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1 Introduction 2 Preliminary

In this section, we introduce some basic definitions,
operations and notation we need.
The use of polynomials in other areas of mathematics is | the paper 16] authors introduced the notion of the
very impressive: they are important to continued composita of a given ordinary generating functidi(t) =
fractions, operator theory, analytic functions, S nsod(Mt™.
interpolation, approximation theory, numerical analysis "~ gyppose F(t) = Snof(Mt" is the generating
electrostatics, statistical quantum mechanics, specialynction, in which there is no free ter(0) = 0. From
functions, number theory, combinatorics, stochastiCihis generating function we can write the following
processes, sorting and data compression, and etc. condition

Interesting results in the field of obtaining explicit F))k= Z’F(n, k)t". (1)
formulas for polynomials can be found in some recent n>

\;Vﬁékirgghim/ zgitavaﬂ 2], Cenkci [8], Boyadzhiev ] The expressiofr (n, k) is the composita and it is denoted

by F24(n,k).
In this paper we use the method of obtaining  For more information one can see some related works
expressions for polynomials based on the composition 0[5, 17,18).
generating functions, which was presented by the authors = Next we show some operations, and rules with
at the 10th International Conference of Numerical compositae.
Analysis and Applied Mathematic§][

The generating functions have important roles in 1.SUppoOseF(t) = 3.0 f(Nt", B(t) = Fn-ob(n)t" are
many branches of mathematics and mathematical physics. generating functions, arfe* (n,k) is the composita of
Numerous investigations related to the generating F(t). Then for the composition of generating functions
functions for many polynomials can be found in many  A(t) = B(F(t)) the following condition holds
books and articles (see, for examplg;15]

n
The main purpose of this paper is to obtain explicit a(n) = z F2(n,k)b(k), a(0) =b(0), (2)
formulas for the Generalised Hermite polynomials, the =1

Generalised Humbert polynomials, the Lerch

polynomials, and the Mahler polynomials. whereA(t) = S psoa(nt".
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2.Suppose- (t) = S .o f(Nt", G(t) = gn>0 g(nt" are  Substitutingn = j (m— 1) 4k, we obtain the composita of
generating functions, arEiA(n k), G7(n,k) are their ~ F(x,m,h,t)
compositae, respectively. Then for the generating
functionA(t) = F(t) + G(t) the composita is equal to (o)X mihmt, if ik e,

FA(n,k,x,m,h) = { m-

0, otherwise,
A2 (n, k) =F2(n,k) + G?(n,k)+ (6)
n— k+] wheren > k.
+ Z ( ) (i,))G(n—ik—j). (3) Below we present few first terms of the composita in a
triangular form for the casm = 3
3.Suppose-(t) = yn.o f(N", G(t) = gn>og(n)t” are X

generating functions, arEiA(n k) , G2 (n,k) are their 0 X

compositae, respectively. Then for the composition of h 0 x3

generating functiona\(t) = G(F(t)) the composita is 0 2hx 0o xt

equal to 00 3hxe 0 X

n For casen= 1, the composita is
A% (nk) = szA(n, mGimk. (4
m=

F4(n,k,x,1,h) = (T) X< ihi

3 Generalized Hermite polynomials wheredy  is the Kronecker delta,

. . . - 1, ifn=k
In this section we consider the generalization of the Ok = . ()
; X . : . 0, ifn#£k
Hermite polynomials and obtain some interesting
identities for these polynomials.
The Generalised Hermite polynomials are
polynomials that arise in many different fields, for

Therefore, according to2], the expression for the
Gould-Hopper generalized Hermite polynomials is

instance in quantum mechanics, optical systems, kinetic " N1,
theory of gases, theories of fluctuation®f21]. gn(x.h)=nt 5 F (nkxmh)
There exist vast investigations concerned with k=1"

Hermite polynomials, for example, Dattol2?], Subuhi making few operations, we get the Gould-Hopper
Khan et al. P3 24 study summation formulae; eypiicit representation (cf2[))

Brafman P5], Lahiri [26], Gould and Hopper 77],

Dattoli [28] study the generalization of Hermite [ I
polynomials. gn'(x,h) =n! ;ﬁ (8)
Using the notion of the composita and the generating &t (n—nr)!

functions for the Generalized Hermite polynomials, we get
explicit representations.

The Gould-Hopper generalized Hermite polynomials
are defined by the following generating function

Gould and Hopper also indicated another
generalization of the Hermite polynomials by the
generating function

n Hi(x.a, p 1- ) exp(p (¥ —(x—1)1). (9)
3 GrOh) T = expe i), 6 ( )
n> :
Let us consider the generating function as a product of
wheremis a positive integer. two generating functions
First, we obtain the composita of the generating t\a
function (1_ ,)
F(x,m h,t) = (xt +ht™) X
and
as the coefficients with respecttfbin F¥(x,m, h,t), where exp(p (X — (x—1)")).
m > 1 is integer and the other parameters are unrestricted. _ ) . ;
Applying the binomial theorem, we have F!rst we obtain the composita @f(x" — (x—t)"). The
coefficients of(x—t)" are equal to
FE(x,m h,t) =t*(x+ht™ 1)k =tk Z) <k> X< hith(m=1), 1 ("),
=\ n
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Then the composita of the required function is Substitutingn = (k+ j)m, we obtain the composita of
, G(y,mt)
Jr kr—n
5 (K)o () s
n nokm ) (—=1) ™ (2 m, if="XcN,
ZO GA(n,k,y,m):{<n'§)( ) ) S
Using @), we get the expression for coefficients of the 0, otherwise.

o funct (14)
generating function According to 6), the composita ofF (x,t) = 2xt —t? is
exp(p (X' — (x—t)"))

k
- FA(nk,2x,2,—1) = ( )(2x)2'<“(_1)"'<.

k — b 2] )
8 o (540 () (-1 (1)) Hern n-
k=0 k! . Using @) and @), we obtain the expression for the

Coefficients of the generating function multivariable generalized Hermite polynomials
(1— *) (m) n__ A A
X Hn (%, y)t" = z - (F (n,k, 2x,2, —1)GA (n,k,y, m) +

are specified by the following expression ket
a - +Z < > z i,j,2x2,—-1)G*(n—i,k—j,y,m)
(=1)"'x ",
(15)
Therefore, multiplying both expressions, we obtain the

following formula for the generalized Hermite Wheren>0.
polynomials

n K n+j (jr . .
H (x.a,p) = ! Za( ) Z 0 Z)(l)()xkr_n 4 Generalized Humbert polynomials

!t
(10) In this section we apply the notion of composita to get
or according to Gould and HoppefT7], the explicit  explicit formulas for the generalized Humbert

formula for this case is polynomials. In 1965, Gould?R] defined the generalized
kn K ) Humbert polynomial P,(m,x,y,p,C) by means of
HI (x,a,p) = (—1)n! z o kl Z) = (';) (a;rl) generating function
" (11) (C—mxt +yt™)P = ;Pn(m,x,y, p.Ct",  (16)
n=

Now we consider the generalization to the
multivariable case, which is introduced by Dattoli et. al
in [28] and using the notion of the composita, we obtain
the explicit representation. The multivariable geneealiz
Hermite polynomials are defined by the following on
generating function

wherem > 1 is integer and the other parameters are

unrestricted.

Changing the parameters ihG) by appropriate way,

e can obtain the generating functions for the following

polynomials: the Gegenbauer polynomials, the Legendre
(m) n polynomials, the Humbert polynomials, and many others.

exp(2xt — t2 + 2™ — {2M) — Z)H”(X’y)ﬁ’ (12) f Represent the generating function in the following

: orm

or by the ordinary Hermite polynomials 1 P

C—mxt + mp—Cp<1mxt m) .

- ( ) C( )
Hn—mr (X)Hr ()

(MH,(x,y) = n! . 13
(%) n; (n—mr)!r! (13 According to 6), the composita of (mxt — yt™) is
We start with calculation the composita of 1 k ek ek
P mkomC) = g 'y ) (mok A (i,
G(y7 mat) = zytm _th. C m— l
Applying the binomial theorem, we have where ™K ¢ N andn > k.

Coefficients of the generating function

GH(y.m.t) = t™(2y ™) =¥ i (") (2y)< I (~pim,
S\

(1—x)P
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are specified by the following expression Cpexp(pln (1+%h(x, m,y,t))) are determined by the
expression

S o
o
\—/
|
=
S~—"
]
>

n k %11] yi(_mx)nfim y
Crim-1)=p(n—i(m—1))!

3

Therefore, according t®) and substituting = 1= Pa(m.xy, p,C

A m-1’ &
we obtain

><(n—l(m—l)

57:

I n-m
(=mx)™ My! mX) 'y'
y (n_(m_l)J) 5 Lerch polynomials

J The Lerch polynomials are defined by the following

or making few operations, we get the Gould explicit 9enerating function (see, for detail3, 30])
representation (cf20))

)s(n—i(m—l),k).

(1—xIn(1+t)) Z)Con (X, A)t
Ph(mx,y.p,C) = kZO k) \nomk) ™ From (18) the composita okIn(1+t) is equal to
« Cp—n+(m—1)kyk(7mx)n—mk. (17) k! K
Hs(n, k)x
Next we obtain the explicit formula another way. We
represent the generating functioh6f as the following We know that for the generating functic(%)}\ the
composition of generating functions coefficients are determined by the expression
(1—mxt +yt™P = Cpexp(pln (1+ éh(x, m,y,t))> , (”‘M - 1) .
n
whereh(x, m,t) = —mxt +yt™. Therefore, according t@), we obtain
From (6), the composita o%h(x, m,y,t) is equal to
k+A —1\ Kk K
ek anxn) =3 () ek a9)
& (n) (=m0 mtymt, iRk e, ! k; k /nl
0, otherwise.
According to Comtet 18], the following expression 6 Mahler polynomials
holds true: . . .
The Mahler polynomials are defined by the following
Zs(n’k)t| —'In (141), generating function (se@])
n> : k
X(1+t— é) (X
wheres(n, k) are the Stirling numbers of the first kind. zo n'

Then the composita of [A+1) is
According to Comtet 18], the following expression

| .
%S(m K. (18) holds true:

_ nk)— = — (e — 1)K
Using @) and substituting = ™=! we obtain the n;(S( )n! k!( )

m-1
composita ofpln (1+ 2h(x,m,,
P in (1-+ gh ) whereS(n, k) are the Stirling numbers of the second kind.
Then the composita & — 1 is

m—l] (—nx)"- 1Mk n—i(m—1)
Zacn'ml (n—i(m- 1>>< i )
x s(n—i(m—1),k).

ki

According to [L6], the composita 06G(t) =t is
Therefore, according?j, the coefficients with respect
to t for the generating function G*(n,k) = &,
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whered, x — the Kronecker delta. [6] D. V. Kruchinin and V. V. Kruchinin, A method for obtaining
Using @), the composita of the sum of the generating  expressions for polynomials based on a composition of
functionsG(t) =t andF(t) = —(¢' — 1) is equal to generating functions, Numerical Analysis and Applied
Mathematics ICNAAM 2012AIP Conf. Proc., 1479, 383—
k=1 /p\ Nkt j! N k! 386 (2012).
Skt Yy <> > S (=100, )ik + S0, K). [7]R. P. Jr. Boas and R. C. Buckolynomial Expansions of
=N n Analytic Functions, Springer-Verlag, (1964).
[8] S. Roman;The Umbral Calculus, Academic Press, (1984).
[9JH. M. Srivastava and H. L. ManochaA Treatise
1 if ki on Generating Functions, Halsted Press (Ellis Horwood
dH_kfj 7 rn—=i - - Limited, Chichester), John Wiley and Sons, New York,
' 0, otherwise Chichester, Brisbane and Toronto, (1984).
[10] H. M. Srivastava and J. Chdigta and g-Zeta Functions and
we get Associated Series and Integrals, Elsevier Science Publishers,
K . : Amsterdam, London and New York, (2012).
K\ j'(-1)! Nkt [11] H. M. Srivastava, Some generalizations and basicair
JZ) j (n— K4 j)l S( ) J)' extensions of the Bernoulli, Euler and Genocchi polynomials,
Applied Mathematics and Information Sciences, 5, 390-444

Therefore, usingd), we obtain (2011). _ _ _
[12] Y. Simsek and M. Acikgoz, A new generating function of (g-

n k /'n ) Bernstein-type polynomials and their interpolation function.
s(X) = Z)xk Z}(—l)J (k J_)S(n— K+j,0) |- Abstr. Appl. Anal., (2010).
k= j=
presentation of the generating functions of the generalized

[13] H. Ozden, Y. Simsek, and H. M. Srivastava, A unified
For instance, the coefficients of the Mahler polynomials  gernoulli, Euler and Genocchi polynomialComptters
are considered as a triangle of coefficients of degrdas Math. Applic., 60, 2779-2787 (2010).
the sequenca137375 B1]. [14] R. Dere and Y. Simsek, Applications of umbral algebra to
some special polynomialgdv. Sudies Contemp. Math., 22,
433-438 (2012).
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