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Abstract: In this paper, we define some properties of sums of Fibonacci numbers. Also we present the sum of s+1
consecutive members of Fibonacci sequence and the same thing for even and for odd and their product of adjacent
Fibonacci numbers. Mainly, Binet’s formula will be used to establish properties of Fibonacci sequence.
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1 Introduction

The amount of literature bears witness to the ubiquity of the
Fibonacci numbers and the Lucas numbers. Not only are
these numbers popular in expository literature because of
their beautiful properties, but also the fact that they “occur
in nature' adds to their fascination. The Fibonacci sequence
is a source of many nice and interesting identities. The term
“Fibonacci numbers” is used to describe the series of
numbers generated by the pattern 0, 1, 1, 2, 3, 5, 8, 13, 21,
34, 55, 89, 144...where each number in the sequence is
given by the sum of the previous two terms.

It is well known that the Fibonacci numbers and
Lucas numbers are closely related. The term “Lucas
numbers" is used to describe the series of numbers
generated by the pattern 2, 1, 3, 4, 7, 11, 18, 29, 47, 76,
123, 19,...These numbers are of great importance in the
study of any subjects such as Algebra, geometry and
number theory itself. The sequence of Fibonacci numbers

F, is defined by
F=F,+F_,,n>2with F, =0, F =1 (L1)
The sequence of Lucas numbers L, is defined by

L =L ,+L ,, n=2with,=2,L =1 (12

In the 19th century, the French mathematician Binet
devised two remarkable analytical formulas for the
Fibonacci and Lucas numbers [5]. In our case, Binet’s
formula allows us to express the Fibonacci numbers and
Lucas numbers in function of the roots R, & R, of the

following characteristic equation, associated to the

recurrence relation (1.1) and (1.2):

X =x+1 (1.3)
The Binet’s formula for Fibonacci sequence and Lucas
sequence is given by

F = —9;1 :;}:2 (1.4)
1 2
L, =R +%R,; (1.5)

In (1.4) & (1.5),
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In [7], Rajesh and Leversha define some properties of
Fibonacci numbers in odd terms. In [10], Zvonko Cerin
defines some sums of squares of odd and even terms of
Lucas sequence. In [11], Zvonko Cerin improves some
results on sums of squares of odd terms of the Fibonacci
sequence by Rajesh and Leversha. In [4], H. Belbachir and
F. Bencherif recover and extend all result of Zvonko Cerin
[9] and Zvonko Cerin and Gianella [13]. In [12], Zvonko
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Cerin and Gianella defines sums of Pell numbers. In [8],
Panwar, Rathore and Chawla, present the sum of
consecutive members of k-Fibonacci numbers. In this paper
we define some properties of sums of Fibonacci numbers
for N.={0,1,23,4,..}and N, for the product

N.. < N...

2 Main Results

In this section, we prove some formulas for sums of a finite
number of consecutive terms of the Fibonacci numbers.

First we find the formula for the Z F .. when $>0and

v+k

v > 0 are integers.
Proposition 1: For (S,V)e N...the following equality
holds:

Z vik v+s+2 I:v+1 (2-1)
Proof: By Blnet s formula, we have
s mlHk _ m\;rk
—_— 2.2
z v+k T kz_(:) SR _ SR ( )
Ska ERVJrk
“E2
i E]%V SRJS-+1 _1_ . m;+l_1
J5l R -1 T R, -1
:i ER;HH' _ ERI ~ ER\;+S+1 _m\;
5l W™ -1 R,-1 |
2 B m\ll+s+l _ ml/ m\£+s+l _ m\é ]
=— +
\/g L \/5 -1 «/g +1
V+s+1 V+s+1
(ER:\LH-SH + ER\;-SH ) + ( 9{1 _:‘RZ j
2 Ry -R (2.3)

2

_(m;m;)_(wj

‘Rl_“Rz

( Lv+s+1 v+s+1 Lv - Fv)

Z vik =

This completes the proof.

—F

v+s+2 v+l

Proposition 2: For (S,V)e N...the following equality

- F2v+25+2 + I:2v - LZV] 24)

[L2v+25+2

> 1
holds: Y_ Fyy, 5 ==
k=0 2

Proof: By Binet’s formula, we have

s s qp2vezk _ gpaveak
;am=§lm_£ 2.5)
=i[cﬁ2v mlzs+2 _1_ ” SRESJrZ _1}
J5 R-1 ° M-l
Because (9?12 —1) =R, and (9%; —1) =N, , we get
_i|:mfv+25+2 —5R12V B m§v+25+2 _mgv }
NG I %,
2 [ |2 _q g2 _ gy
:E{ 1+6 16 }

(ER12V+25+2 _ ER;HZHZ )
:% _ Jg(mfv+25+2 n m§v+25+2 )
-(R2 -2 )+ B (R + )

(%fv+25+2 + ER§V+ZS+2 )

- 1 (ER12V+25+2 _ m§v+25+2)
T2l R, -R,
mZv _ ERZV
+M_(9{12V _|_5R§V)
L R -N, 1(2.6)

> 1
Z I:2v+2k :E[L2v+25+2 - I:2v+25+2 + I:2v - LZV]
k=0

This completes the proof.

Proposition 3: For (S,V)e N...the following equality
holds:

1
5 1 ( F2v+25+2 - FZV ) - g( L2v+25+2 - LQV)
== 2.
z v+k 2 ) ( 7)

k=0 +g{(_1)v+s+1 _ (_1)v}

Proof: By Binet’s formula, we have
2
s v+k v+k
Z = Z ERl — s‘Rz
V+
k=0 le - iRz

— %i{mlzwik n m;ka _ z(mlmz)wk}
k=0

(2.8)
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1 Vi v+ v+ 3(&}{"_5}{‘/)
5|:Zm2 2k+ZSR2 2k ZZ(SRSJ{) k:| ) 1 2

k=0 +3(_1)5 (ERIHH_ER\;SH)_\/%(SR; +SR;) (212)

26 |
g T L R —B (1) ()
L e Sy FF ] }
s+1 S
5 _ Z(mlmz)v (9{19{2) -1 =0 + (_1) {3Fv+s+1 - Lv+s+1}
RR,-1 This completes the proof.
RO _qpay qaveasi2_ggou Proposition 5: For (s,v)e N... the following equality
119%1+25RZ holds:
T 1 2 1 |5F,, —5F
5 s g Z( DFF { 20T Bz } (2.13)
+ {(_1) B (_1) } 2t = 10 - I—2v + L2v+23+2
(meS*Z +9{§V+25+2) Proof: By Binet’s formula, we have
-1 W a2y A2 22542 (2.9) s 5 2v+2k 2v+2k
=— —(R;+R)-V5(R -R -
g OERAEE R S = SN G
+B(RY-9) (-2){ () - (1)} pars ko R, -R,
1 |:ER2V ( 1)25+2 ER2v+25+2 ER%V _ (_1)25+2 ER§V+25+2 j|
5 1 (F2v+25+2 - FZV)_E( L2v+25+2 - LQV) 5 9{2 +1 mg +1
Z == 5 mzv R I 2ua2ss2
k=0 " 2 2 V+s+1 v =— 1 — 2 "2
T R
This completes the proof. S(SRfv _mgv)_\/g(mfv "‘mgv)
_ 2v+25+2 2v+25+2
Proposition 4: For (S,V)e N...the following equality ——10\/§ —5(931 -R, ) (2.15)
holds: + \/g(mfvﬂsﬁ + m§v+zs+2 )
: 3, -L,
Z(_l)k l:v+k :1[ } (2.10) Z( 1) F 1 5F2v _5F2v+25+2
k=0 2 +(_1) { v+s+l Lv+s+l} 2ri2k = 10 - L2v + I-2\/+25+2

Proof: By Binet’s formula, we have This completes the proof.

i(_l)k oo Zs:( 1) Ry Ry 2.11) Proposition 6: For (s,V)e N... the following equality
k=0 v k=0 931 - mz . holds: ~ }
13 v+ v+
5 kz(; (iRl ‘- R, k ) Foviasa = Faua
S+ S+ S 1 1
1 I:SRV (—le) ' -1 RY (_mz) ' -1 Z I:v+k Fv+k+1 _g(l‘2v+25+3 - L2v+1) (2.16)
=— 1 —Nn, k=0
'\/g _i]:i _1 _SRZ _Sj]'- +1{(_1)V+S+l _(_1)V}
1 {m; S(CDTR Ry —(-1) sn;ﬂ*l} f i 5 ]
== - Proof: By Binet’s formula, we have
5 R, +1 R,+1
\/_ ! ? S ERv+k _mwk mv+k+1 _mv+k+1
Z Fv+k Fv+k+1 Z[ . - ]( : - (2.17)
k=0 k=0 ml - ER2 iRl - ERz
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1$ 18
- m2v+2k+1+_ m2v+2k+l
5Z ' 5kZ 2

— (R +R,) D (RR,)"
k=0
2v+l& 2v+lﬂ
1 h N2 -1 i N2 -1
5  (R],) -1

—(R,+R,)(RR
(R, +9,)(RR,)’ RR, -1

Because (9?12 —1) =R, and (ERE —1) =N,, we get

mfv+25+3 _ iR12v+1
ml
l SR2V+25+3 _ ERZV+1
_- 2
5 R,
V+s+1 \
N (mlmz) _(mlmZ)
i RR, -1 |

(Enlzv+25+3+m§v+25+3)
_ (ER12V+1 +i}{§v+1)_ \/g (mfv+25+3_m§v+25+3)
() (-0 (|

This completes the proof.

-1

S 2.18
0 (2.18)

3. Conclusion

In this paper, we present many properties. We define the
sum of s+1 consecutive members of Fibonacci sequence
and the same thing for even and for odd and their product
of adjacent Fibonacci numbers.
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