formula ([8], p. 708):

(3%, ) =— L exp( ZT ) jaj <1

uZo T Pl17a)
leads to §).

From (@) and forx > 0,

ab—Ba}
VaZta@

X
I(a,b,d,1,x) = / texp(—dt?) er f (at + b)dt
0

1
= o (1—exp(—Xd) ) erf (b)+

ul a u+1
oot 5 () (425 o

However, the closed form of this integral i8][p. 32):

X
/texp(—dtz) erf (at+b)dt =
0

—db?
- 2dvaZ+d VaZ+d

ab 1 7X2d
—erf (Tmﬂ - [e erf (ax+b)—erf (b)}

So by comparison and puttingdz = a,s = x2d, we get
(5). By taking the limit ass — o, we get 6).

[erf (x a2+d+

F (Ut 2)Hausa (b)

4 Conclusions

In this paper, a scheme of transformation of variables and
interchanging multiple series is incorporated that
successfully leads to expressing some integrals involving
the normal distribution function and its cumulative
function as a single series of special functions. Truncatio
of the obtained series can be used efficiently to evaluate
the integrals. Moreover, the summations of some infinite
series involving Hermite polynomials are obtained.

5 Appendix

In the sequel, we report some special cases for the studied
integrals.

I (a,b,d, k) :/ texp(—dt?) er f (at + b)d
0

1 k1 k+1
= - 2 J—

SA7E T (—=)erf(b)

exp(—b?) 2 (—1)Yau+id-“57 _ utk
e UZO wror (g HDH)
k>-1a’<d

I(a,b,1,0,00) — / exp(—t2)erf (at +b)dt
0

(—1)a
(u+1)!

(u+2
2

)Hu(b)

7 e-dt?
/ — [erf (at+b) —erf(ct-+ b))t

A
o
o

a
o
8

I

a2 <d,c?<d
Forx> 0,

% a—dt?
K(a,b,d,c,x):/et ler f (at +b) — er f (ct + b)] dt
0

)u+1_( c )U+1

2 o a
e’ (Vi v

= WUZO(—DU

,a’<d,c?<d

v(uzl,xzd

)Hu(b)

K(a,b,0,¢,x) = lerf (at+b)—erf(ct+b)|dt

O\X
|

. ZEX[i—bZ) - . [(ax)qul_ (CX)U+1:|

NP R A TR TRE]

Hy(b)
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K(a,b,l,o,x):/2[erf(a1+b)—erf(b)]dt
0
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