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Variable threshold concept lattice (VTCL) was proposed by Ma et al.(2006), which
provide a new parameterized way to obtain formal concepts from data with fuzzy at-
tributes. Axiomatic Fuzzy Set (AFS) algebras were proposed by Liu (1998), which
are new semantic methodology relating to the fuzzy theory. In this paper, in order to
explore the relationship between the AFS algebras and VTCL, three algebra homo-
morphism maps are established, by which one can find that AFS algebras have similar
properties to VTCL.
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1 Introduction

Formal concept analysis (FCA) originally proposed by Wille [6], which is an im-
portant theory for data analysis and knowledge discovery. In the past decades, FCA has
great development in theory, and has become a powerful tool to deal with data. In artificial
intelligence, FCA is used as a knowledge representation mechanism and as a conceptual
clustering method [5,7, 16]. In database theory, FCA has extensively been used for design
and management of class hierarchies [4, 8, 18,21,22]. Concept lattice, or Galois lattice,
is the core of the mathematical theory of FCA. Concept lattice is a form of a hierarchy in
which each node (formal concept) represents a subset of objects (extent) with their com-
mon attributes (intent). The characteristic of concept lattice theory lies in reasoning on the
possible attributes of data sets [25]. The classical concept lattices only reflect the accurate
relationships between objects and attributes, while the fuzzy concept lattices [1,2,15] show
the uncertain relationships between objects and attributes. Since there exists a great of un-
certain in real world, it is important and interesting to study the fuzzy concept lattice. While
the huge number of fuzzy formal concepts is a drawback, in order to track this problem,
Ma and Zhang proposed fuzzy concept lattices with a variable threshold [15]. Compared to
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the classical concept lattice and the fuzzy concept lattice, the fuzzy formal context with a
variable threshold will be simpler in terms of the number of formal concepts. The process
of generating the variable threshold concept lattice can be viewed as a process of choosing
representative concepts from generation of a concept lattice.

AFS algebras were proposed by Liu [10, 11], which are new approach relating to the se-
mantic interpretations of fuzzy attribute. An AFS algebra is a family of completely distribu-
tive lattice [19]. Recently, AFS algebras have been further developed and applied to fuzzy
clustering analysis [14], fuzzy decision trees [12] and concept representations [9, 20, 23],
etc. About the detail properties of AFS algebras, please see [9-11,13].

The main purpose of this paper is to explore the homomorphism relationship between
VTCL and AFS algebras. The remain of paper is organized as follows: In Section 2, some
basic notions pertinent to this paper are introduced. In Section 3, three algebra homomor-
phism maps between AFS algebras and VTCL are established to show that AFS algebras
have similar properties VTCL. Finally, conclusions are drawn in Section 4.

2 Preliminaries of the AFS algebras and VTCL

In this section, we recall some definitions and present several pertinent results of VTCL
and AFS algebras, i.e., EI, F11I, E#I algebra. There exist few different definitions about
VTCL [3, 15, 24], we adopt the definition introduced by [15].

2.1 Variable threshold concept lattice (VTCL)

Definition 2.1. ( [15]) (Fuzzy Formal Context). A fuzzy formal context is a triple K =
(X,M,I = ¢(X,M)), where X is a set of objects, M is a set of attributes, and I is a
fuzzy set on domain X x M. Each relation (z,m) € I has a membership value p(x, m)
in [0,1].

Definition 2.2. ( [15]) Let (X, M,Z) be a fuzzy formal context and 6 € (0,1]. A pair
(A, B) is referred to as a variable threshold formal concept, for short, a variable threshold
concept, of (X, M, I), if and onlyif A C X, B C M, A® = Band A = B. Ais
referred to as the extent and B the intent of (A, B). We denote by Bs(X, M, T) the set of
all variable threshold concepts of a fuzzy formal context (X, M, T), where

A% = {b e B|(a,b) € Ts,forall a € A},

B'? = {a € Al(a,b) € Ts,forall b € B},

(a,b) € Zs denotes the degree that the object a has the attribute b, or the degree that b is
possessed by a no less than 0. i.e. u(a,b) > 0.

Lemma 2.1. ( [15]) For a fuzzy formal context (X, M, T), the following properties hold:
forall Ay, A2, AC X, B1,By, BC M and $ € (0,1],

1. A1 - AQ = A'Q& - Allé, B, C By, = B/Qd - B;é

2.AC A% BC B,

3. A=A'%'%"% pB=ps

4. AC B BCA"

5. (A UA22 = 416 ﬂAQé’ (B1 UBZ) = B,15 03,25'
6.(A1NA2)° 2 AP UJAY, (BiB2)° 2 B UBy.

7. (A% A'%) and (B9, B'%'%) are variable threshold concepts.
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Table 2.1: Descriptions of features [17]

outlook temperature | humidity windy?
x; | rain sunny overcast | temp (°F) | humid (%) | yes no
x1 |1 0 0 71 96 1 0
z2 |0 0 1 72 90 1 0
z3 |0 0 1 83 78 0 1
zq |1 0 0 75 80 0 1
x5 |0 1 0 75 70 1 0
zg | 0 1 0 85 85 0 1

Lemma 2.2. ( [15]) Let (X, M, T) be a fuzzy formal context, 61, do € (0,1] and 61 < 0,
Then for all A C X, B C M, the following properties hold:

1. A/51/52 C A/51 "61 - A’62/617 B/51/52 C B/51 '51 C B/52/51.

2. A/élléng/(SQl&QgA/&Q/&l’ B/51/52gB/62/62gB/62/61.

Lemma 2.3. ( [15]) Let (X, M,T) be a fuzzy formal context, § € (0,1], (A1, B1),
(Ag, Bs) € Bs(X, M,T) are ordered by (A1, B1) < (A2,B2) & Ay C Ay(& By C
By), Then (Bs(X, M,T), <) is a complete distribute lattice, and conjunction and disjunc-
tion given by:

1. (A1, By) A (Ag, By) = (A1 N Ay, (By U By)'0'9),

2. (A1, B1) V (As, By) = ((A; U A2)%"% By N By).

2.2 A review of the AFS algebras

In this section, we recall some notations and present several pertinent results of AFS
algebras. The following example, which employs the features table from [17], serves as an
introductory illustration of the AFS algebras.

Example 2.1. Let X = {x1,x2,...,x6} be a set of 6 cases and their features which are
described by real numbers (temperature, humidity), Boolean values (outlook, windy). Let
M = {my,ma, ..., mo} be the set of fuzzy or crisp attributes on X and each m € M
associates to a single feature. Where my : “rain”, mo : “sunny”, ms : “overcast”, my :
“hot”, ms : “cool”, mg :“about 80°F”, my : “humid”, mg : “dry”, mg : “windy”, myg :
“no windy”. The elements of M are viewed as “elementary” attributes.

Many new attributes can be generated by Boolean conjunction and disjunction of the
attributes in M. For instance, A = {m1,mg} C M, it implies a new fuzzy attribute
(“complex attribute”) “the rain day which temperature is about 80° F”’, which associates
to the features sunny and temperature. ), A;, which is a formal sum of the attributes
A; € M,i € I. For example, we may have v = m1mg + mymg which translates as “the
rain day which temperature is about 80° F” or “windy rain day” (the “+” denotes here a
disjunction of attributes). For A; C M,i € I, Zie ; A; has a well-defined meaning such
as the one we have discussed above. By a straightforward comparison of

Y1 =mime +mimg and Yo = mime + mimg + mymsmy, 2.1

we conclude that the expressions of y; and -y, are equivalent in semantics. Considering the
terms of v, for any z, if x satisfies the condition m;mzmyg, then it must satisfies mjmyg.
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Therefore, the term mimsmyg is redundant in semantics when forming the fuzzy attribute
V2-

2.2.1 FEIT algebra
Let M be non-empty set. The set EM* is defined by
EM* = {3 ,.; AilA; € 2M i € I, I is any non-empty indexing set}.

Definition 2.3. ([10]) Let M be a non-empty set A binary relation R on EM* defined as
follows: for >, ; Ai, > ey By € EM™, (3, Ai)RI(ZjEJBj) — () VA; (i € I),
3By, (h € J) such that A; DO By; (i) VB, (j € J), 3 Ak (k € I), such that B; D Ay,.

It’s obvious that R! is an equivalence relation. The quotient set EM*/R! is denoted by
EM. Indeed, any element of E'M is an equivalence class. Let [, ; A;]pr € EM be the
set of all elements which are equivalent to ), ; A; € EM*. For the sake of convenience,
in the following, [ ;. ; Ai]rr is denoted as ) ;. A, if >, A; € EM™ is not specified.
That is to say, when >, A; € EM* is specified, ) ,_; A; only denote an element
of the EEM™, otherwise ), ; A; always means the equivalence class [, ; A;]gr. For
dierAisdjey B € EM*, 57, 1 Aiand ), ; Bj are equivalent under the equivalence

relation R' means [, Airr = X2, byl rr.

Definition 2.4. ([19]) A complete lattice L is called completely distributive lattices, if one
of the following conditions hold

/\( \/ aij) = \/ (/\ aif(i))a \/( /\ aij) = /\ (\/ aif(i))
i€l jeJ; fellier Ji i€l i€l jeJ; fellier Ji €1
where Vi € I,Vj € J;,a;5 € L,and f € ]

such that (i) € J;.

Theorem 2.1. ( [10]) Forany ), ; A;, Zje.] B; € EM, then (EM,V, ) forms a com-
pletely distributive lattice under the binary compositions NV and N defined as follows,

S AVY Bi= > Ch, > AANY Bi= Y (AUBy), (22)

i€l Jje€J keluJ i€l JjeJ iel,jeJ

where for any k € I L J (the disjoint union of I and J), Cy, = Ay ifk € I, and Cy, = By, if
ke J

(EM,V,A) is called the ET algebra over M. For v = >, A;, B = 3,0, B;
EEM,a<f<=aVp3=8&VA; (iel),3B, (h € J)suchthat A; O By. M, 0
are the minimum and maximum element in £ M, respectively.

In Example 21, let 1,[)1 = mims + momgyqmyg, ¢)2 = Mmyqmg +mymsg € EM. By (22),
the algebra operations of them are shown as follows:

ser Ji means f is amapping f : I — U,;c; Ji

Yo V Py = mims + mamg + mames,

Py Ay = mymgamsmy + mymymsms + mamymyg.

As long as we can determine the algebra operations V, A of the few attributes in M, the
logical operations V (“or”) and A (“and”) of all complex attributes in EM can also be
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determined. A collection of a few attributes in M plays a similar role to the one of a
“basis” used in linear vector spaces.

In the sequel, we denote the subsets of X with the lower case letters and the subsets of
M with the capital letters, in order to distinguish the subsets of X from the subsets of M.

2.2.2 FEII algebra

Definition 2.5. ([10]) Let X, M be non-empty sets. A binary relation R’/ on the set

EXM* = {3, uiAi|A; € 2M Ju; € 2%, i € I, I is any non-empty indexing set} is
defined as follows: forany .y uiA;, >, v;B; € EXM™,

(Xierwidi) R (3 ¢ yviBj) <= () Yu; A; (i € I), Jvp By, (h € J) suchthat A; D By,
u; Cup 3 (A1) Yu;B; (§ € J), JurAi (k € I), such that B; D Ay, v; C uy.

Obviously, R'! is an equivalence relation. The quotient set EXM*/R! is de-
noted by EXM. Similar to EI algebra, the equivalent class [}, ; a;A;]prr is de-
noted as ), ;a;A; in the sequel, if ), ;a;4; € EXM* is not specified. For
Dier @iy ey biB; € EX*, 30 ra;A; and Y-, ; b;B; are equivalent under the
equivalence relation R/ means [}, ; a;A;]pir = > 5esbiBjlRir.

Theorem 2.2. For any ;. wiAy, Y ;e ;v;B; € EXM, then (EXM,V, ) forms a
completely distributive lattice under the binary compositions V' and N defined as follows,

> wiAi vy viBj= Y wiCh, (2.3)

i€l JjEJ keluJ
ZuzAz A\ Z’Uij = Z [(’U,Z n ’Uj)(AZ‘ U BJ)] . (24)
el JjeJ iel,jed

(EXM,V,A) is called the EII algebra over X and M. Fora = >, u;A;, f =
ZjEJUij e EXM,a< < aVp=08xsYuA; (7, S I), Jup, By, (h S J) such
that A; O By, ui C vp. OM, X0 are the minimum and maximum element in EX M,
respectively.

2.2.3 E#I algebra

In order to better solve the real world problems, authors proposed an other AFS algebra,
denoted as E#] algebra [9].
Let X be non-empty set. The set £ X* is defined by

EX* = {3} ,c;aila; € 2%, I is any non-empty indexing set}

Definition 2.6. ( [9]) Let X be a non-empty set. A binary relation R# on EX* is defined
as follows: for 32, ai, 325c ;b5 € EX*, (3o ai) R* (X, bj) < Va; (i € 1), 3oy
(h € J) such that a; C by, and Vb, (j € J), Jay, (k € I) such that b; C ay.

It is obvious that R is an equivalence relation on X *. The quotient set EX* /R is de-
noted by E# X. Similar to EI algebra, equivalent class [Y_,; a;] g# is denoted as >°,_; a;
in the sequel, if ),y a; € EX* is not specified. For } .y a;, > ;0 ;b € EX™, 37, 1 a;
and . ;b; are equivalent under the equivalence relation R#* means [}, ; ailps =
[Zje] bj]R#~
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Theorem 2.3. Forany ;. rai, 3 ;c;bj € E# X, then (E* X, V, \) forms a completely
distributive lattice under the binary compositions \V, N\ defined as follows,

Zai\/ij: Z Ck, Zai/\ij: Z (alﬂbj) (25)

iel jeJ keIuJ i€l jeJ i€l jeJd

(E#X, V, A) is called an E#I algebra over X. For a = >, u;, f = Y ies Vi
EEXM,a< <= aVp=8<VYu (i €I),3v, (h € J)suchthat u; C vp. 0, X
are the minimum and maximum element in £# X respectively.

In Example 2.1, let py = {@1, 22, 25} + {@2, 23}, po = {w4} + {71,722} € E# X. By
(2.5), the algebra operations of them are shown as follows:

paVopg = {z1, 72,05} + {22, 3} + {74}, 1 A p2 = {w1, 22}

In [9,10], authors have been established the homomorphisms relationships between E1,
EIT and E#I (i.e., the arrows 1, 2 and 3 in Figure 2.1). In next section, we will explore
that there exist some homomorphism maps (i.e., the arrows 4, 5 and 6 in Figure 2.1) to
reflect the relationship between VTCL and EI, EIT and E# I, respectively.

=

25N
N —Y
; VTAL

Bl —2——> EHi

Figure 2.1: The Relationship between AFS Algebra and VTCL

3 The relationship between AFS algebras and VITCL

For given two sets X, M, we can establish the EII algebra (EX M, V, A), which is
a completely distributive lattice. First, we will discuss the relationship between the lattice
(Bs(X,M,T),<) and (EXM,V, A). To conveniently, we first define a subsets of EX M
as following:

I(EXM)={ye EXM|y=> biBji€ Ib; € X,B; € M,b; =B’}  (3.1)
i€l

where operation ’§ defined by Definition 2.2.
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Theorem 3.1. Let (X, M,T) be a fuzzy context. Then Z(EX M) is a sub EII algebra of
EXM, ie., ( € Z(EXM),k € K, ViexC € Z(EXM) and NgexCr € Z(EXM),
and Z(EX M,V \) is a completely distribute lattice.

Proof: It is easy to show that Vicx(r € Z(EXM). Since EXM is a completely
distributive lattice, so that

NkekCr = Z (Nkekbr k) Urer Brfx)) -
f€llpex Ix

where f € [],cx Ix means that fisamap f : K — Ugck Iy such that f(k) = I}, for
Vk € K. By Lemma 2.1 and the definition of Z(EX M), we can get that for Vk € K,
Jj el
s ,
(Urek Bri) © = ek (Bry) ° = Nkerbis)-
Therefore, AgerCr € Z(EXM). Moreover, Z(EX M, V, A) is a completely distributive
lattice because (EX M, V, A) is a completely distributive lattice.

Theorem 3.2. Let (X, M, T) be a fuzzy context, then pt is a homomorphism map from the
lattice (EM, V, N) to the lattice (Bs(X, M, ), <), provided that for any ), B; € EM,
p? is defined by

58 .
P1 (ZB> = Vier( B , B; 2 5) <(UlEIB ) ,ﬂieIBié 6) . (3.2)

i€l
where operation’§ defined by Definition 2.2.

Proof: By Lemma 2.1, one can see that for any Ziel B; € EM, and for Vi € I,
(B?,B;%"%) e Bs(X,M,T). Since (Bs(X,M,T),<) be a complete lattice, so for any
Sier Bi € EM,

’ ,6,5 sl ’ s
Pt (Z Bi) = ((UiEIBi(S) ,NicrB;° 6) = Vier(B;*, B’ *) € Bs(X, M, I).

icl

Now, we will show that p{ is a map from EM to Bs(X, M, Z). Suppose that },_, B
> ker, Bx € EM, by definition of ET algebra and Lemma 2.1, which means that Vz €

I,,3k € I such that B; D By, B;® C B, and Vk € I,,3i € I, such that By D Bj,
B} C B;%. Therefore, Ujcs, B;® = Uper, B, and (Ujer, B;%)?'% = (Uper, BY)®™?
hold.

Notice that both ((Urer, B®)® %, Nker, By ) and ((Uier, B;®)"® "%, Nicr, B;*?) are
variable threshold concepts in Bs (X, M, T), hence

1t

((UiehB;é) 0% sNien, B; 2 6) ((UkeIsz ) 7mkelzBl/cé/6) )

which implies that pf (3", ; Bi) = pt (34, B) hold.
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Moreover, for any ¢ = Ziel Ai,m = Eje] B, € EM, by Lemma 2.1 and 2.3, we
have

pr(C V)

= (et o )] () s )]

pi(¢) Vv pi(n)

!’ /5 /5 !’ ! ! /6/6 ! !
= ((Uz‘eIAi5) aﬁiEIAié 6) \ ((UjeJBj6) 7mj€JBj6 5)

= AR AR o A0S _.p's's
(e 0 () ] (i) o))

Notice that both p? (¢ v i) and p? Vv p¥ () are variable threshold concepts in Bs (X, M, T),
hence p? (¢ V ) = pF V pF(n). From (3.2) and definition of ET algebra, we have

pi(CAn) =pt Z A;UB; | =Vieres(A;UB;)?, (A4, UB))?"%).  (33)
icrjed

In addition, for any ¢ € I, j € J, it follows by Lemma 2.3 that
5 4’878 s R8sy _ ) ) 15’8 5'6\'5'5
(A7, 475 A (B B ) = (A 0 B, (A7 U B 0)7).

By Lemma 2.1, we have
’ ’ ’ ’ ’ /7 ! ! ’ ’ ! /6
(Ai‘S oy Bj‘s ‘5) 00— ((Ai‘s oy Bj5 5) 5)
_ ’s '5\'§
= (A°NB))

(A; UB;)°".

Therefore, forany ¢ € 1,5 € J,
(A UB;)°,(A;UB)) %) = (A2, A °) AN (B, B ),
and
PECAD = Vierges((A2 AP N(BY, B )
Vier (AP, AL ) A [Vies (B, B )]
pi(¢) Apt(n).

Thus, p? is a homomorphism map from (EM, V, A) to (Bs(X, M, T), <).

Theorem 3.3. Let (X, M,T) be a fuzzy context, then p% is a homomorphism map
Sfrom the lattice (L(EXM),V, ) to the lattice (Bs(X, M,T), <), provided that for any
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>icr biBi € EM, p3 is defined by

s (Z biBz-> = Vier(bi,b%) = ((Uierb)* ) ier b7 (3.4)

il
where operation’$ defined by Definition 2.2.

Proof: By Lemma 2.1, for any ) ., b;B; € Z(EX M), one can derive that Vi € I,
(bi,b;) = (B,%, B;*'%) € Bs(X, M, T), this implies that

((Uielbi),élé ) mielb;(s) = Vier(bi, b;é) € Bs(X, M,T).

First, we need to prove that pz is a map from Z(EX M) to Bs(X, M,Z). Suppose that
Sier, biBi = per, kB, € TI(EXM), ie, Vi € I, 3k € I such that B; 2 By,
b 2 b; and Vk € Iy, i € I; such that By, O B;, b; O by, these imply that b;f - b;é and
bk(s ) bié, $0 Ujer, bi = Uker,bk, Nier, bié = ﬂkejzbké. Therefore, p%(zieh biBi) =
pg(zkeb biBy), ie., pZ is a map from Z(EXM) to Bs(X, M,Z). Then for any ( =
dier @iAin=2,c,b;B; € Z(EXM), by (3.4) and Lemma 2.3, we have

p5(CVn)
= ([(Uiera) U Uiesd)] " [(Niera®) 0 (seat)] )
p5(C) vV p3(n)
% Nier a;é) \ ((Uielbi) %% Nier b;é)

= ((Uielai> °
([(U%’“i)/élé U (UjerJ‘)/é/é}lélé’ [(ﬁiem;é) N (ﬂjer;‘é)D '

Recall that both pQ(C V 1) and p(¢) V pi(n) are variable threshold concepts in
Bs(X, M, T), hence p(¢ A 77) = (C) ( ). By definition of ET algebra, Lemma
2.3 and (3.4), we have

pr(CAn) =pz Z a; Nb;A; UB; | = Vieres(aiNby, (a;Nby)?). (3.5
i€l jeJ

Notice that forany i € I, j € J,
(ai,a’) A (b, b7) = (a; N by, (a;” UDBL) 7).
By Lemma 2.1, forany ¢ € I, j € J, we have
(@ UD2) " = ((a Ub) ) = (0, O b2 "%) % = 0 UbY = (a; N by) .

So, (ai, a;%) A (bpbf) (ai Nbj, (ai Nb;)"®), and pE (¢ V n) = Vier jes(a; N by, (a; N

b;)"®) = Vier geal(aia®) A (b, b77)] = p3(C) A p5(n).
Thus, pZ is a homomorphism map from (EXM,V,N\)to (Bs(X,M,T),<).
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Theorem 3.4. Let (X, M, T) be a fuzzy context, then p% is a homomorphism map from the
lattice (E* X, V, A) to the lattice (Bs(X, M, T), <), provided that for any >, b; € EM,

p% is defined by

(Zb) = Vier(bi,b7) = (Uierb) " ier b)) (36

el
where operation ' defined by Definition 2.2.

Proof: The proof is similar to Theorem 3.3.

By Theorems 3.2, 3.3 and 3.4, one can see that (B5(X, M, Z), <) has algebraic proper-
ties similar to the £ algebra E# I algebra and Z(EGM ), the sub EIT algebra of EGM.
Theorem 3.5. Let (X, M,T) be a context. If e : Bs(X,M,T) — EXM is defined as
following: for any (b, B) € Bs(X,M,T), e(b,B) = bB € EXM. Then the following
conclusions hold:

T5-1. If (a, A), (b, B) € Bs(X,M,T), (a,A) < (b, B),then e(a, A) < e(b, B);
T5-2. For any (a,A),(b,B) € Bs(X,M,I), e((a,A) V (b,B)) > e(a,A) V e(b, B),
e((a, A) A (b, B)) < e(a, A) Ae(b, B).

Proof: T5-1 (a,A) < (b, B) = a C b, A O B. From definition of FII algebra, one
has
e(a,A) Ve(b,B) =aA+bB =0bB =e(b,B).

<

This implies that e(a, A) < e(b, B) in lattice EX M.
T5-2 e((a, A) V (b, B)) = e((aUD)?"%, AN B) = (aUDb)*'9AN B, moreover, by
Lemma 2.1,
(aUb)?® Daub, (AUB)?? > AUB.

Therefore, by definition of £ T algebra, we have
e((a, A)V (b,B)) = (aUb)°* ANB > aA +bB = e(a, A) V e(b, B),

e((a, A) A (b,B)) = (anb)(AUB)®"® < aAAbB = e(a, A) A e(b, B).

The proof is complete.

Theorem 3.6. Let (X, M,T) be a context. If f : Bs(X,M,T) — EXM is defined as
following: for any (b,B) € Bs(X,M,TI), f(b,B) = b € E¥*X. Then the following
conclusions hold:

T6-1. If (a, A), (b, B) € Bs(X,M,T), (a, A) < (b, B), then f(a, A) < f(b, B);

T6-2. For (a, A), (b,B) € Bs(X,M,T), f((a,A) V (b,B)) > f(a,A) V f(b, B),
F((a, A) A (b B)) = f(a 4) A (b, B)
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Proof: T6-1 (a, A) < (b, B) = a C b, A D B. From definition of E#I algebra, one
has
fla, A)V f(b,B)=a+b=0b= f(b,B).

This implies that f(a, A) < f(b, B) in lattice EX M.
T6-2 f((a, A) V (b, B)) = f((aUb)? 9, AN B) = (aUb)?°, and by Lemma 2.1,

(aUb)®? Daub.

So, (a U b),‘s,‘s Da, (aU b)’5’5 D b. Therefore, from the definition of £# I algebra, we
have

f(a, AV (b,B)) = (aUb)®? >a+b= f(a,A)V f(b, B)
f(a,A)A(b,B)) =anb=aAb= f(a,A) A f(b, B).

The proof is complete.
Theorem 3.7. Let (X, M,T) be a context. If g : Bs(X,M,Z) — EM is defined as
Sollowing: for any (b,B) € Bs(X,M,T), g(b,B) = B € EM. Then the following

conclusions hold:
T7 —1. I1f(a,A),(b,B) € Bs(X,M,T),(a,A) < (b,B),then g(a,A) < g(b, B);
T7 — 2. For(a,A),(b,B) € Bs(X,M,T),

g((a, A) v (b, B)) > g(a, A) V g(b, B),

9((a, A) A (b, B)) < g(a, A) A g(b, B),

Proof: T7-1 (a,A) < (b,B) = a C b, A O B. From definition of ET algebra, one
has

g(a,A)Vg(b,B)=A+ B =B =g(b,B).
(b,

This implies that g(a, A) < B)in EM.
T7-2 g((a, A) Vv ( B)) =g((aUb)??9 AN B) = AN B, we have
V

9((a,A) v (b, B
by Lemma 2.1, (AU B)®'% D

N)=ANB>A+B=g(a,A)V g(b,B),
(AUB),so (aNb)(AUB) %% < (anb)(AU B),
g((a, A) A (b, B)) = (anb)(AUB) "% < aAAbB = e(a, A) A (b, B).

The proof is complete.

Theorems 3.5, 3.6, 3.7 imply that some properties of the (B5(X, M, T), <) can be stud-
ied in the framework of the AFS algebras. Moreover, the AFS algebras are more general
algebra structures and can be applied to study fuzzy attributes, such as fuzzy clustering
analysis, fuzzy decision trees, etc. About the detail application of AFS algebras, please
see [11-14,20].
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4 Conclusion

In this paper, we discuss the homomorphism relationship between VTCL and AFS

algebras. Three algebra homomorphism maps (i.e., Theorems 3.2, 3.3, 3.4) between AFS

algebras and variable threshold concept lattice are established, by which one can see that

the threshold concept lattice (Bs(X, M, Z), <) has algebraic properties similar to the AFS

algebras. Some properties of the complete lattice (B5(X, M,Z), <) can be studied in the

framework of the AFS algebras.
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