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Abstract: Two atoms located in a one dimensional waveguide with ilhtiane of them in the excited state interact by exchanging
photons. We analyze the exchange process distinguishimgebe real and virtual photons contributions, and comgealietween the
Coulomb and Goeppert-Mayer gauges. We show that gaugeendent coupling terms can be interpreted in a simple waygusie
time-energy incertitude relation
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1 Introduction behavior of these partial parts. This study represents thus
an evidence for the close connection between

The light bropagation between two atoms represents arr]enormalization theory and gauge formulation of quantum
old issgue ?hatpw%s concomitant with the deve‘I)o ment Ofelectrodynamics. The dynamics of atoms in 1D

. P waveguide is a promising configuration is the realization
quantum electrodynamics. It has been addressed by Fermi

as earlier as 19321] and represents the basic model for ggﬁllrgp;f;]lgl,ﬁw:rgr?%\;'iﬁg{ﬁg]ir?eciub?;'t( a#g;’(v)‘;;gi d
understanding  super-radiance  phenomen&-6][ P ying q P

Moreover, the photon exchange is known to lead to thethe realization of fundamental quantum information
coupling between atoms inducing alternated transitionSOperatlonS [~14]. Even if many studies have been

and light-shifts (collective Lamb-shift). Although the already achieved for the calculation of the transmission

coupling term is finite and gauge independent, it involvesand reflection of a photon through an array\oatoms in

the Superposiion of many_quantum paths whose [ BRETICE, B (2 VE O L R ECS ecatee o
contributions are gauge-dependent and that may b Y

divergent. For this reason, these partial quantum paths ar(?he neglect of non Rotating Wave Approximatio—

: . ontributions in these studies) nor the nature (real or
generally considered as unphysical (unobservableirtual) of the photons has been established. We have

although the photon exchange process is allowed. To th%ddressed these considerations in a recent pak@r [

best of our knowledge, no further investigation on the . e
exact behavior of these unphysical processes has beestressmg on the spectral and temporal modification of a

performed. Here, we investigate the situation Of%oton wavepacket propagating in a 1D waveguide
atom-aom couping in a one dimensonal (10) (AT 8 SERAEE TR TE B e e
waveguide for both the Coulomb and Goopert-Mayer pny P P 9

gauges. We show that each partial quantum path exhibitby the two atoms considering two gauges (Coulomb and

a finite gauge-independent part whose behavior can be&oepp_ert-l\(layer) without  performing  the Rwa
proximation.

understood from the time-energy incertitude and a gaugglp
dependent contribution responsible for the unphysical
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2 Theory. Coupling between atoms: ground level whereas in the second term, we have states
with only one atom [ = 1,2) in the excited state and no
We consider two identical atoms labellgd= 1,2 each  photon in the field. The last two terms correspond to an
modelized by a two-level system (ground stg®s> and  excitation number of three. The third term describes the
excited statesb; > with eigenfrequencies 0 andb  jtation where both atoms are excited and there is one
respectively). The resonant frequency & and the  pnoion in the field, whereas the last term corresponds to
interatomic distancé. We consider the case where the y "<t/ \ation with one excited atorf)@nd two photons in

two atoms are localized inside an infinite losslessy,  “fio)y These states are necessary for the correct
waveguide. The transverse dimension of the waveggide .. ent of virtual photon and the collective Lamb-shift
is assumed to be much smaller thap (the resonant effect P

wavelength) and the interatomic distaide.g.d < Ao, | . . .

so that tﬁe zalectrostatic dipole-dipole igtergaction beu)we The evolution of the system is determined by the

the atoms is strongly inhibited in the waveguide and canSchrodinger equation|ﬁd“”>< = Hly > (t). The

be neglected 16, 17]. Moreover, the atoms no longer equations of evolution for the amplitudes obtained from

radiate outside thez direction and the field remains the Schrodinger equation can be solved using the standard

uniform in  the longitudinal  direction  of adiabatic elimination of the continuum techni(], that

propagation18,19]. We take into account here for virtual holds for >> r where " is the relaxation constant

photon effects that may induce significant changes in thejiven by ™ = C g Details of calculations can be found

dynamics. Thus rotating wave approximation (rwa) is notjn [15]. The amplltude Bi(t) (j = 1,2) follow the

done and the Hamiltonian of the systehh can be  fundamental integro-differential equation:

separated into three terntd = Hatomic + Hrield + Hinter- t

:—T this notation, Haomic = y%_1Aanlb; >< bj| is the Bj(t):—l'ﬁj—/ By Mt —t)dt @)
amiltonian of the free atoms. —c0

Higg = e (ﬁwk)ak &y, dk; is the Hamiltonian of the free

field with e — ck,| — ck anda, the photon annihilation The first term is a relaxation term whereas the second

operator that follows the usual bosonic commutation rules ferm is a coupling between the two atoms. It depends on a
memory functionM(t —t') that is the sum of four

!
[akz,ak/z] = O(k; — k). The mtera(-:tlon Hamiltonian .o htributionsv — M1 -+ My + Mz + Mg with:
depends also on the electromagnetic gauge used and can

be written as Hirter = M. / _/°° 2 (0l /0) ai (@) (t—t)

Ve . _ 1(t—=t) =/ gi¢ € dw (3a)
320 % g (iékzelkz'zj + i*élzef'kz-zj-) (6 + 67)dk, with 0 ¥
z; the positon of atomj (with z —z = I), Mz(t—t’):/ g2 é@/Ogil@ralt-tgy  (3b)
0j = |aj >< by thg lowering operator, the coupling ‘
and the parameter depends on the gauge used. For 3(t—t') / g —i(l/0) d(w—w)t—t") 4 (3c)

Coulomb gauge, we havie= 1 andgy = go, /2 with
_ 2 —| wI/c —i(wptax)(t—t)
| A(t—t) / e dw.  (3d)
go = y/zmeadap the coupling at resonanceh the .

effective transverse guide section ang, the dipole In these expressions, we hagg, — \ngc and the spatial

moment. For Goeppert-Mayer gauge, we haxe—i and , ,

N ) L term accounts for the field propagation between the two
the coupling isgi = go\/%. When initially ¢ — —o0) atoms. An important case is the situation where the atoms
only one atom is in the ground state, and for the secondire close enough so that the interaction (exchange of
order in the interaction Hamiltonian, the wavefunction photons) can be considered as instantaneous compared to
|¢ > (t) of the whole system (atoms+field) can be the atomic dynamics. This is the case when the photon
formally expanded as: time of flight L and the resonant periodd) are smaller

° i than the time characteristic of population amplituggs
>t:/ate"‘“a.a.1 > dk ) e X :
= —o k() 21,22, L ‘ that is ™ ~1. This is obtained foll,Ag < ¢ ~1. In this
case, we can sei;(t’) ~ B;(t) in the integral appearing

+Z Bi(t)e ' “aj 4, bj,0> in (2). Performing the integration over time first, we
obtain [t M(t' —t) = é(®!/9)_Note that —as expected—
/ W, (D) 2@ty by 1, > the coupling term is independent of the gauge used. The
equations of evolution of thg; turn into:
+ dk dk.n; K, k’ i@t |aj2j,bj, 1k, 1er > . )
,zl/ Z/ = A Bi(t) = = Bj(t) —re /e, (t). 4)
1)

The two first terms corresponds to states with anThe dependence of the coupling coefficient with the
excitation number equal to one. In the first term, we haveinteratomic distance appears through only a phase term
states with one photon in the field and both atoms in thed(@!/¢), Thus, the coupling term doesn’t decrease with
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Atom 1 Alom 2 the four parts correspond to distinct quantum paths.

Moreover, we represent in figurg the quantum paths
M,) =—— O —> (M;) (a) corresponding to the photon exchange and explaining for
the behavior of the field and atomic dynamic. TReA
terms (associated witM; and M3 ) correspond to the
case (a) where one -excited— atom relaxes and emits
photons leading to a further absorption by the other atom.

The nonRwA terms (associated withMl, and My )
correspond to the situation (b) where an atom in the
(M) ==— O =—> (M,) (b)

ground state emits a photon and transits to the excited
state. The emitted photon is then absorbed by the second
atom that relaxes to the ground state. It's important to
notice thatM; andM, corresponds to an emission in the
forward direction £ > 0) whereadViz andM, correspond

Fig. 1: Quantum paths leading to the modification &f, the
excited state amplitude of atoml. Paths are associated(a)ith

relaxation of atom 2 with emission of a photon in the backward -
(M1 amplitude) or forward N3 amplitude) directions and that to a backward emissiorz & 0). That means that photons

interacts further with atom IR(VvA terms), (b) excitation of atom emitted by one of the atom in opposite Qirection to .tht.a
1 with emission of photon in the backwartif amplitude) or ~ Other atom can also be abforbed be this latter. This is
forward (M4 amplitude) directions and that interacts further with ecause a photon spreads "naturally” over a distance

atom 2 (nonRwa terms). Similar photon diagrams exist for the —although we cannot define a spatial wavefunct@j f
modification off3,. and cannot be considered as a point-like classical particle

3.2 Real and virtual photons:
the atomic separation in contrast with the free space S
situation. This is because in 1D waveguide with> d, ~ We distinguish in the photon exchange process between
the propagating photons are confined a|ong the intefeal and virtual photons. Real photons are those who

atomic axis making the energy flux unchanged betweerPpear in process that conserve the bare energy in
atoms. contrast with virtual photons that doesn’t conserve bare

energy. Real photons contributions appear in the first

terms in 68 and 6¢) that correspond to the resonant
3 Photon exchange: frequency in rwa terms whereas the contribution of virtual

photons appear in the principal part of these terms and the
whole non-rwa contributionssg and 5d). It's worthy to
notice that the sum of real photons contribution gives
[cogkol) e.g. the real part of the coupling term
Fe@!/o) in (4). Virtual photons that involve the
frequency dependence. Moreover, we proceed tc)remaining terms and contribute to the imaginary part of

integration over time in these equations. We then obtainiﬂe c':)upllrllgll'fsm(kol). Theh.\;tlrttﬁlhph%ton-s contribute
(with the notatiorM; = [* M;(t —t)dt/,i = 1,--- ,4) us to only a frequency shift of the atomic resonances

whereas the real photons induce atomic transitions.
2 il /c We have also to distinguish between near resonance
My = 710, ()€ 0!/ - :
w and far resonance virtual photons that influence the
) o glwl/o) (5a)  population behavior in different manner. Indeed, let’s
+iZ /0 Joo(w) dw consider the situation whetes> = and the contribution

3.1 Quantum paths:

The photon exchange between the two atoms can b
understood from equations2,( 3) by exhibiting the

—w .
) of M; and M3 terms to the coupling between atoms. In
Mo — _i/‘” Z(w)elmhl/C)dw (5b) (5a5d) we can separate the non-resonant contribution
2= 0 Yoo wp+ W (e.g. the integral) into two parts, one corresponding to

M3 = 712, (cap)e 1 (0!/©) photons nearly resonant with frequenciedocated in a
3= M (h domaind > ¢ arounday (with wy >> &) and another part
) © , eilwl/o (5c)  with the remaining photons. In this situation, using the
+iZ / g5, (w)——dw
0

[ i(wl/c H -
Wy — W reIationing:+52 gﬁ,e:_'éj ~ 492 (ap)etk!, we find
. 2
e, eri(@l/o) that the sum ofi; andMjs contributions gives rise to the
Mg = _'/0 Yo (w) @+ dw. (5d)  imaginary part of the coupling” sin(kol). In other words,

only nearly resonant photons contribute to the atomic
The & designs the Cauchy principal part of the coupling. Thus, the role of the remaining part (highly non
corresponding integrals. According to these equatioms, thresonant photons ill; andMs) is to cancel the nomrwA
atoms exchange photons with different frequencies anghotons contributiond\,; andMy).
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3.3 Gauge-dependent and gauge-independent the couplingge(w) was assumed constant e.g:
contributions: .

(Mi)e. =0 = (Mi)gy(w)=gu(wr)s I =1,3 (82)
The coupling term between the two atoms i) (s (Mi)e=0= (Mi)g,(w)=ge(—wp): | =2,4.  (8b)

independent from the gauge used and needs n?: h :
renormalization procedure. However, the partial OrRWA terms (3 andMs), the gauge independent terms

contribution termé\; (i = 1,--- ,4) corresponding eachto 7€ obtained as if the coupling parameter is the same for
a specific quantum path are gauge-dependent and ev | the frequencies and equal to that of r:he central
diverges in the case of Coulomb gauge. Indeed, letdrédquency. For nomwa terms, (M, and Ma), the same

evaluate the integrals appearing i).(We obtain the €duality exists except for the minus sign. Using these
following relations: properties, the physics of some concrete situations can be

highlighted. Wheruwl /¢ > 1 (e.g.l > Ag), the nonRwA

- (/o) contributions vanish, e.g.
i / () dw | = (Mi)6.—0 = (Mi) gy (e)=gu(—ap) = O (i = 2,4) whereas for
0 W — W the RWA terms we have

2 (/o) (i T _ (M3)ei=0 = (Ma)g,(w)-guiw) = O and
02,(ap) [iei (Si(anl/c) + 2j:|Cl(wo|/C)) Gi] (Mi)e.—0 = (Mi)gy(w)—gu(e = FE@/9. Only the
(6a)  photon exchange represented in figira with a photon
® et /o) emitted in the direction of the neighboring atom subsists.
—i/ 02, (w) dw= This behavior can explained using the time-energy
0 o+ @ incertitude relation. Indeed, a photon is present for only a
a2 (ap) [ieﬂFi(wl/@ (Si(wol /) — E; iCi(aol /c)) +Gi} . time given by|w — wp|™* (RWA process associated with
2 (6b) M; andMs3) and|w + wo|~* (nonRWA photons associated
with My and My). Except for real photons that are
resonant @ = wy), this lifetime is limited. All virtual
photons (photons withw # wyp) travel over a finite

With Ci and Si the cosine and sine integral functions
respectively 22]. For real arguments, these functions are 7. 1
even and odd respectively. The asymptotic values aréilstance that cannot exicleejiqu (|~ for nonRWA
Ci(Jx > 1) =0, Si(|x > 1) = £ and we have GD) =, ~ Photons andcw — wy[~* for Rwa photons as a
G. is a gauge dependent constant wiB. = F¢  conseguence. Because we haset ap| ~ < oy, it is
(Goeppert-Mayer gauge) an@. — +Z +iCi(e — 0) ~ €xpected that norwA photon can be exchanged when

(Coulomb gauge). In Coulomb gauge, these integraldhe interatomic distancd is larger thaniAo = ;&

diverge because of infrared singular behawiQIC] % (Mi)e.=0 = (Mi)g,(w)=ge(—an) | = 2,4) and only nearly
Using (6a6b) and &), we obtain the following relations €sOnankwA photons such ago — ap| < § are involved
for the coupling elements: in the interaction process. In the latter case, the
near-resonance frequencies give a contribution opposite
My = g2, (ap)e («0!/©) to the exact resonance one (e.g. T)(and disregarding_
5 /) e T G_, the first term is canceled by the second one) leading
“'gw(o\b) [e' (SI(&b|/C)+ 2 +ICI(&b|/C)) _G+] to (M3)Gi=0 = (M3)9w(w):gw(ﬂb) = 0. This result is in
(7a)  line with what can be deduced from figutea where we
. . T see that the photon exchanged in the process invoMing
M2 = gZ,( ) [ef'“"'/c) (Si(awnl /€) — 5 —iCi(wl /c)) +G+] moves away from the atoms. We then expect a vanishing

(7b) contribution once the interatomic distance is larger than
Mg = 1102, (cap)e " (@1/©) —the extension of the field on the backj.l Because for
' - significant contribution we havelwy — w|™ - > |, we
+ 02 () [—e*'(""/@ (Si(awl /c) + 5 —iCi(wl /) —G—} obtain | — wp| < ap when w! > 1. The contributing
(7c) frequeljcies are such as> and the spatial extension
5 (/) (i T of the field on the back is given by ~ Ao <I. Thus, the
Mg = gg (o) [—e' (Si(awl /¢) — 5 +iCi(wl /0)) +Gf] - photon cannot "reach” the neighboring atom making the
(7d)  contribution ofM3 vanishing in this situation.
When the frequency dependence of the coupling is
Each coupling ternM; is the sum of a gauge-independent taking into account, the interpretation in terms of
term and a constant part that depends on the gauge useidne-energy incertitude is no longer valid since the
making the interpretation of associated partial quantumphoton lifetime represents first, only an average time and
paths cumbersome. However, an interpretation of thesecondly the rate of photon exchange doesn’t depend on
behavior of gauge-independent part is possible and isolely but also on the coupling parametgy. This latter
based on the report that these gauge independent parts ggparameter can reach important values and even diverges.
identical to the values of the coupling terms obtained if For instance,g, — o when eitherw — 0 (Coulomb
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gauge) andv — o (Goeppert-Mayer gauge). Theresultis [8] D. E. Chang, A. S. Sgrensen, E. A. Demler, and M. D.

the appearance of the gauge-dependent con&arthat Lukin, Nature Physics3(11):807-812.

exhibits an infinite part in the case of Coulomb gauge. [9] P. Bermel, A. Rodriguez, S. G. Johnson, J. D. Joannojspulo

However, because these additional terms rule out in the and M. Soljacic, Phys. Rev. A4(4):043818.

final resulting couplingr €(®!/9) the interpretation in  [10]J T. Shen and S. Fan, Opt. Le8((15):2001-2003.

terms of time-energy incertitude relation can be [11]J-T. Shenand S. Fan, Phys. Rev. L&5(21):213001.

considered as "effectively” valid. [12] P. Kolchin, R. F. Oulton, and X. Zhang, Phys. Rev. Lett.,
Another interesting result can be obtained when 106(11):113601. ) _

gathering differently the coupling termd;. Indeed, for [13] K. Kojima, H. F. Hofmann, S. Takeuchi, and K. Sasaki,

| = 1,2 the gauge-dependent terms are opposite (and alsg,, Er}yzﬁev. Agagl).oms(%s. 153003

for i = 3,4). The quantity M; + My is then ]J-T.Shenand S. Fan, Phys. Rev. LEB(15):15 :

gauge-independent and corresponds to a realistic physicg[S] Sd(z?grzoslg;u;t and M. A. Bouchene, Phys. Rev. A,

_situation.. Indeed, if an (_)ptical-diqde like device is [16] M. Cho and R. J. Silbey, J. Chem. Phyi€4(21):8730—
inserted into the waveguide allowing only backward 8741

propagation of lightk; < 0), the coupling term reduces to 17} m. cho, J. Chem. Phy<.10(11):4998.
M; + Mz and is necessarily gauge independent. Moreoverjig) p. Domokos, P. Horak, and H. Ritsch, Phys. Rev. A,
using (7a7h), we obtain: 65(3):033832.
[19] D. Witthaut and A. S. Sgrensen, New J. Phys.,
12(4):043052.
(©) [20] C. Cohen-Tannoudji, B. Diu, and F. LaloQuantum
Mechanics, Volume 2,P. 1343-1355

. - - [21] Iwo Bialynicki-Birula, Progress in Optics, \Vol. 36,E. Wolf,
Forapl /¢ 1, we have il /c) ~ 1 and Cayl /c) ~ 0. Editor, Elsevier, Amsterdam (1996)

We then obtaiv; +M; = ’_.eim?l/c)v the same value ofthe  [20]| s, Gradshteyn, I. M. RyzhikTable of Integrals, Series,
coupling obtained in our situation where the two directions and Products, Sxth Edition, Academic Press, San Diego
are allowed. (2000)

M1+ Mz = g,(ab) [cog al /c) (2Si(wvl /c) + 1)
+isin(apl /c)(2m+iCi(aol /))].

4 Conclusion: S. Derouault received

the PhD degree in Material
Science at University
Paul Sabatier of Toulouse.

The interaction between two atoms exchanging photons
in a 1D waveguide has been studied in both Coulomb and
Goeppert-Mayer gauges. We have shown that the photon
exchange involves different quantum paths. Coupling
terms between excited-state amplitudes are associated tc
each of these quantum paths and exhibit both
gauge-independent and gauge-dependent contributions
We have clarified the physical meaning of the
gauge-independent parts using the time-energy incestitud
relation. The situation of two atoms interacting in a 1D
waveguide turns to be very instructive to understand the
interaction between atoms at the photon level. Moreover,
it paves the way to an extension of these studies to the
case of free space (3D) brinteracting atoms in 1D.
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