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Abstract: Hyers-Ulam stability of a linear operator between Frechet spaces is defined. Necessary and sufficient conditions for the
existence of Hyers-Ulam stability of a continuous linear operator from a Frechet space to another Frechet space are given.
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1. Introduction

Ulam [6] gave a talk before the Mathematics Club of the
University of Wisconsin in which he discussed a num-
ber of unsolved problems. Among these was the follow-
ing question concerning the stability problem of functional
equations. “For what metric groups G is it true that an e-
automorphism of G is necessarily near to a strict automor-
phism?’ In 1941, Hyers[4] gave an answer to the problem
by considering approximately mappings asfollows. Let £
and E’ bereal Banach spaces. If thereexistsan e > 0 such

that
1f(@+y) = fle) = fw)ll <e

fordl z,y € F, then there exists the unique additive map-
pings L : £ — E’ satisfying

| f(z) — L(2)|| <e.

Rassias [3] provided a generalization of Hyers's theorem

which allowsthe Cauchy differenceto be unbounded. Since
then several mathematicians were attracted to the result of

Rassias and investigated a number of stability problems
of functional equations. This stability phenomenon that

was introduced and proved by Rassias in his 1978 paper

is called Hyers-Ulam-Rassias stability.

The notion of the Hyers-Ulam stability of a mapping
between two normed spaces was introduced in [2]. Let
(X, Il x) and (Y, ||.|ly") be normed spacesand T" be a(not

necessarily linear) mapping from X into Y. We say that 7’
has the Hyers-Ulam stability if there exists K > 0 with
the following property : For any v € R(T), e > 0 and
u € X with ||Tu — v|]|y < ¢, thereexistsauy € X such
that Tug = v and

H’LL — UOHX S Ke.

In other words, if T" has the Hyers-Ulam stability, then to
each “c-approximate solution” « of the equation T'x = v
there corresponds an exact solution wug of the equation in
the K e-neighbourhood of w.

The linearity of T' implies the following condition :
Forany u € X ande > 0 with ||Tully < ¢, there exists
aug € X suchthat Tuy = 0 and ||u — ugl|x < Ke. The
above condition is equivalent to : For given u € X, there
isaug € X suchthat Tu = Tug and ||up|| x < K||Tully.

We call such K > 0 aHUS constant for 7', and denote
by K7 the infimum of all HUS constants for 7T'. If, in ad-
dition, K’ becomes a HUS constant for 7', then we call it
the HUS constant for 7'. Miura at €l. [2] have given anec-
essary and sufficient condition for the existence of the best
HUS constant. The existence of the best HUS constants
for the weighted composition operators and the first order
linear differential operators are shownin [1].

We define the Hyers-Ulam stability of a linear opera-
tor between Frechet spaces. A Frechet space is acomplete
metrizable topological vector space [4].
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By an operator we shall mean a hon-zero linear oper-
ator. R(T) and N(T') denote the range and null spaces of

T respectively. The closure of A is denoted by A.

2. Characterizations

Let X and Y be Frechet spacesand 7' : X — Y bealin-
ear operator. T" has the Hyers-Ulam stability if for a given
open neighbourhood U of 0 in X there is an open neigh-
bourhood V' of 0 in Y such that for agiven z € X with
Tx € Vthereisay € U satisfying Tx = T'y.

We first give a necessary and sufficient condition in
order that 7" have the Hyers-Ulam stability.

Theorem 1.Let X and Y be Frechet spacesand 7' : X —
Y bea continuouslinear operator. Then the following state-
ments are equivalent:

1.7 hasthe Hyers-Ulam stability
2.T has closed range.

Proof.Suppose (T') isclosedinY'. Wedenote N = N(T)
and X = X/N.DefineT : X — R(T) by

T(z + N) =Tx.

Then T is a one-to-one continuous linear operator from
X onto R(T) and by the open mapping theorem 7! is
continuous. Let 7 : X — X be the quotient mapping.
Now fix an open neighborhood U of 0in X. Then n(U) =
U+N=U (say) is an open neighborhood of 0 + N in
X . Thenthereisan open neighborhood V' of 0 in Y such
that

R(T)NV CT(U) = T(x(U)) = T(U).

Thus, for agiven x € X withTx € V, thereisay € U
such that Tz = Ty. This proves that T has the Hyers-
Ulam stability.

Conversely assume that 1" has the Hyers-Ulam stabil-
ity. Let (U,)>2, be a sequence of balanced open neigh-
borhoods of 0 which form alocal base at 0 in X such that
Up+1+ Upy1 C U, for every n. For each U,,, let usfind
an open neighborhood V,, of 0 in Y such that if Tx € V,
forsomex € X, thenTx = Ty for somey € U,,. Without
loss of generality, weassumethat {V,, : n=1,2,---} isa
local baseat 0inY suchthat V,, 11 + V11 C V,, for every
n.

Let yo € R(T'). Find a sequence (z},) in X such that
Tz, — yoasn — oo, and T, — Tz € V, for
every n. For every n, find z,, € U, such that Tz, =
Tw, — Tz, € V,. Then,asm — oo,

> T, = (Tahy — Tah) + -+ (T, — Taly)
n=1

/ / /
= Tx’m—i—l - Txl — Yo — Txl'

Thus>" > | Tz, convergestoyy — T'z}. Alsofor m < n,
we have

T+ + 2y € Up + U1+ + U1 + Uy
gUnL+Um+1+"'+Un*1+Un71
CUn+Unir+-4+Us o+ U, o

Thisprovesthat _° | x,, convergesto o, say, in the
Frechet space X, and hence Y~ | T'x,, convergesto 7'z
inY. Therefore

o0
Txg=yo— T2} = Z Tx,
n=1

sothat yo = Txg + T2} € R(T). This provesthat R(T")
isclosedinY.

The following theorem gives a particular version of
the Hyers-Ulam stability of a bounded linear operator be-
tween Banach spaces which was proved in [5]. However,
our proof enjoys the standard technique for the proof of
the open mapping theorem.

Theorem 2.Let X and Y be Banach spacesand 7' : X —
Y be a bounded linear operator. Then the following state-
ments are equivalent:

1.7 hasthe Hyers-Ulam stahility
2.T has closed range.

Proof.Suppose R(T) is closed in V. Define T : X —
R(T)by T(z+N) = Tz, forz € X. Then T isawell de-
fined one-to-one continuous linear operator from X onto
R(T). Therefore, by the open mapping theorem, there ex-
istsaconstant X > 0 such that

lz+ N|| < K'|T(x + N)|| = | T

forevery z € X.Take K = K +1. Thenfor givenz € X,
if Tz # 0, then thereisan element z € N such that

[ + 2l < flz+ N[ + || Tz
< K| Ta| + 17|
= K||Tz|.
Inthiscase, wetakey = x + z sothat ||y|| < K||Tz||.
If T2 = 0, then wetake y = 0 so that ||y|| < K||Tz].
Thus T has the Hyers-Ulam stability with aHUS constant

K.
Conversely assume that 7" has a HUS constant K. Fix

Yo € R(T), the closure of R(T) in Y. Then there is a
sequence (z,,) in X such that ||z,| < K||Tz,| and for
everyn =1,2,3,...,

1
||(y0 _Txl _TLE'Q — s — Txnfl) —T.Tnll S W
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Then % llzall < | Taull < llyo — Tar — Tap — -+ —
Tl’an +lyo =Ty = Toy == To,_, || < 271% + Q’ﬂ% <
S

Therefore, the series >~ | z,, converges to zy, say,
in X and the seriesZ;l'olexn convergesto yy. SinceT'is
continuous, Y~ Tz, convergesto 7'(3 " x,,) = Txo.
Therefore yo = Txoy € R(T). This proves that R(T') is
closedinY'.

Corollary 1.Let X and Y beBanach spacesand 7" : X —
Y be a bounded linear operator. Then T' has the Hyers-
Ulam stability if and only if for a given bounded sequence
(yn) in R(T') thereis a bounded sequence (z,,) in X such
that T'x,, = y,, for every n.

Proof.Suppose T" has the Hyers-Ulam stability. Then there
isaconstant K > 0 such that for agiveny € R(T), there
isanelement x € X suchthat ||z|| < K||y|| and Tx = y.
Consider a bounded sequence (y,,) in R(T). To each y,,,
there is an element x,, € X such that Tz, = y, and
llzn]l < K||yn|l. Then (x,,) is a bounded sequence in X
such that 7'z, = y,,, for every n.

To prove the converse part, assume that 7' does not
have aHyers-Ulam stability constant. Then, for every given
n, thereis an element y,, in X such that n||y,|| < |z, for
any z € X withTz = y,,; and such that ||y, || = 1. There-
fore, if there is an element «x,, such that T'x,, = y,, then
lzn|l > n. Thus, there is no bounded sequence (x,,) in
X suchthat T'z,, = y,, for dl n, when (y,,) is abounded
sequencein R(T).

3. Compositions

Let X,Y and Z be Frechet spaces. Let S : X — Y and
T : Y — Z belinear operators each of which having a
HUS constant. It isnot turein general that the composition
TS : X — Z hasthe Hyers-Ulam stability. The following
example shows that even for continuous linear operators
between Frechet spaces the composition of operators with
HUS constants need not have the Hyers-Ulam stability.

Example 1.Suppose X = Y = Z = ¢? with the usual
norm on this Hilbert space. Define S : X — Y and T :
Y — Z by

S(I1,$2,x3,iﬂ4, te ) - ($170a$270a$370ax470a t )
and

T(xlax27x37x47 o ) = (.Tl +x27 % +x47 % +x67 o )
Then S and T" have HUS constants. But 7'.S does not have
aHUS constant because R(7'S) isnot closed in Z.

We provide a necessary and sufficient condition which
gives that the composition of operators with HUS con-
stantsis again an operator with HUS constant.

Theorem3.Suppose S : X — YandT : Y — Z are
continuous linear operators between Frechet spaces such
that S and T" have the Hyers-Ulam stability. Then 7'S has
the Hyers-Ulam stability if and only if R(S) + N(T) is
closediny.

Proof.Let Y’ = R(S) + N(T). Then R(S), N(T) and Y’
are Frechet spaces under the subspace topologies. Define
P:R(S)x N(T) =Y’ by

P(z,y) = +y,

forx € R(S) andy € N(T). Then P is a continu-
ous linear mapping when the domain is endowed with the
product topology and the coordinatewise algebraic oper-
ations. Then, by the open mapping theorem, for a given
open neighborhood V; of 0 in R(S) and V5 of 0in N(T),
there is an open neighborhood V5 of 0 in Y’ such that
Vi + Vo D V. We shall use this observation in the fol-
lowing part.

Fix an open neighborhood U of 0 in X and find, by
theorem 1, an open neighborhood V" of 0 in Y such that if
x; € X and Sz, € V, thenthereisaz, € U such that
Sx1 = Sz4. Find an open neighborhood V' of 0in Y such
that

V'NnY' C[VNR(S)|+[VNN(T).
For this neighborhood V", we find, by theorem 1, an open
neighborhood W of 0 in Z suchthat if y; € Y and Ty, €
W, then Ty, = Ty, for somey, € V.

Now if 1 € X and T'(Szy) € W, then there is a
Yo € V' such that T(Sl’l) = Tys. Then yng:cl S N(T)
and yo = Sx1+ (y2 — Sz1) € R(S)+ N(T') =Y’ which
implies that

y2 € V' NY' C[VNR(S)+[VNN(T).

Therefore, there are y3 and y4 in Y such that y3 € V' N
R(S)andys € VN N(T) andys = y3 + ya. Since yz €
V N R(S), thereisax, € U such that Szy = y3. There-
fore T(S!L‘l) = Ty2 = T(yd + y4) = T(SZCQ) + Ty4 =
T(Sz2) +0 = T(Sxs). Thus, for agiven x; € X with
(T'S)x, € W, thereisaxs € U such that

(TS)xy = (T'S)xs.
This proves that R(T'S) isclosed in Z. The proof for the
other way implication comes from
R(S) + N(T) = T[T (S(X))]
andT'(S(X)) isclosedin Z.
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