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Abstract: In this paper, sufficient conditions are established for the oscillatory and asymptotic behavior of higher—order half-linear
delay difference equation of the form

Apa(A™ (@0 + gnr,))*) + razl, =0, n > no,

where it is assumed th@ino 1/pi/" < oo. The main theorem improves some existing results in the literature. An example is

provided to demonstrate the effectiveness of the main result.
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1. Introduction The purpose of this paper is to relax these conditions and
derive some oscillation and asymptotic criteria for higher—

Due to its numerous applications in fields such as ecoorder half-linear delay difference equation of the form

nomics and mathematical biology, the oscillation theory of 1 N s

difference equations has been receiving intensive attentiond(Pn (4™ (Zn+¢n2-,))")+rnt,, =0, n = no, (2)

in the last few decades; we refer the reader to the mono-

graphs [1—3] and the references cited therein. In particularVere ~
the study of oscillatory and asymptotic behavior of sec- Z <0 (3)
ond and third order difference equations has occupied a a=mo P/

great part of interest among researchers [4—14]. Although d with ing thats
itis considered as natural generalization, higher—order dif:2Nd Without using thatvp,,
ference equations has received considerably less attention .
[15-20]. q y Throughout the paper, we assume that are the ratio
In view of the above quoted papers, one can conclude’ ©dd p(_)"SIttI_Ve integersj < 0;.’ Pn >0 forﬁ 02 "o qg
that most of their results have investigated various formgS @1 0Scilialing sequence sa isfyinggm_g,, = 0,7, >

>0

of the following difference equation with Ar,, > 0 forn > ng, 7, < n with 7, — 400
as n — +oo ando,, < n with ¢, — +o0o0asn — +oo.
Alpp(A™ N 2))*) + 1o f(26,) =0, n>ng, (1) Let Z andR be the sets of integer and real nhumbers,
respectively. By a solution of equation (2), we mean a non-
wherem > 2 and under the assumptions trivial sequencer,, : Z — R which is defined for all
. n > rin>i£1{n, 0;} and satisfies equation (2) for sufficiently
Z L oo and Ap, > 0. largen. We restrict our attention to those solutions of (2)
Sopde - which satisfysup{|z,| : n > N} forall N > N,. For our
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purpose, we assume that equation (2) possesses such a $0«,, > 0 andz,, > 0 forall n > ny; > ng. Further,

lution. A solution of (2) is called oscillatory if it is neither

suppose that,, does not tend to zero as— oc. By (2)

eventually positive nor negative and otherwise it is calledand (4), we have

non—oscillatory.

2. Main results

A(pnAm_lzn)o‘ = —rnxgn <0, n>n.

()

Sincez,, is bounded and does not tend to zermas oo,
we have lim ¢,z,, = 0. Then, we can find &, > ny
n—oo

To obtain our main results, we need the following lemmas.such that;,, = z,, + ¢,z,, > 0 eventually and,, is also
The first of these is the discrete analog of the well-knownbounded for sufficiently large > ns. In virtue of Lemma

Kiguradze's lemma.

Lemma 1]1] Letx,, be defined fon. > ng €, andz,, > 0
with A™x,, of constant sign fon > ny and not identically
zero. Then, there exists an integer0 < k < m with
(m+k) odd forA™zx,, < 0and (n+k) even forA™z,, >
0 such that

(i) k< m—1implies(-1)"* Az, > 0forall n >
ny, k<i<m-—1,

(i) &k > 1 implies Afx,, > 0 for all large n > ny,
1<i<k-—1.

Lemma 2][1] Let z,, be defined fom > ng, andz, >
0 with A™z,, < 0 for n > ng and not identically zero.
Then, there exists a large integer > no such that

T, > mflAmfl
n

1
- (m—l)!(

n—mny) Tom—k-1,, T > N7,

wherek is defined as in Lemma 1. Furtherzif is increas-
ing, then

m—1 1 1
Ty > ) A" e, n>2 ng.

1 (L
(m — 1) \2m—1
For the sake of convenience, the functiors defined

as
4

Zn = Tp + qnTr, -

Theorem 1. Letm > 2. Assume that (3) is satisfied.

Further, assume that the difference equation

Ay, +71 70?;71 Byﬁ/o‘ =0 (5)
)

is oscillatory. If

n—1 _ m—2

2(4 2m)g Sﬂ( ) AJ™
lim sup Z [Mﬂ_o‘rs g 3 & iﬂ =
n—oo s=no 2((m - 2)') 53
. ®

holds for every constad/ > 0 whered, := 5

s=mng ,l/a’

1, it follows from equation (2) that there exist two possible
cases:

(i) 2z,>0, A™" 1z, >0, Az, <0, and
A(pn(Am—lzn)oz) < 0,
(i) z, >0, A™ 2z, >0, A™ 1z, <0,and
A(pn(A™12,)") <0,
for all n > ny. Then there exists a large enough > no
so that

1
Tn = Zn — 4nr, > izn >0

for all n > nz. We may find any, > n3 such that for
n > ny We have

1
To, > SFon > 0. (8)
In view of (7) and (8), we obtain
1
A(pp A™ 1 2,)* + §rnz5 <0 (9)

forn > ng.
Assume that cas@) holds. From Lemma 2, we have

1 n \m-1 o A
o () b
(10)
wheren > ns = 2™ !n,. Hence by (2), we see that
Yn = pu(A™ 1y, )% is a positive solution of the differ-
ence inequality

amfl s
nil/a yg,{aﬁ(), TLZTL5.

Ayn +
(m —1)!ps,

Therefore, by Lemma 5 of Section 2 in [15], the difference
equation

m—1

B
On Bla _
1/04) yan =0

Ayn +7n
(m —1)ps,

then every solution of equation (2) either oscillates or tends

to zero.

Proof.
bounded non—oscillatory solutian,. Without loss of gen-
erality, we assume that, is eventually positive (the proof
is similar whenz,, is eventually negative). That is,, >

Assume, on the contrary, that equation (2) has a

has an eventually positive solution for > ns. This con-
tradicts the fact that (5) is oscillatory.
Assume that casg@i) holds. Define the functiow by

- pn(Am—lzn)a

wn.—w, nan.

11)
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One can easily figure out that, < 0 for n > n4. Taking
into consideration thap,,(A™~!2,)* is decreasing, we
have

pi/aAmilzs < p}l/aAmflzn, s>n2=>ni.

Dividing the above inequality by;i/“ and summing up
fromntol — 1, we obtain

-1
m— m— « m— 1
A2, < A 2zn+p}/ A lznz o

s=n Ps

Letting! — oo, we have

0< Am—an +p}l/aAm_lzn6ny
which yields
/o am—1
Pn A Zn
————0, < 1.
Am=2z, -

Thus, by (11) we obtain

—5%w, < 1. (12)

In view of (11), we have

APa(A™12,)%) = pa (AT 2,)* A(A™ 2
(Am=2z, ) (A™ =22, 41)"
n (A" 12,)%)
(Am=225 1)
Pr(A™ 1) (A 22p40)* — (A2
(A2, ) (AT, )
AP (A 2,))
(Am_zZnJrl)a
P 5" (A7
(Am=2zp)  (Am—2z,)e
<- 1 725"
S Ty A,
(Am 2 n)a

4+ wy———————. 13
w (Am_QZnJrl)a ( )

Zn )"

Aw,, =
_Alp

2n)%)

) ,(Am—QZn)oz
(Am72zn+1)oz

— Wy,

We observe that sinc&™ !z, < 0, we deduce that\™~?2z,,

is decreasing. Therefor&™ 2z, > A™= 2z, > 0and
m—2
w"% < w, foralln > n;.
Hence, (13) becomes

A < 1 zﬁ
Wn = (Am 22’”)

On the other hand, by Lemma 2 we get

1 nm- 2

A"L_Q.T .n > 1o = 27n—2n
(m — 2)! 22m—1 m =T !

Tp 2

Thus, we have

2472m

2oy Z m ,:Ln 2Am 220-”!

for sufficiently largen > n3 > ns. Then, there exists a
constantd > 0 such that

1 24 2m . 5
-7y | ———=o)
2" \(m—2)!
1 24—2m 9 B
_ s _m-— B—a
< 2rn((m2)!an ) M , > n3.

Multiplying the above inequality by$ and summing up
fromns ton — 1, we obtain

n—1
> w, A5

(Am—Qzan )B

< A= T9n/
Awn — (Am72zn)a

dpwn — 6 Wny —
S=ng
. 9(4—2m)8 ;B(m=2)
+ MP~%r 2 0 <0. (14)
Z 2((m —2)1)?

From (14), we have

n—1

Z (MB*O‘TS

sS=n3

2(472m)ﬁ0§(m_2)

2((m—2)!)"

B+ =) < 0w 1.

By using (11) and the fact thato® < 0, we arrive at a
contradiction to (6). This completes the proof.

Corollary 1. Letm > 2. Assume that (3) is satisfied.
Further, assume that = . If
n—1 m 1 _ 1) [e
and
4 2m)60_ B(m—2) A
lim sup Z s 0y + —=| =00
n—oo T n0|: _2)) (Sg :|
(16)

hold, then every solution of equation (2) either oscillates
or tends to zero.

Corollary 2. Letm > 2. Assume that (3) is satisfied.
Further, assume that > g, o,, is a strictly increasing
sequence and

n—1 m—1\3
lim sup Z T (72 2 >0
=0 06, (pn)a

If (6) holds for every constant/ > 0, then every solution
of equation (2) either oscillates or tends to zero.

Remark. Letm = 3 anda = (3, then equation (2) re-
duces to equation (1.1) studied in [14]. ketoe even num-
ber,p, = 1 anda = 8 = 1, then (2) reduces to equation
(1) studied in [20].
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Example 1. Consider the fourth order delay difference [6] X. Li, D. Zhu New results for the asymptotic behavior of

equation a nonlinear second—order difference equation, Appl. Math.
Lett. 16 (5) (2003), 627—633.

[7]1 R. P. Agarwal, S. R. Grace, D. ORegan, On the oscillation

1
n A3 n—1 _
A(e A (@ + ﬁx””)) tn+1)e" w1 =0,n 23, of certain second order difference equations, J. Differ. Equa-

(17) tions Appl.9 (2003), 109-119.
wherem =4, a=06=1, p, =¢€", q, = %, Tn = [8] H. A. EI-Morshedy, S. R. Grace, Comparison theorems for
(n+ et 7, =n—-2, 0, =n—1andng = 3. second order nonlinear difference equations, J. Math. Anal.
Then, one can easily see that the assumptions on equation Appl. 306(2005), 106-121.
(2) are satisfied. MOTeOVeE:ig PA — m and thus [9] B. Smith, Linear third—order difference equations: Oscilla-

tory and asymptotic behavior, Rocky Mountain J. M&8.
(1992), 1559-1564.
[10] R. P. Agarwal and S. R. Grace, Oscillation of certain third—
n—1 ( 1)3 6 order difference equations, Comp. Math. Ap#2 (2001),
o s—1\8 — s 3 379-384.
hJEIOIéf Z (s+1)e es—1 I%Hl»gfn(n 2> e [11] Z. Dosla, A. Kobza, Global asymptotic properties of third—
s=n—l order difference equations, Comp. Math. Apg8& (2004),
191-200.
[12] S. H. Saker, J. O. Alzabut, A. Mukheimer, On the oscillatory
n—1 s—1 behavior for a certain class of third order nonlinear delay dif-
lim sup Z [(5 + 1)55 1e + 1 6} = 00. ference equations, Elec. J. Qual. Theo. Diff. E§n(2010),
=3 64e (6 - 1) (& 1-16.
[13] S. H. Saker, J. O. Alzabut, Oscillatory behavior of third or-
Therefore, every solution of equation (17) either oscillates  der nonlinear difference equations with delayed argument,
or tend to zero. Dyn. Contin. Discrete Impuls. Syst. Ser. A Math. Anaf.
(2010), 707-723.
[14] E. Thandapani, M. Vijaya, T. Li, On the oscillation of third
order half-linear neutral type difference equations, Elec. J.
Qual. Theo. Diff. EQn76(2011), 1-13.

In this paper, we have studied higher—order half-linear delt5] G Ladas, C. Qian, Comparison results and linearized os-
' cillations for higher order difference equations, Internat. J.

lay difference equation of the form (2) by establishing new Math. & Math. Sci.15 (1992), 129142

sufficient conditions to show that every solution of this }16] A. Zafer, R.S. Dahiya, Oscillation of a neutral difference
equation either oscillates or tends to zero. To the best o equation, Appl. Math. Lett (2) (1993), 71-74.

authors’ observation, most existing results in the literature; 7 w, 1. Li, Oscillation of higher—order neutral nonlinear dif-
regarding second, third and higher order equations have  ference equations, Appl. Math. Lett1 (4) (1998), 1-8.

condition (3) holds as well. It remains to check conditions
(15) and (16) of Corollary 1. We observe that

and

n—o0

Concluding remark

been obtained under the assumptign§- 1/p§/a = [18] R. P. Agarwal, On the oscillation of higher—order difference
oo, Ap, > 0 anda = 3; see in particular [13,14, 18, 20]. equations, Soochow J. MatBl (2) (2005), 245-259.

In this paper, however, one can easily see that these a$l9] Y. Bolat, Oscillation criteria for a higher order functional
sumptions have been bypassed and new results have been difference equation with oscillating coefficient, Demons.
established. Therefore, the main theorem of this paper im- _Math.40(1) (2007), 161-168.

proves some previously obtained results and thus presentd®! Y- Bolat, O. Akin, H. Yildirim, Oscillation criteria for a cer-
a new approach. tain even order neutral difference equation with an oscillat-

ing coefficient, Appl. Math. Lett22 (2009) 590-594.
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