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1 Introduction

The fractional calculus represents a powerful tool in agplnathematics to study a myriad of problems from different
fields of science and engineering, with many break-throaghlts found in mathematical physics, finance, hydrology,
biophysics, thermodynamics, control theory, statisticathanics, astrophysics, cosmology and bioengineerirggelhas
been a significant developmentin ordinary and partial ioaet differential equations in recent years; see the moaqus

of Abbaset al. [9,10], Kilbas et al.[23], Miller and Ross 27], Zhou [30], the papers of Abbast al.[1,2,3,7,8,11],
Diethelm [15], Kilbas and MarzanZ1], Vityuk and Golushkov29] and the references therein.

The method of upper and lower solutions has been succesafglied to study the existence of solutions for fractional
order ordinary and partial differential equations andusans. See the monographs by Benchatral. [13], Heikkila
and Lakshmikanthamip], Laddeet al.[24], the papers of Abbas and Benchoht&?, 4], and the references therein.

In [3,4,5,8], Abbaset al. used the upper and lower solutions method combined with domeé point theorems for
investigate the existence of solutions of some classesmilsive partial hyperbolic differential equations andirsions
at fixed moments of impulse. In pharmacotherapy, the abtarntaneous impulses can not describe the certain dynamics
of evolution processes. For example, one considers thedyamamic equilibrium of a person, the introduction of thegiu
in the bloodstream and the consequent absorption for thg di@dgradual and continuous process. From the viewpoint
of general theories, Hernandez and O’'Redk8j [nitially offered to study a new class of abstract semidinenpulsive
differential equations with not instantaneous impulsea RC-normed Banach space. Meanwhile, §178] the authors
continue to study other new classes of differential equatigith not instantaneous impulses.
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In this paper, we use the method of upper and lower solutionthe existence of solutions of the following partial
fractional differential inclusions with not instantanedmpulses

°D’9ku(t,x) e F(t,xu(t,x)); if (t,x) €lx, k=0,...,m,
u(t,x) = gk(t,x,u(t,x)); if (t,x) € k, k=1,....,m,

u(t,0) = ¢(t); t €[0,al, (1)
u(0,x) = (x); x € [0,b],
¢(0) = y(0),

wherely := (S tkr1] % [0,b], I = (&, ] x [0,b], a,b > 0, 6 = (%,0); k=0,....,m, CD'E,k is the fractional Caputo
derivative of order = (r1,r2) € (0,1] x (0,1], 0= <ti < <tr < - <Sp1 <tm<sm<tm1=a F: [y xR"—
Z(R"); k=0,...,mis a compact valued multi-valued ma@,(R") is the family of all nonempty subsets®&f, gy : J x
R"— R", k=1,...,mare given continuous functiong,: [0,a] — R" andy : [0,b] — R" are given absolutely continuous
functions. Our approach in this paper is based on a combimafia fixed-point theorem for condensing multivalued maps
due to Martelli (se€]6]) with the concept of upper and lower solutions. This papérates the application of upper and
lower solutions method to this new class of problems.

2 Preliminaries

In this section, we introduce notations, definitions, angliprinary facts which are used throughout this paper.let
[0,a] x [0,b]; a,b> 0, denotel}(J) the space of Lebesgue-integrable functiang — R" with the norm

a rb
ule = [ [ It dxat

where||.|| denotes a suitable complete normih
As usual, byAC(J) we denote the space of absolutely continuous functions frarto R", and¢” := C(J) is the Banach
space of all continuous functions fradrinto R" with the norm||. || defined by

[Ulleo = sup [u(t,x)]-
(t,x)ed

Consider the Banach space
PC={u:J—R":ueC((t,t1] x [0,b]); k=0,1,...,m, and there
existu(t, ,x) andu(t;,x); k=1,...,m,
with u(t, ,x) = u(ty,x) for eachx € [0,b] },

with the norm

[ullpc=sup [[u(t,x)]|.
(t,x)ed

Definition 1.[9,29]. Let 8 = (0,0), r = (ry,r); r1,r2 >0and uc L*(J). The left-sided mixed Riemann-Liouville integral
of order r of u is defined by the expression

1 t X
1hu)(t,x :7// t— 1)1 (x— &)z ty(r, &)dédr,
(9 )( ) r(rl)/—(rz) 0 0( ) ( E) ( E) E
whererl (.) is the (Euler's) Gamma function defined by¢) = [5°t¢~te tdt; ¢ > 0.

In particular,

(18U)(t,%) = u(t,x), (Igu)(t,x)=/Ot/oxf(r,f)dfdr; for almost all(t,x) € J,
whereo = (1,1).

For instance)ju exists for allry,r, € (0,), whenu € L1(J). Note also that whem € C(J), then (15u) € C(J),
moreover
(I5u)(t,0) = (15u)(0,x) = 0; t € [0,a], x € [0,b].
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Example lLetA,w e (—1,0) U (0,0), r = (r1,r2), r1,r2 € (0,00) and
h(t,x) =t*x®; (t,x) € J. We haveh € L1(J), and we get

F1+ ) (1+ w)

tA %92 for almost all(t, x) € J.
FAAA+r)r 1+ w11 (t:x)

(Ih)(t,x) =

By 1—rwe meanl—ry,1—rp) € [0,1) x [0,1). Denote byD, := %;X, the mixed second order partial derivative.

Definition 2.[9,29]. Let r € (0,1] x (0,1] and ue L(J). The Caputo fractional-order derivative of order r of u is chefil
by the expression

¢ bu(t,x>=<|$*'D$xu><t,x>=m_rl — // = ) dédr.

The caser = (1,1) is included and we have

(°Du)(t,x) = (D3u)(t,x); for almost all(t,x) € J.

Example Zet A, w € (—1,0) U (0,) andr = (r1,r2) € (0,1] x (0,1], then

FA+M)r(1+w)

cDrt)\
FA+A—=r)lM (1+w-ry)

tA~"1x®~"2; for almost all(t,x) € J.

Letay € [0,a], z" = (a1,0) € J, J; = (a3,a] x [0,b], r1,rp > 0 andr = (ry,r2). Foru € L1(J), the expression

0000 = i [ 0o 6 i £yagar

is called the left-sided mixed Riemann-Liouville intego&brderr of u.

Definition 3.[9,29]. For u € L(J,) where [Fu is Bochner integrable on,Jthe Caputo fractional order derivative of
order r of u is defined by the expression

(°DEu)(t,x) = (17 "DEu) (t, x).

Let (X,d) be a metric space. We use the following notations:
Zpd(X) ={Y € Z(X) :Y bounded, Z(X)={Y € Z(X):Y closed,
Pep(X) ={Y € Z(X):Y compac}, and P (X) ={Y € 2(X):Y convex.

A multivalued mapG : X — £?(X) hasconvex (closed) valuésG(x) is convex (closed) for akt € X. We say thats
is boundedn bounded sets &(B) is bounded irX for each bounded s&of X, i.e.,

sup{supf{ |jul|: ue G(X)}} < co.
xeB

G is called upper semi-continuous (u.s.c.)Xiif for eachxg € X, the setG(xg) is a nonempty closed subsetXfand if
for each open sétl of X containingG(Xp), there exists an open neighborhddgof xo such thalG(Np) C N. Finally, we
say thatG has dixed pointf there existsx € X such thak € G(x).

Definition 4.[12] An upper semicontinuous map:& — £?(X) is said to be condensing, if for any bounded subsetB
with a (B) # 0, we havea (G(B)) < a(B), wherea denotes the Kuratowski measure of noncompactness.

RemarkA completely continuous multivalued map is the easiest gptamf a condensing map.
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For eactu € PC let the setS-, known asthe set of selectorsom F defined by
Sru={ve LYl 1 v(t,x) € F(t,xu(t,x)) , ae (t,x) € ly; k=0,...,m}.

For more details on multivalued maps we refer to the bookseifriling [14], Djebali et al.[16], Hu and Papageorgiou
[2Q], Kisielewicz [22], GOrniewicz [L7].

Definition 5.A multivalued map F J x R" — Z(R") is said to be Carataodory if

(i) (t,x) — F(t,x,u) is measurable for each@R";
(iDu — F(t,x,u) is upper semicontinuous for almost & x) € J.

F is said to be E-Caratheodory if(i), (i) and the following condition holds;
(iii)for each ¢> 0, there existwr; € L(J,R. ) such that
IF(t.x,u) » = supl[| ] : f € F(t.x.u)}
< oc(t,x) forall |jul] <cand forae. (t,x) € J.

Lemma 1]20]. Let G be a completely continuous multivalued map with mopty compact values, then G is u.s.c. if and
only if G has a closed graph (i.ept> U, Wy — W, Wy € G(un) imply we G(u)).

Lemma 2[25]. Let X be a Banach space. Let:H x X — Pcpcv(X) be an [1-Caratheodory multivalued map and let
A be a linear continuous mapping front(J, X) to C(J,X), then the operator

NoS :C(J,X) — Pepev(C(I, X)),
U (A0S (U) = A(Sew)

is a closed graph operator in@, X) x C(J, X).

Lemma 3(Martelli)[ 26]. Let X be a Banach space and:X — & ¢ (X) be an u. s. c. and condensing map. If the set
Q:={ueX:Aue N(u) forsomer > 1} is bounded, then N has a fixed point.

3 Main Result

Definition 6.A function ue PC whose r-derivative exists is said to be a solutionldfif(there exists a function & S
such that u satisfieéCDreku)(t,x) = f(t,x) on I; k=0,...,m, and ut,x) = gk(t,x,u(t,x)) on J, k=1,....m, and
conditions ({t,0) = ¢ (t); t € [0,a], u(0,x) = Y(x); x € [0,b], ¢(0) = Y(0) are satisfied.
Letz ze C(J) be such that

Z(t,X) = (z1(t,X), 22(t,X),..., Zn(t,X)), (t,X) € J,
and

Z(t,x) = (z1(t,X), 22(t,X), ..., Za(t, X)); (t,x) € J.

The notatiorz < zmeans that
zZ(t,x) <z(t,x); i=1,...,n.

Definition 7.A function zc PC is said to be a lower solution of)if there exists a function & S-; such that z satisfies

(‘DD (t,x) < f(t,x); onl; k=0,....m,

z(x;,y) < z(x . y) + lk(Z(% ,Y)); ifye[0b], k=1,...,m,

Z(t,x) < gk(t,x,z(t,x)); onJk, k=1..., m

z(t,0) < ¢(t); t € [0,a], z(0,x) < ¢(x); x € [0,b], and Z0,0) < ¢(0).

The function z is said to be an upper solution Hfif the reversed inequalities hold.

As a consequence of Lemma 2.14 @, fwe have the following lemma
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Lemma 4Letry,ry € (0,1, p(t,x) = ¢(t)+ @(x) — ¢(0). A function ue PC(J) is solution of the probleny, if and only
if there exists fe S, such that u satisfies

u(t,x) = u(t,x)

8 St R D (1 g)dEdes i (tX) € [0.4) % [0.b]

u(t,x) = ¢ (t) + g(Sk, X, U(Sk; X)) — Gk(Sk, 0, U(s«; 0)) ,
b R (7 g)dEdr; i (%) €l k=1,....m @

u(t,x) = gk(t,x,u(t,x)); if (t,x) € J, k=1,...,m

u(t,0) =@ (t); t € [0,a], u(0,x) = Y(x); x< [0,b] and ¢(0) = Y (0).

For the study of the probleni), we first list the following hypotheses:

(H1) F 1 kxR — Zcpe(RM); k=0,...,mis L1-Carathéodory,
(H2) There existy andw € PC lower and upper solutions for the problefr) §uch thaw(t,x) <w(t,x) for each(t,x) € J,
(Hs)For eacht,x) € J; k=1,...,mwe have

V(t,X) < min gk(tvxv (gU))

ue v(t,x),w(t,x)]
< t
S Lo k(. x, (gu))
< w(t,x).
Theorem 1Assume that hypothes@d;) — (Hsz) hold. Then the probleni] has at least one solution u such that
v(t,x) <u(t,x) <w(t,x); forall (t,x) € J.
Proof. Transform the problemi into a fixed point problem. Consider the following modifiedplem
D, u(t,x) € F(t,x,(gu)(t,x)); if (t,x) € I, k=0,...,m
u(t, ) = gk(t,x, (Qu)(t,x)); if (t,x) € k, k=1,....m

u(t,0) = ¢(t); t €[0,al, | 3)
u(0,x) = (x); x € [0,b],
¢(0) = y(0),

whereg : PC — PC be the truncation operator defined by
V(LX) utx) < vt,x),
(QU(t,x) = { u(t,x);  v(t,x) < u(t,x) < w(t,x),
w(t,x);  w(t,x) < u(t,x).
A solution to @) is a fixed point of the operatdt : PC — &2(PC) defined by
h(t,x) = u(t,x)
r 1 ro—1
+ 15 S8 e (T, £)dédr,
if (t,x) € [0,ta] x [0,b],
h(t,x) = o (t)
(NU)(t,x) = { he PC: { +0u(sc, X, (9U) (S X)) — g(Sx, 0, (QU) (s, 0))
r 1 ro—1
+ Ja S e (1, €)dEd;
if (t,x)€lg, k=1,...,m

h(t,X) = gk(tvxa (gLI)(t,X));
if (t,x)eXk, k=1,....m

(@© 2015 NSP
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where feSqu=1{f €Sty ft,) > fi(t,x) on A; and f(t,x) < fa(t,x) on Ag},
A= {(t,x) € I:u(t,x) < v(t,x) <w(t,x)},
A ={(t,x) € J:u(t,x) <w(t,x) < u(t,x)},

and

S%,gw) ={f e LY : f(t,x) € F(t,x (qu)(t,x)), for (t,x) € ly; k=0,...,m}.
Remark(A)For eachu € PC, the se&,g(u) is nonempty. In fact(H) implies there existds € S 4(,), SO we set
f = faxa, + faXa, + faXag,
whereyy, is the characteristic function &%; i = 1,2,3 and
Az ={(t,x) € J:v(t,x) <u(t,x) <wl(t,x)}.

Then, by decomposability, € S 4.
(B)By the definition ofg it is clear thatF (., ., (gu)(.,.)) is anL!-Carathéodory multi-valued map with compact convex
values and there exisgsc C(Ix, R ); k=0,...,msuch that
[IF(t,x, (qu)(t,x))|| 2 < @(t,x); for eachu € R"and(t,x) € I; k=0,...,m.

Set

(0* ‘= max sup qo(t,X)
k:l,...,m(t’x)elk

(C)By the definition ofg and from(Hs) we have
V(t,X) < gk(t,X, (gu)(t,X)) < W(t,X), (t,X) € J k= 17 ey M
Set

L:= max max
k=1,...m(t,x)eJ,

(v, [[w(t, x))-

From Lemmad and the fact thag(u) = u for all v < u < w, the problem of finding the solutions of problet) (s reduced
to finding the solutions of the operator inclusiok N(u). We shall show thall is a completely continuous multivalued
map, u.s.c. with convex closed values. The proof will be giveseveral steps.

Step 1:N(u) is convex for each & PC. .
Indeed, ifh;, hy belong toN(u), then there exist;, f, € %g(u) such that for eaclt,x) € J we have

+ 8 g%fi(r,f)dfdr; if (t,x) € [0,t] x [0,b], i =1,2,

)+ Ok(S X, (9U) (S X)) — Gk(Sk: 0, (9u) (5. 0))
1 1(x—&)2-1 o . _ P —
ﬁfl(r,f)dfdr, if t,x)el,k=21...mi=12

hi(t,X) = Gk(t,x, (QU)(t,X)); if (t,x) € J k=1,...m i =12
Let0< & < 1. Then, for eacHt,x) € J, we have

(Ehy+ (1= &)h2)(t,x) = p(t,x)

LSRR (4 4 (1 £) 1)) (1. E)dEdT; i (%) € [O,t] x [0.b)]
(Ehy+ (1—&)h2)(t,x) = ¢ (t) + Gk(Sc, X, (QU) (S, X)) — Gk(k, 0, (QU) (5, 0))

b R D £y 4 (1 €)f)(1,€)dEdT; i (t.X) € e k=1,....m.

(Ehy+ (1—&)hy)(t,X) = gk(t, %, (Qu)(t,x)); if (t,X) € J, k=1,...,m.
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SinceS% o) is convex (because has convex values), we have

Ehy+ (1— &)hp € N(w).

Step 2 N sends bounded sets of PC into bounded sets.
Indeed, we can prove thBl(PC) is bounded. It is enough to show that there exists a positimstant such that for each

he N(u), ue PCone ha3\h|\oo<é

If h e N(u), then there eX|st$e§:g such that for eacft,x) € J we have

h(t,x) = u(t,x)

8 STl D (1 g)dEdr if (6,%) € [0,t] x [0.b],
h(t,x) = ¢ (t) + gk(Sc, X, (9U) (S, X)) — Gk(Sk; 0, (9U) (s, 0))
el (1 g)dedr; i (%) € i, k=1,....m

h(t,x) = gk(t,x, (Qu)(t,x)); if (t,x) € J, k=1,...,m

Then, we get
[h(t,x)]| < [l (t,x)]|

+f0fo% o(1,&)dEdT; if (t,%) € [0,t] x [0,b],

r(r2)
[h(t, )] < 1@ )1 + [19k(sc, X, (9U) (S, X)) || + [ 9k(Sk, O, (GU) (s, 0)) |

l — - .
+ b R D (e £)ded; if (tX) € i k=1,....m

Ih(t,X) || < [lgk(t, %, (Qu)(t,x))]|; if (t,x) € I, k=1,...,m

Then, we obtain
[ht )] < [[H]]e

+fofo %(p dédr; if (t,x) € [0,t1] x [0,b],
Ih(t,x)|| < [|¢]lo+ 2L

t _\r1-1y_z\yo—1 . o
b2 pegdr i (6x) € I, k=1.....m

It < L if (£,%) € 3 k=1,...,m

Thus
Il < [l + Frror by = fai i (%) € [0,a] x [0,b],
Il < [ @0+ 2L+ e E G =l i (t,%) €l k=1,...,m,
[hllw < L; if (t,Xx) €k, k=1,...,m

Hence

||h||oo < max{L,él,éz} =4

Step 3 N sends bounded sets of PC into equi-continuous sets.
Let (11,&1), (12,é2) € J, 1 < Tp, &1 < & andBy = {u€ PC: ||lu]|» < p} be a bounded set &C. For eachu € B, and

(@© 2015 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

18 %N S\ S. Abbas et. al. : Upper and Lower Solutions Method for Plartia

h € N(u), there exists e éé,g(w such that for eacft, x) € [0,t1] x [0,b] we have
[h(t2,&2) — h(T2,81) || < [[H (T2, &2) — p (T2, &1
T _ rlfl _ rzfl _ _ rlfl _ rzfl
+/ 1/51 [(TZ T) (EZ E) (Tl T) (Xl E) ]Hf(raE)HdEdT

F(r)r (r2)
2 _r\ri-1 _z\r-1
s e, g
T1 52 '[2_-[- r1 l 52_5)r271
*/ A o )lagar
/51 Tz—r r1 l 52—)5) I£(1.8)|dédr.
Then,we get

[h(12,&2) — h(T1,&1) || < [|p(T2,&2) — p(T1, &1) |
Lo /Tl /El [(o—1)1 (& —-8) 2t — (n—1)" v (x - E)rrl]dédr

[(ro)r(r2)
/;2 T2—T )& _)E)rz_ldfd'[
T 52 T2—T rl l EZ—E)r271
to / /E T —dgar
1 _ rl l _ rzfl
/'f To—1) 52 )f) dzdr.

As T — o andé; — Ez. the right-hand side of the above inequality tends to zero.
Also, for each(t,x) € Iy, k=1,...,m, we have

[h(12,&2) —h(T1,&1)|| < [|@(T1) — @ (T2) ||
+ 119k (sc; 1, ( QU)(Sk &1)) — Ok(Sx, €2, (9U) (s«, &2)) |

noré|( )1 (& - &)zt — (1 — 1)1 (x — &)
[ e I1(2.)dédr
/;2 et : W )E)Qllf(r,f)ldfdr

norée( -[2_-[ r1 152 &)zt
+/ /. I )lagar

1 _ I'l l ro—1
A 52 2 o1, )lacar.

Thus,weget
(12, &2) — (12, &1)[| < [|@(T1) — b (T2) |

+19k(Sk: €1, (QU) (S, §1)) — Ok(Sk: €2, (QU) (S, §2)) |
T 1 r1 1 ro—1 ri—1 _ zh\rp—1
te / /'f (T2 — (-8 —(m-—1)*(x—¢) ]dEdr

[ (ro)r(rz)
rl l ro—1
& )
i} rl 1 EZ E)rz—l
+q0/ /E o —dear
1 _ 1) 1 ro—1
AL fl fz O ey
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As 11 — T, and&; — &, the right-hand side of the above inequality tends to zegair, for each(t,x) € J, k=
1,....m we have

[Ih(12,&2) — (11, &1) || < [|9k(T2, €2, (QU) (T2, &2)) — Ok(T1, €1, (QU)(T1,€1)) |-

and asr; — T and&; — &, the right-hand side of the above inequality tends to zesba Aonsequence of Steps 1 to
3 together with the Arzela-Ascoli theorem, we can conclildN is completely continuous and therefore a condensing
multi-valued map.

Step 4:N has a closed graph.
Letun — u,, hy € N(un) and h, — h,. We need to show thdt. € N(u,).
hn € N(un) means that there exisfs € Szg such that, for eacft,x) € J, we have

n(t,X) = (t,X)
I8 U2 D (1 £)déde if (6.X) € 0.t x [0.b],

I(ro)
hn(t,X) = @ (t) + gk(Sk, X, (Qtn) (Sk; X)) — Ik(S, 0, (9th) (%, 0))

t-1)f

+E %fn(r £)d&dr; if (t,x) €l k=1,...,m

hn(t,X) = gk(t, %, (gun) (t,X)); if (t,X) € K, k=1,....m

We must show that there exists € ig(u» such that, for eacft,x) € J

tr"ll

ro—1 )
+ Jo Jo R (1, 6)dEdT; i (6,%) € [0,t] x [0,b],

h.(t,x) = ¢ (t) + 9u(Sk, X, (QU.) (S X)) — Gk(S, 0, (9 (5, 0))
8 QTR D (. g)dEdr; i (tX) € e k=1,....m

h*(tvx) = gk(t7X7 (gu*)(tvx))! If (tvx) € ‘Jka k: 17"'7m

h.(t,x) = u(t,x)
(

Now, we consider the linear continuous operator

ALY ) —C(I),
f — Af

defined by

(ALY = u(tx)

S U D (7 £)dédrs if (6.X) € [0,t] x [0.b],
(AF) (%) = @ (t) + k(S X, (QU) (S X)) — Gk(, 0, (9U) (s, 0))

8 TR T (r g)dedr; i (tX) € e k=1,....m

(r2)

(AF)(6,%) = g(t, (Qu)(t,)); if (t,) € I, k=1,...,m
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From Lemma2, it follows thatA o §,1: is a closed graph operator. Clearly we have
[[Pn(t, X) = h.(t,X)]

t 11y _g\ro—1
< Jo S B (1, &) — £u(1,€)||dEdT
—0as n— oo; if (t,x) € [0,t1] x [0,b],
[[[ba(t,X) — Gk(Sk: X, (9Un) (S, X)) + Gk (S, 0, (Gn) (k. 0))]
—[P(t,%) — Gu(S X, (QUL) (S X)) + G(Sk: 0, (g (s, 0))] |
< J& R S (1, 6) — 1. <r £)||dédr

—0asn—o; if (t,x)€ly, k=1,.

||[hn(t,X)—gk(t,X, (guh)(tvx))]
—[ha(t,x) — Ok (t, %, (Qu) (t,X))]|| = 05 if (t,x) € I, k=1,...,m

Moreover, from the definition of\, we have
Ihn(t,%) = he(t. )] € A(SEg,) i (%) € [0.ta] x [0,D],

H[h ( )_gk(SK X, (gun)(skax))—’_gk(skvov (gun)(SKao))]
eN( &g ); if (t,x) €lx, k=1,...,m

[[Thn(t,X) — gk(t, X, (gun) (t,X))] € A( S:g Jif (6,X) €, k=1,...,m.
Sinceup — U, it follows from Lemma2 that, for somef, A(sgg(u*))? we have
h.(t,x) = p(t,x)

8 Ut B T (1 g)dEdrs i (t.X) € [0.4] x [0,b)]

h.(t,%) = @ (t) + 9k(S X, (9U:) (S, X)) — k(S 0, (9u: ) (s, 0))
8 RO D (1 £)dEdT; i (tX) € e k=1,....m

h.(t,X) = gk(t,x, (Qu) (t,X)); if (t,X) € I, K=1,....m

From Lemmal, we can conclude that is u.s.c.

Step 5:The setQ = {uc PC: Auc N(u) for someA > 1} in bounded.
Letue Q. Then, there exist$ € /\(S,: o )) such that

Au(t,x) = p(t,x)
+ I kX %f(r,f)dfdr; if (t,x) € [0,ts] x [0,b],
Au(t,x) = @ (t) + gk(se X, (9U) (S, X)) — Gk(, 0, (9u) (s, 0))
1 px (t=1)171(x=¢§)2~1 L .
+Js. Jo Wf(r,f)dfdr, if (t,x)€l, k=1,...,m

Au(t,x) = gk(t, X, (Qu)(t,x)); if (t,x) € J, k=1,....m

As in Step 2, this implies that for ea¢h x) € J, we have

l
[[ulleo < T <t
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This shows thaf2 is bounded. As a consequence of LemBnave deduce thall has a fixed point which is a solution of
(3) onJd.

Step 6:The solution u of3) satisfies

v(t,x) <u(t,x) <w(t,x); forall (t,x) eJ.
Letu be the above solution t@).
Case 1If (t,x) € J; k=1,...,m, Then from(Hz) it is clear that

v(t,x) < u(t,x) = ge(t,x (Qu)(t,x)) <w(t,x); k=1,....m.
Case 2.Now, we prove that the solutiamof (3) satisfies
V(t,x) <u(t,x) <w(t,x); forall (t,x) elx, k=0,...,m.
First, we prove that
u(t,x) <w(t,x) forall (t,x) €ly, k=0,...,m.
Assume thati — w attains a positive maximum ofs; ,t,_ ;] x [0,b] at (. %) € (§],t, 4] x [0,b], for somek =0,...,m,
thatiis,
(U= W) (B, %) = max{u(t,x) —w(t,X) : (£,%) € (5, tc.4] x [0,b]} > O,
for somek =0, ...,m. There existst;,x*) € (S;,t,,4) x [0,b] such that
[u(t, ") — w(t,x")] + [u(t, X) — w(t, )]

—[u(ty, x") —w(t,x")] < 0; forall (t,x) € ([t T] x {X"}) U ({tc} > X", b)), (4)
and
u(t,x) —w(t,x) > 0; forall (t,x) € (tg, k] x (X", b]. (5)
By the definition ofg one has
“Dyu(t,x) € F(t,x,w(t,x)); for all (t,x) € [t,T] x [x, b]. (6)
An integration of ) on [t;,t] x [x*,x] for each(t, x) € [t;,Ti] x [x*,b] yields
U(t,X) + u(tf(kaX*) - U(t,X*) - u(t;7x)

e [ [ 9 ey s y)dya )
TR () by e TR

wheref (t,x) € F(t,x,w(t,x)). From (7) and using the fact that is an upper solution tdlj, we get
u(t, X) + U, ) — u(t, x") — u(t, X) < w(t,x) +w(t, X)) —w(t,x) — w(tg,X),

which gives,
u(t,x) — w(t,x)

< [U(t,X*) - W(t7X*)] + [U(t;,X) - W(tzax)] - [u(tf(kaX*) - W(t;7X*)] (8)
Thus from @), (5) and @) we obtain the contradiction
0 < [u(t,x) —w(t,x)] < [u(t,x") —w(t,x")]
Ut %) — Wt %)) — [t X) — wi(t,x)] < 0; for all (t,x) € [t B x [x*,b].
Thus
u(t,x) <w(t,x) forall (t,x) € Iy, k=0,...,m.
Analogously, we can prove that
u(t,x) > v(t,x), forall (t,x) € lx, k=0,...,m.
From cases 1 and 2 we get
v(t,x) <u(t,x) <w(t,x), forall (t,x) € J.
This shows that the probler8)(has a solutiom satisfyingv < u < wwhich is solution of ).
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