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Abstract: This study explores a class of fractional mathematical models through a comprehensive generalized integral transform
technique. The models examined include fractional representations of Newton’s cooling phenomenon, population dynamic governed
by a logistic-type growth law, and a system describing blood alcohol concentration. To formulate these models, various fractional
differentiation schemes are utilized, including Caputo, CF, modified ABC, and CPC derivatives. Closed form analytical solutions are
derived using the generalized integral transform (GIT) framework, and the corresponding behaviors are illustrated numerically for
different fractional orders. The obtained results align with established classical outcomes in limiting cases and further highlight the
adaptability and robustness of the proposed transform method when applied to systems involving multiple fractional operators. These
findings emphasize the potential of the generalized transform approach in capturing memory-dependent dynamics arising in real-world
processes described by fractional differential equations.
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1 Introduction

Fractional calculus is a powerful generalization of ordinary differentiation and integration to non-integer orders and
has become a crucial tool in describing complex systems that exhibit memory and hereditary effects [1, 2]. Unlike
classical derivatives that depend solely on local behaviour, fractional derivatives account for the historical evolution of
the process, thereby offering more accurate and realistic models of scientific and engineering phenomena. Over the past
few decades, numerous definitions of fractional derivatives have been developed, each characterized by distinct kernel
functions and mathematical properties. Among the most widely used are Caputo, Caputo-Fabrizio with an exponential
kernel [3], and Caputo sense modified Atangana-Baleanu with Mittag-Leffler kernel [4] and the constant proportional
Caputo (CPC) [2, 5] derivatives. These operators extend the classical framework in different ways: the CF and mABC
derivatives avoid singular kernels, while the CPC derivative combines proportionality with Caputo, modifying a hybrid
structure suitable for modeling proportional processes. This study aligns with the United Nations Sustainable Development
Goals by advancing Industry, Innovation, and Infrastructure through unified analytical methods for fractional differential
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models, supporting quality education via improved mathematical frameworks, and contributing to Good Health and Well-
Being by strengthening the analysis of models used in real-world scientific, human health, and human disease applications.

The effectiveness of fractional operators is particularly evident in real-world dynamical models, where traditional
integer-order combinations fail to capture memory-dependent behaviour [6—8]. One such ordinary model is Newton'’s law
of cooling, which describes the rate at which a body exchanges heat with its surroundings:

dx
dz
where x(z) represents the temperature of the object at time z, x;, is the ambient temperature, and k is the cooling constant.
This model has wide-ranging applications in thermodynamics, engineering and science, where it assists in estimating
cooling processes and even determining time of death in forensic investigations. When generalized using fractional
derivatives, Newton’s law of cooling captures non-local heat transfer effects and complex thermal memory phenomena
more accurately.
Another important nonlinear system is the logistic equation, which modifies exponential growth by incorporating a
carrying capacity:

—k(x—xp), x(0)= Xy, (1

dy _
dz

In this context, y(z) represents the population at time z, while k denotes the intrinsic growth rate. This equation has
found applications in different medical fields, where population growth slows as resources become limited. Extending the
logistic equation to the fractional domain allows for biological memory inclusion and environmental feedback, leading to
more realistic growth patterns observed in natural populations.

Similarly, the blood alcohol model is a two-compartment system describing the absorption and metabolism of alcohol
in the body:

—k(1-y(z)), »(0)=Yo. 2

Y i@, FO)=fo )
V4

d

T =070 ~bs(). £0)=0 @
where f(z) and g(z) denote the alcohol concentrations in the stomach and blood, respectively, and ¢; and ¢, are positive
constants representing absorption and elimination rates. Fractional extensions of this model capture the delayed metabolic
response and memory effects inherent in physiological processes, thus improving the model’s accuracy in biomedical and
forensic applications.

In this work several, well known classical dynamical systems such as Newton’s law of cooling, the logistic population
growth model, and the blood alcohol concentration model are reformulated within a fractional order setting. This extension
achieved by employing a generalized integral transform framework under different fractional derivatives, including
Caputo, CF, modified ABC, and CPC operators. The developed methodology facilitates the construction of analytical
solutions and enables a systematics comparison of system responses across a range of fractional orders. In addition,
to recovering classical results as special cases, the proposed approach provides enhanced insights into how fractional
parameters influence the evolution of the underlying dynamical systems. Readers can also see these related articles [9-14].

2 Prelimineries
Definition 1.We define

W= {f()2M, 71,72 > 0, |f(2)] < M/ T, if z € (=1)7 x [0,e0)},

where W is a set of functions. The General Integral Transform (GIT) is given as follows:
— [15] GIT of a function f(z) is defined as

GL@)H} = F() = o) [ f)e v dz, ®
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— [15] Convolution property of GIT is

G {f() +g(2). i} = ﬁm@ G(h), ®)

where x is the convolution operation; F(h) and G(h) are the GITs of f(z) and g(z), respectively.
— [15] GIT of n'" derivative of f(z) is

n—1
G{f"(2),h} = w(h)"F(h) —¢(h) ) w(h)" ' ~*f*(0), n> 1. @)
k=0
forn=1,
G{f (2),h} = w(R)F (h) — ¢ () £ (0). ®)
—[15] GIT of exp(az) is
h 1
G{eaz7ﬁ} = ¢((h)) : 1 (9)
Vi) 1 —a- 7
therefore,
1
ﬁ —a . —
G{1— &, I} = d’((h)) v (10)
Vi) 1 —a-
—[16] GIT of z% is
I'(loa+1)¢(h)
G{* i} = ———2 2. 11
{Z b } lll(ﬁ)OHl ( )
Definition 2. [ /7] The Mittag—Leffler functions play a crucial role in fractional calculus and are introduced as
—The single-parameter Mittag—Leffler function is given by
D-¥ 5
Eq(z) = _ (12)
T & T(av+1)
where o is a complex number and Re(at) > 0.
—The double-parameter Mittag—Leffler function is given by
0-F
Eyp(z) = —_—, (13)
@B = T (oo + B)
where o and B are the complex numbers and Re(o) > 0.
Definition 3. [ /8] The Caputo fractional derivative for n = 1 of order o is
1 /
Cnha -
D = 0 1. 14
0 Zf(z) F(l—a)f(Z)*Z 9 <a< ( )
Definition 4. [ /7] The Caputo-Fabrizio (CF) fractional order derivative is defined as
Z(a)
FDef(z) = 1_(()3f(z)*exp(—kz), O<a<l, (15)
where A = %
Definition 5. [4] Modified Atangana-Baleanu (mABC) fractional derivative of order o is
A B0
602 1(2) = T2 (1)~ Bu(-22)(0) ~ At Bl -2 f)], (16)
where A = 1%5.
Definition 6. [ /9] Constant proportional Caputo (CPC) fractional derivative of order . is
1 /
CPC o _ -
WPESE) = g (RI@FE@) +Ro(@)f (2)) +°, an

where R (o) and Ry() are the constants with respect to t, and depending upon o only.
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3 Generalized Integral Transform Involving Fractional Operators

Lemma 1. [20] The GIT of a one-parameter (12) type ML function is

GlEa(-2zy =2 1

A
V() 1+
Therefore,
ayy _ O() A
G{1—Eq(—A =—"—.
U B =y e 7
Lemma 2. [16] The GIT of the Caputo fractional derivative is
¢(h)
G{{DYf(2)} = w(W)* |F(h) — —= f(0)] .
{00 f(2)} = w()* |F(h) w(h)f()

Corollary 1.
—When ¢ (h) = 1 and ¢ (h) = h, equation (20) reduced to [21]
1
GI§DE )} =1 [L(h) - 1/(0)]

where L(1) is the Laplace transform of f(z).
~When ¢(h) = % and §(h) = % equation (20) reduced to [10]

6(p2se) = (5 ) 1Fn) - O]

where F(h,V) is the Formable transform of f(z).
~When ¢(h) = % and ¢(h) = % equation (20) reduced to [22]

_ L

G{GDF f(2)} = 55 [Su(R) = £(0)],

where Su(h) is the Sumudu transform of f(z).
~When ¢(h) = % and ¢ (h) = h, equation (20) reduced to

1

GIEDEFe)) =1 |E(h) - 3210)].

where E(h) is the Elzaki transform of f(z).
~When ¢(h) = % and §(h) = ﬁ—lz, equation (20) reduced to
Cno 1

G{GD: f(2)} = g [Sa(h) — Af(0)],

where Sa(h) is the Sawi transform of f(z).
Lemma 3.The GIT of the CF fractional derivative is

2(@) [y 00

CF no =

(18)

(19)

(20)

2

(22)

(23)

(24)

(25)

(26)
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Proof. Applying the GIT (5) on the CF derivative (15), we get

6500 £y = LG [f (@) exp(-1)]

I—a ¢(h)
() 1 o) 1-a
Z (@) o)
1 a+a%m{() Wmﬂmﬂ

Corollary 2.
~When ¢(h) = 1 and ¢ (h) = A, equation (26) reduced to [21]

CF pya __Z(a) { _ 1 ]
GIEDEFQ) = 1=y g [H0) 570, @
where L(R) is the Laplace transform of f(z).
~When ¢ (h) = % and ¢(h) = % equation (26) reduced to [10]
CF pya __Z(a) _
G{ Osz(Z)}_ 17(Z+(X%[F(ﬁ7v) f(())], (28)
where F(h,V) is the Formable transform of f(z).
~When ¢ (h) = % and ¢ (h) = % equation (26) reduced to [22]
2 isu(h) - 0), 9)

CF na _
G{ Osz(Z)}_ 1—a+ah

where Su(h) is the Sumudu transform of f(z).
~When ¢ (h) = % and ¢ (h) = h, equation (26) reduced to [23]

GIEEDE )} = 1y |E(h) - 3510 a0
h

where E(h) is the Elzaki transform of f(z).
~When ¢ (h) = } and ¢ (h) = h% equation (26) reduced to

GIEDE ()} = 2 O [sa() ~ 1 0),

€1y

where Sa(h) is the Sawi transform of f(z).
Lemma 4.7The GIT of the modified ABC fractional derivative is
g HB() ¢(h)
mABC 1o _ _

Proof. Applying the GIT (5) on the modified ABC derivative (16), we get

G{"P,\D? f(2)}
= LA G 12— Eu( -2 (0)] - %@G (22 Eq.a(~22%) % f(2)]

l—a
A B(a) IO G N (o Vk(akra
“Ta [T @y g, O AR f)(Z)]
_ AHB(a) _9(h) 1 S k1 F(R)
- 1—a F(h) W(ﬁ) 1+%W(}1)a f(0)+k=0( )‘) ! w(ﬁ)akﬂx]
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) 1 © g Ak

TV (g)af<°)+,§o(w<h>a) F(ﬁ)]
(
<

_ o B(a)

o |FW -

e f(O)—h/lF(ﬁ)],

ee

on simplifying by taking A = %5, we reach

G De )y = LA ( - f(o)a) (1-a).

-« 1—a+ay/(ﬁ)

This completes the proof.

Corollary 3.

~When ¢(h) =1 and ¢ (h) = h, equation (32) reduced to [24]

mABC o _ dB(a) [ 1 }
oy} = 7 | 0] &
where L(h) is the Laplace transform of f(z).
~When ¢(h) = % and §(h) = %, equation (32) reduced to [10]
o B
GO )} = L tr(hv) - £0), 64
l—a+a(})
where F(h, V) is the Formable transform of f(z).
~When ¢(h) = % and §(h) = %, equation (32) reduced to [22]
mABC o _ AP (a) _
G{""DI f(2)} = m[su(ﬁ) f(0)]; (35)
where Su(h) is the Sumudu transform of f(z).
~When ¢(h) = 5 L and ¢(h) = h, equation (32) reduced to
mABC ryat __IdB) 1
G D) = e [E0)— r ). a0
where E(h) is the Elzaki transform of f(2).
~When ¢(h) = 1 and ¢(h) = fz, equation (32) reduced to
mABC pya __ AdB(a)
G{ ODz f(Z)} - 1—o+ o k2o [Sa(h) - ﬁf(())], (37)
where Sa(h) is the Sawi transform of f(z).
Lemma 5. [16] The GIT of the CPC fractional derivative is
G{EDL f(2)} = [Ri(@)w(R)* +Ro(@)w(R)*] F () —Ro(0) () *~ 'y (R) £(0). (38)
Corollary 4.
When ¢(h) = 1 and ¢ (h) = h, equation (38) reduced to [16]
L(h) R
G{5D (@)} = [ 1)+ Rofa >} ﬁ(,a) - ﬁﬂ(fi? fos (39)

where L(h) is the Laplace transform of f(z).
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~When ¢(h) = & and ¢(h) = L, equation (38) reduced to [10]

CPC ot _[Ri(@) F(h,v)  Ro(a)
61750212} = [FHD o] ) - ),
where F(h,V) is the Formable transform of f(z).
~When ¢ (h) = % and ¢ (h) = % equation (38) reduced to [22]
GG )} = | A 4 ot | S - B
where Su(h) is the Sumudu transform of f(z).
~When ¢(h) = } and ¢(h) = h, equation (38) reduced to
G(erGpe )} = | P4+ oo | Tl - S
h h—®  p—@
where E (1) is the Elzaki transform of f(z).
~When ¢(h) = } and ¢(h) = hLZ equation (38) reduced to
675D )} = | W+ rota)| S - T

where Sa(h) is the Sawi transform of f(2).

4 Fractional Newton’s Law of Cooling

(40)

(41)

(42)

(43)

This section analyze the Newton’s cooling model by utilizing several types of fractional derivatives and present their

corresponding solutions.

Problem 1. We investigate the fractional form of Newton’s cooling model (1), expressed by the Caputo operator

thax(Z) = _k(x_xm)a

which has the following solution:
x(z) =1 = Eq(—kz%)xm + Eq(—kz*) Xo.

Proof. Applying the GIT (5) on (44), we get

. 0 1 v
(|0~ ] = kX))
o ¢(h) 9(h)
on simplifying
O p 4+ 2 Xo
_ymTm Ty
X = ek
o) ke oy y()
0-

—y(h) w(h)* +k

On applying the inverse of GIT, we arrive at (45).

(44)

(45)
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Newton’s Law of Cooling with Caputo Derivative

Fractional order a
70 1 — a=0.3
— a=0.5
ot — a=08
N W — a=1.0
= 50 4 \
v -
2 40 4
o
a
E 30 1
@
20 1
10
0 -
T T T T T T
0 2 4 6 8 10
Time (2)

Figure 1 Caputo type Newton’s cooling model for different values of o

Problem 2. We investigate the fractional form of Newton’s cooling model (1), expressed by the CF operator

CgD,“x(z) = —k(x—x), (46)
which has the forllowing solution:
() = Z ()Xo ( —kat >
= )y k(1 —a) P\ Z (o) k(1 —a)°
k(1 —a)xy, —ko
* ,f'f(a)+k(1—a)exP<30(a)—|—k(1—a)Z> “n

FXm [1 —exp (MZH '

Proof. Applying the GIT (5) on (46), we get

Z(a) y(h) Z(a) -
h) — RN
l—a—i—aﬁX() W(ﬁ)l—oH-aﬁXO X(h)+ ey
() y(h)  Z(a) o ()
[1—a+aw(‘h)+k X0 =Yy et ﬁxﬁk "
ff(oc)Jrk(l—a)Jr%X(h): o(h) ff(“)X0+k(1—oc)xm+%xm
L= o+ o y(h) 1= o+ ot ’
on simplifying
X(h) = o (h) f(a)XoJrk(lfa)mer%xm
IR0) Q‘”(a)Jrk(lfa)jL%
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_o(h) Z(a)Xo 1
X(h)= v(h) Z(a)+k(1—a) 1+ % w(lh)
n o(h)  k(1—a)x, 1

A ) F—" ——

ko 1

¢(h)  Fla+ki-a) v(i)
+ Xm (ﬁ)l ko 1
V) 1T+ warma=—a) v

Now, by applying the inverse of GIT (5), we arrive at (47).

Fractional Newton’s Law of Cooling with Capute-Fabrizio Derivative

100 4 Fractional order o
%0 —_—a=0.3
! — a=0.5
T N, A, — a=08
) — a=1.0
=
w 70 4
-
e
S 60 -
2
@ 307
40 .
3_0 -
0 2 4 [+ 8 10
Time (z)

Figure 2 CF type Newton’s cooling model for different values of &

Problem 3. We investigate the fractional form of Newton’s cooling model (1), expressed by the modified ABC derivative

MABC \DPx(z) = —k(x — X)), (48)
which has the following solution:
*(2) = o B(a)Xo —ka L
A B(a)+k(1—a) *\ A B(a) +k(1— )
k(1 —at)x, —kot o
t B0 Tkl —a) (;zi%(a)Jrk(la)Z ) “49)

o, :1 —Eq <£7<@(a)_4]i(;<(1 - a)za>] '

Proof. Applying GIT (5) on both sides of (48), we get

1_;?-%(5()/’1)“ :X(ﬁ)lq:l((;?)XO] = kX(fi)Jrklfl((i;))xm
o B(0) o) AB@% o)
{1 “atay(h @ *"] X =y T aray(h) @ “yh)

o(h) A B()Xo Q)
v(h) 1—a+ay(h)~* y(h)

Xm

[m%(a) +k(1 —a) +kay(h)"“

l—a+ay(h)—¢ }X(ﬁ) -
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(1) = ¢(h) A B()Xo L o) k(1 ot ay(h)7%)
y(h) A B(a)+k(1—a)+kay(h)~*  y(h) o B(a)+k(1 —a)+koy(h)~*
On simplification, this implies

o(h) o B(o)Xo 1

B R ) g —

o(h)  kw(l—a) 1

y(h) (o) + k(1= ) 1+ ke oy (n)e
ko

g V(h) ¢
L0 T e V)

v(h) "1 + WW(M_& .

Now, by using the inverse of GIT (5), we arrive at (49).

Fractional Newton's Law of Cooling with Modified ABC Derivative

100 1 Fractional order a
i — a=0.3
— a=05
\ -
80 1 » —_— =108
— a=1.0

Temperature x(z)
o
o

Time (2)

Figure 3 mABC type Newton’s cooling model for different values of o

Problem 4. We investigate the fractional form of Newton’s cooling model (1), expressed by the CPC derivative

CPCOD,O‘x(z) = —k(x—x), (50)

which has the following solution:

R R R —k
x(z) :mell_a’_ml ( }{(a)zlf‘x, i(a)za> +X0E117a’1 (ROI(E:;)Z, Ro(oc)Za) . (51)

Proof. Applying GIT (5) on both sides of (50), we get
[R1 () w(M)* " +Ro(a) () *|X (i) — Ro(0t) y (1) * ' ¢ () Xo = —kX (h) +kz)/((2xm

Ry (0 w(1)* "+ Ro((o0) () + KX (1) = kf;((’;))xm T Rol)w(h)* 6 ()Xo,

© 2026 NSP
Natural Sciences Publishing Cor.



Progr. Fract. Differ. Appl. 12, No. 2, 399-424 (2026) / www.naturalspublishing.com/Journals.asp NS 409

Comparison of Fractional Newton's Cooling Models

100 100 100

= Caputo = (aputo = (aputo
90 == (F

Temperature X(z)

Time (z) Time (z) Time (2)

Figure 4 A comparison of Caputo, CF and mABC type Newton’s law of cooling models for different values of &

on simplification

X(h) = o(h) kX . ¢(h) Ro(a)Xo
v(h) g {1 n Rl(a)vl(ﬁ)“’lkﬁ-Ro(a)ll/(ﬁ)“} V(h) Ry(ar) [1 + Rda)w(fgof(j)kw(hra}
) & [ Ri@y () +Ro(0)y()*]”
“swyi | z ]
o) o [ Ri(@)w(h)™" +ky(h)~*1"
oy X, { Ro(@) }
_ o) (-1 ayo
ot T () i@y oy
o) ¢ (=1 \* | oy
030 T () Ry i) )
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Now, by using the inverse of GIT, we get

— S > ! ( 64u(R ( a (ﬁ) h/6a+u7ﬂfl Zﬂ a-va

o <_ )w R0y ()bt L
OEO Ro(a) ZO —b)p! ! o(v T(x—b+bo+1)

by assigning the parameters ¥ —a = p and s — b = ¢, respectively, the resulting expression can be written as follows:

—ao+p(l—a)

_meZ< )ap(““’)’(zel(a))”(zeo(a))“ :

o S pla! I'(p—ao—pa+1)

b+q bot
0T Y () o (@)@ i

0o a) m
oy @) (CRI@) 16 Ro(@) a)* !
o B T () () e
(b+qg)! Ri(a) \? k= ’ !
+XOZ Z q!b! (—Ro(a)z> (_Ro(oc)Z ) r'(ba+q+1)

The use of bivariate Mittag—Leffler function yields the expression given in (51).

5 Fractional Logistic Equation

This section analyze the logistic model by utilizing several types of fractional derivatives and present their corresponding
solutions.

Problem 5. We investigate the fractional form of logistic’s model (2), expressed by the Caputo derivative

§D%y(z) = —k(1-(2)), (52)
which has the following solution:
¥(z) =1 —Eq(kz%) + YoEq (kz%). (53)
Proof. Applying GIT (5) on (5), we get
p oh) ] _ o)
y(h) { Y(h)— v Yo] = k‘l’(ﬁ +kY (h)
o ¢(h) ¢(h)
h)* —k|Y(h) = — .
YR kY (1) = B ks
This implies that
o
y(h)= Y0 vl
="y«
¢(h) Yo ¢(h) k

w1 w(R) (1~ ky(R)- @) y(R) (1—ky(h) %)

(
_om) Y 9(h) _yme
v(h) 1

On applying the inverse of GIT, we arrive at (53).
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Logistic Equation Solution with Caputo Derivative

50
— a=0.3
— = 0.5
40 - a=0.8
— g=1.0
30 -
N
=
20 4
10
0 T T T T T T T
0.0 2.5 5.0 1.5 10.0 12.5 15.0 17.5 20.0

Figure 5 Logistic equation with Caputo derivative for different values of a

Problem 6. We investigate the fractional form of logistic’s model (2), expressed by the CF derivative

6" Dy(z) = —k(1-y(2)), (54)

which has the following solution:

Y, ka
Y@= lexp<g(a)_k<1 —a)z> T Z @)k —a)“”(f(a)—k(l —a>z> (55)
1

Proof. Applying GIT (5) on (54), we get

Z(a) o(h)  Z(a) ¢ (h)
- = k2 +kY(h
17a+ocw(lh) (%) y/(ﬁ)l—aJraﬁ y/(ﬁ)+ (R)
Z(a) ¢(h)  o(h) Z(a)
— = k|Y(h)=—k
ll—oH—ocW(h) ] (") w(ﬁ)+w(ﬁ)l—a+aﬁ
Z(@)kI-a) kg | o 00 60 Z(@)
1—a+aW y(h) w(h)l—a+aw
On simplification, this yields:
v - —k(1— ) S — Sha S 1 S0 7 (a)Y,
B ff(oc)—k(l—a)—kaﬁ
_0(h)  —k(1-a) ! L0 ~FE e
(i) Z(o)—k(1-a) 1 - gy YO - s tra v
L 9@ Z(a) 1 v
y(h) Z (o) — k(1 —00) 1 — ke 10"

Now, by using the inverse of GIT, we arrive at (55).
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Logistic Equation Solution with Caputo-Fabrizio Derivative
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Figure 6 Logistic equation with CF derivative for different values of o

Problem 7. We investigate the fractional form of logistic’s model (2), expressed by modified ABC derivative

MBIy () = —k(1 - y(2)), (56)
which has the following solution:
B ko o o B(a)Yo ko o
o0 =15ty =) e A1 = (@A) .
3 k(1—a) E ( ko za)
dB()—k(1—a) “\ o B(a)—k(l — ) '
Proof. Applying GIT (5) on (7), we get
o B(a) 9(f) ¢(h)
ek AR R
() v - o) 00y
l—a+ay(h)—¢ 1—a+ay(h ) y(h) y(h)
ELICEHES. U PRI 2L (OB
l—a+oay(h)@ 1fa+aw(ﬁ) *y(h) y(h)
On simplification, this yields:
y(h) o B(o) — k(1 — o) — kay(h) @ w(h) & B(a) k(1 o) kay(h) @
_¢(h) kocy(h)~*
v(h) o B(a) — k(1 — o) — kay(h)~*
o) oA L o) —wreriee
w(h) 7 (o) —k(1— @) | — v« y(h) | _kevln e
() k(1—o) 1
y(h) o B(a)—k(l—a) 1 _ lej((lvg(ﬁ)“ -

Now, by using the inverse of GIT, we arrive at (57).
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Logistic Equation Solution with Modified ABC Derivative
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Figure 7 Logistic equation with mABC derivative for different values of o

Comparison of Logistic Equation Solutions for Different Fractional Derivatives

a=0.3 a=0.5 a=09
: 50
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m.t.\'BC ++++ MABC m =+ mABC
30
B
>
20
10
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z 7 Z

Figure 8 A comparison of logistic equation with Caputo, CF and mABC derivatives for different values of o

Problem 8. We investigate the fractional form of logistic’s model (2), expressed by the CPC derivative

PODY(z) = —k(1—y(2)),

which has the following solution:

=y (R, ) (R, R,

00 25 50 75 100 125 150 175 200 001 2:5¢ 50 75 1000 125 3500 17520000 0100 28 (500 75 C10i0¢ 125 1507 475 200

(58)

(59)
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Proof. Applying GIT (5) on (58), we get

[R1 (o) y (1)~ + Ro(e) w(h) )Y (1) — Ro(e) g () w(1)* Yo = _k% k¥ (h)

y(r) = 20 Ro()Yo L o) k
w(h) Ri(0)y(h)~! +Ro() —ky(R)~* ~ y(h) k—Ri(a)y(h)*~! = Ro(a)y(R)*
_ ¢ Ro(2)Yo ¢(h) k
v Ry(a) [1 + RI(Q)W(QO_(; f)kw)-“} w(h) i [1 - R1<a>w<h>a-L+Ro<a>w<n>a}

v(h) 5= Ro(a) v(h) =, k
_ (), ¢ 1\’ —an?
_II/()YO;O(R()(OC)> (Ri(@)w(h)~" —ky(n)™%)

BT (1) @@wn +ro@yn®)
_ b, (L (0 “1yo-a
S0 () X (5 matcow )7 (kyiny )

¢(h) v (1 RN o—1\s— o

2T (1) L () w7 @iy

Therefore,

=0 0 a=0 \¢
y (1'% (* b b s~ jb—1
+%Z’0(k> IE)(J(RI(O‘)) (Ro(@))” ¢ (h) (y(R))** 27"

By using the inverse of GIT, we get

) —1 v 9 B! u B Z‘L9*(l+aa
Y(mzyoéo(zeo(a)) L i O R e

- (1) v ! L o
+;’o(k) Z(%fb)!b!(Rl(O‘)) b (Ro(at))”

= C(—sxa—b+1)’

by assigning the parameters ¥ —a = p and » — b = ¢, respectively, the resulting expression can be written as follows:

oo oo _ a+p a ! ao
Y(ﬁ) =Y Z Z (RO(ZC)> ( +P)‘ (Rl(a))p (_k)a Pt

o pla! I'(p+ao+1)

= = (1\P (b1 g)! ali-a)-ba
+bZOZO(k) R e Rl

B @+p)! [ —Ri(@) \" [ k )\ 1
*YOHEOPZ:O plal (Ro(oc) Z) <Ro(a)z) T(ptaatl)

&S (b+q)! (Ri(@) 1o\ (Ro(@) _o\" 1
FE 3t () (M) ey

The use of bivariate Mittag—Leffler function yields the expression given in (59).
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6 Fractional Blood Alcohol Model

This section analyze the Blood Alcohol model by utilizing several types of fractional derivatives and present their
corresponding solutions.

Problem 9. We investigate the fractional form of Blood Alcohol Model (3), expressed by the Caputo derivative

§DEf(2) =~/ (2), (60)
which has the following solution:
f(2) = foEa(—12%). (61)
Proof. Applying the GIT on both sides of (60), we get
o ¢(h) }
F(h)——=fo| = —UF(h
v [P 2 ] = —ar
o _ ()
W)+ () = o o

h h)*+7¢
W) y(m+ .
_ o) fo
w(h) 1+ Loy (h)~*
By using the inverse of GIT, we arrive at (61).
Blood Alcohol Model Solution with Caputo Derivative
—g=0.3
— g=0.5
2.0 — a=0.B
_— =10
1.5 4
N
=
1.0 4
0.5 A1
D.U T T T L] L T T
0.0 25 5.0 1.5 10.0 12.5 15.0 17.5 20.0
Z
Figure 9 Blood alcohol model with Caputo derivative for different values of o
Problem 10. We investigate the fractional form of Blood Alcohol Model (4), expressed by the Caputo derivative
§D%g(2) = 01f(2) — L28(2), (63)
has the following solution:
folr 4 -1, Ol
= E . 64
e A AR o
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Proof. Applying the GIT on both sides of (63), we get

W) [G(ﬁ) - f,’,((ggm)] — () - GG(),

in view of (62), we have

. e g
R e D EEY ARG

¢(h) 1 fo 1
y(h) 1+ 6y (h) =% y(s)*+ 4

G(h) =

On simplification

(h) lifo

(h) €1+ Lo+ 1Ly (h) =% +y(h)*
(h) L1 fo
(

") (11 ) [1 4 LV

G(h) =

for L) *+y(m)®

e < 1, we can write

o) afe & [ byl +y(R)*]”
G =y hy mwmgo[ 0+h }

o) bfo « [ -1
v(h) (61 +12) ﬁ;()(

Therefore,

Using the inverse of GIT, we get

 hfo o 1 \%2 S L~ a(0—a)taa
Gl) = (l1+4) 1920(514—52) ag{)(ﬁ— Va (6182) r(—a(¥—a)+ao+1)

By assigning the parameters ¥ — a with p the resulting expression can be written as follows:

lfo & i( -1 >“*”(a+p)!
(h+6) =\ +6 pla!

_ 21 fo ii (a+p)! —flfzza a 1 ~a p 1
€1+€2 =0 pla! £+ b+ F(—ap+aa+1)'

Z—ocp+a(x

h) =
G(R) —ap+ac+1)

(l162)" T

The use of bivariate Mittag—Leffler function yields the expression given in (64).

Problem 11. We investigate the fractional form of Blood Alcohol Model (3), expressed by the CF derivative

CDLf(2)=~t1f(2), (65)
which has the following solution:
. ff(a)fo —El(X
IO= F@ra0-0) 'ex”<y(a)+1zl(1—a)z>' (66)
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Proof. Applying the GIT on both sides of (65), we get

Z(a) [ ¢(h) }
————— |F(h)——==fo| = —LiF(R)
1
I —o+oym y(h)
z h 4
—a+ oy y — o+ Ay
1 ¢(h)
Z()+06(1—a)+¢ a}Fﬁ =—=Z(a)fi
Z(@+n0-0)+has | F0 - 2@y
_ o) Z (o) fo
w( )Qp(a)‘Ffl(l_a)-i'flaW o
7
_o(h) _ Z()fo 1
- _ o 1 -
Using the inverse of GIT, we arrive at (66).
) Blood Alcohol Model Solution with Caputo-Fabrizio Derivative
' —_— =03
— =05
2.0 1 — a=0.B
—_— a=1.0
1.5 1
N
=
1.0 4
0.5 4
Uuﬂ T T T T T T
0.0 25 5.0 1.5 10.0 12.5 15.0 17.5 20.0
Z
Figure 10 Blood alcohol model with CF derivative for different values of &
Problem 12. We investigate the fractional form of Blood Alcohol Model (4), expressed by the CF derivative
hD%(z) = {1 £(2) — l2g(2), (68)

which has the following solution:

—Bo {1402 —A —l1lr0
_ 1 1£2 2 1 a1 1€2
g(z) =XEj,, (A L ¢ ) +YE |, (Baz S Z)~ (69)
Proof. Applying the GIT on both sides of (68), we get
#() {G(h) o)
)

1,a+aw+h ‘I/(ﬁ)g(o)} ={F(h)—(,G(h)
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in view of (67), we have

Z(a) o(h) Z(a)foly
=2\ 4y B) =
[1—a+awgh) ) G(h) y(h) D@W(a)+€1(1—a)+£1aﬁ
Z(0) +6(1—a) + by G = 20 Z () fol
I —a+ oy W) Z(a)+ 61— )+ oyl
On simplification, we have
¢(ﬁ) ﬁf(a)foél(l—a—&—aﬁ)

G(h) =
") v(h) (f‘f(a)jtﬂl(l—oc)Jrélaﬁ) (Q‘”(Ot)+fz(1—a)+€2“ﬁ)
o (h) D@p(a)f()f](l*a‘FaW)

ll/(h) A+Bﬁ +€1€2a2W

where A= (Z(a)+ 4 (1 —a))(Z (o) +42(1 —a))
and B=0(Z(a)+0(1—a))+6(Z () +£2(1 — a)). Therefore,

i

G(h) = ¢(h) Z(a)foli(1—a) N o(h) Z(a)fol1a

v (h) BBt v(h) Ap(i)+6 62|
Alls v(h) Alzw(ﬁ)z Bo |14 W()B(;zv,(h)

2
B% 0,2 ()00 2

h 2 Al[/
for M <1and o v 1, we reach at

2 10
o(h) Z(a)foli(1—a) & | Byim T0lbyGe
G(h) = B
" v A z‘}zol A

a?

o(h) Z(a)folr & [_A‘l/(ﬁ)+€152w(h)

+WBZ Ba

2=0

|
N

LetX = w and Y = %, respectively. Then
L 0(h) —1\? & /D [ Ba \"T (102 \¢
an-xy 5(7) 50 Gw) - Gar)
G EG) ) ()
i 2 \sa) &) i) Ui

o 1 ¥ O 91 70 a ¥—a+2a
Gh)=xY <A> me“)ﬁ (ttz0%) F(z?z—a+2a+1)

00 (_ 7 2! 3 2)b Zf(%fb)HJ
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By assigning the parameters ¥ —a with p and > — b with g, respectively, the resulting expression can be written as follows:

S (a+p)! (—BOC )”(—élézaz 2)a 1
G(h) =X
(") ;)1;0 plal \"A ° A %) Tlp+2a+1)

= & (b+q)! (—A l)‘f(—mza )” 1
Y — :
- b;)q; gt \Ba® B ) T(—q+b+1)

The use of bivariate Mittag—Leffler function yields the expression given in (69).

Problem 13. We investigate the fractional form of Blood Alcohol Model (3), expressed by the modified ABC derivative

MBGDEf(2) = —1f (), (70)
which has the following solution:
_ A B&)fo —ta p
IQ= @@ h(—a) = (,;aﬁ%’(a)Jrél(l—oc)z > b

Proof. Applying the GIT on both sides of (70), we get

F# (@) _o) )

=0+ Oyt [F(ﬁ) w(h) ] =—hE®)

A HB() _o(h)  FB(a)fo
[1o¢+aw(;i>a B BT

_ ! _ ()
A B(a)+ (1 oc)—i—élocw(ﬁ)a F(h) = w(h)%%’(a}ﬁ).
On simplification, we get

_ o) A B () fo
F(n) = v(h) %,@(a)+£1(170¢)+£1aw

o) AdB()fy ! 72

lio

Now, using the inverse of GIT, we arrive at (71).
Problem 14. We investigate the fractional form of Blood Alcohol Model (4), expressed by the modified ABC derivative
mABEDYg(2) = €1f(2) — L28(2), (73)

which has the following solution:

Pho+ Qlio a _Zlﬁzaz 20
PO z, PO Z
_ PO o £1€2a2 a

P€205+Q£10¢Z ’ P£2a+Q£1az '
Proof. Applying the GIT on both sides of (73), we get

o %(0) oh) o] _ -
[R— [G(ﬁ)—w(ﬁ)g(o)]—w(ﬁ) 6LG(h),

g(z) = CEt;Qa,l (‘
(74)

+DEla7a,l (

in view of (72), we have

o B(a) _ ¢(n) o HB() fo
[ b Gh) = y(h) d%’(a)—k&(l—a)—k&aﬁ

v(h) o B(a) + (1 — a)+£law

1 —a+aymgae

[%%’(a) +O(1-a)+bay(h)~“

1
1—(1+(XW
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G() - 7 B(0)fots (1 -t + g )
V) (@) 01— )+£1a gt ) (B +02(1- ) + o)

(k) PO+ (Plro + Qél a)q/(h)*“ + 0oy (h) 2
Lo o B(o)foha
y(h) PQy(h)®* +Plho+ Qb a+ o2 y(h)~

)

where the constants are given by
P=odBa)+{i(1—a), 0= PB(a)+ (1 —a), respectively.

v(h) pg [1 ¥ (Pézwgela)v(hgmezazwhrza}
Q) o B () folrx

o 2 —al’
VW) (Plra+ Q) |14+ PRUT L ew () 2

N 2 2a —
for (Pi2a+Q€1a)w(h})Q“+éM2a Y% 1 and Pe¥l ;/:offéz ;/(h) : < 1, we have

oo B
G(h) = :’:,((g %ﬂ(a)ﬁ)él 0= )} (PQ) (Plro+Qlia)y(h) ™+ liroy(h) %)

9 (h) o/ B(a)fols -1 * . .
v(h) (Pla+00)) M(W) (POW(h)* + 6,07y ()~ %)

9

x

_|_

Let C = ZZWAAU=A) ang p = LGN Then

w s \ND ¥
G(h) = f,((gc )y (Pé) X <6> ((Prcc+ Qi) w(h) )" (trta0y (1) 2"

9p Z( = >%i<Z>(PQw(ﬁ)“)”_b(élfzazvf(ﬁ)“V’

( ) Pho+Qlia 0
Ci (_Q) ( ) (Plaoc+0610)" ™ ((1620%) 9 () ()~ 720e!

=0

0 i:’ <P€2a+lea) i (Z) (PQ)* b (016,00 ¢ () y(l)* )b,

b=0

Now, using the inverse of GIT, we get
Zoc(ﬁfa)+2aoc

_ - —1 2 V! v—a 2\a
_CZ <PQ> § B —ajal PR+ (G e ST )

a
—ot(s—b)+ba

»
7 2! z

0% (rmarone) & omm P 0% Fa ey

By assigning the parameters ¥ —a with p and » — b with g, respectively, the resulting expression can be written as follows:
op+2ao

PrE (a4 p)! Z
=C Pl e ) L (AT 2 e —
aszzo< ) pla! (Plaor+Qhia)” (h16205) I'(ap+2a0+1)

q+b (b—|—q)! ‘ - 7 %atba

D PQ)? (4,4
* %%(%mgela) (¢! (PO (frt200") I'(—ag+bo+1)

a+p _szOt-l—QZ]OC o P _f]fzaz 20 “ 1
_Cuszz plal ( PO PO ° ) T(ap+2aa+1)

ii (b+q)! ~PQ N[ tubhad N’ 1
o) (¢'b! P€2a+Q£1aZ P£2a+Q€1aZ I'—ag+ba+1)
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The use of bivariate Mittag—Leffler function yields the expression given in (74).

Blood Alcohol Model Solution with modified ABC Derivative
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Figure 11 Blood alcohol model with mABC derivative for different values of o

Comparison of Blood Alcohol Model f(z) with Different Fractional Derivatives
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Figure 12 A comparison of blood alcohol model with Caputo, CF and mABC derivatives for different values of

Problem 15. We investigate the fractional form of Blood Alcohol Model (3), expressed by the CPC derivative

CPEDYf(2) = —1f(2) (75)
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which has the following solution:

ﬂdﬁEmJ(

Proof. Applying the GIT on both sides of (75), we get

;mz, 4 z“> . (76)

R (0w ()" Ro(e)) W) F () ~ Ro(@) 9 (R (W) fo = —1F (1)
R @)y (R + Ro@)w(h) + (] F (R) = Ro(e) (M) y (1) o

On simplification, this yields:

F(R) = Ro(a)¢ (M) y(R)*~ fo
Ri(a)y(h)* ' +Ro(a)y ()% + ¢,
_o(h) Ro(a)
= 7 R o)1’
¥(h) Ro(a) [1+ et }
for Rl(“)"/(ﬁz)e;;;)[lwﬁw < 1, we have

I 1 o ?®
F(n) =20 foz{_Rl(awm) + () ]

W(ﬁ) 9=0 RO(O‘)
o), & -1\ o
ST () (Ralcnw ' +nw) )

o) . & —1L N\ ( a
i L (ma) X (0 @te@wn = ()

v—a+ao

Using the inverse of GIT, we have
9!

r-0 () oo :

(Ra@)*™ ) F oy aa )

By assigning the parameters ¥ — a with p, the resulting expression can be written as follows:

a+ ao
foZZ( ) PR gy ey L

e Yo pla! (p+aa+1)

_ S (a+p)! (—Ri(a) \" [ =1 4\* 1
prOaZ pla! < Ro(@) Z) <Ro(05)Z ) C(p+aoa+1)

Therefore, bivariate Mittag—Leffler yields the expression given in (76).

7 Figure Analysis

The characteristic of the fractional Newtonion law of cooling is illustrated in Figures 1-4. They use Caputo, CF,
and mABC derivatives for various ¢ values. As & rises, the rate of cooling speeds up and gets closer to what it would be
in a classical situation when & = 1. The Caputo model’s temperature drops the fastest in Fig. 1. The CF model’s shift is
smoother because its kernel is non-singular in Fig. 2. Figure 3 shows that the mABC model cools down the least, which
means that the memory effect is greater. The comparison plot in Fig. 4 shows that the choice of fractional derivative has a
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big effect on the cooling dynamics. The mABC derivative better models long-term memory behaviour than the computed
and CF models.

The fraction logistics equation using Caputo, CF and mABC derivative for different values of & is shown in Figures
5- 8. When & goes up, the growth rate of the answer goes up faster, getting closer to how logic works when & = 1. The
Caputo model (Fig. 5) has a sharper rise, while the CF model (Fig. 6) has a softer rise because of its exponential kernel,
which shows that memory effects are not too strong. The mABC model (Fig. 7), which has a Mittag-Leffler kernel, grows
the most gradually, which means that memory has a bigger effect and the system responds more slowly. The comparison
plot in Fig. 8 shows that the fractional order and kernel type have a big impact on how the system changes over time. For
processes that use long-term memory, the mABC derivative gives the most accurate picture.

The fractional blood alcohol model using Caputo, CF and mABC derivatives for different values of @ are shown in
Figures 9-12. When @ goes up, the alcohol concentration f(z) goes down more quickly, getting closer to the classical
case where & = 1. Because its kernel is exponential, the CF model (Fig. 10) decays more slowly and smoothly than the
Caputo model (Fig. 9). The mABC model (Fig. 11) shows the slowest decrease, which shows its strong memory effect
and non-local activity. The comparison in Fig. 12 shows that the type of fractional derivative used has a big effect on
the pattern of decay. The mABC derivative is a better representation of systems that have long-term memory and slow
diffusion.

8 Conclusion

This study employs a generalized integral transform technique to examine fractional formulations of Newton’s cooling
process, the logistic growth equation, and the blood alcohol concentration system under Caputo, Caputo-Fabrizio,
modified Atangana-Baleanu-Caputo, and constant proportional Caputo derivatives. The analytical as well as graphical
outcomes produced, illustrate the impact of fractional parameters on system dynamics returning to classical examples
as the order approaches one. In addressing various fractional differential equations the results validate the efficacy and
versatility of the generalized transform. It also underscores the capacity for modelling real-world phenomena showing
memory effects.
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