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Abstract: In this paper, chaos in fractional-order neutral delay differential equation (NDDE) is discussed. Chaos in the system is
illustrated by presenting its waveform graphs, states diagrams and largest Lyapunov exponent. The largest Lyapunov exponent (LLE)
and the LLE of the system with different parameters are derived. In addition, we compare the fractional-order with integer NDD
systems, and find that the convergence speed of the synchronization fraction system is faster. We also get the conclusion that the
fractional NND system has better anti-interference ability.
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1. Introduction gated in [10,11]. Fractional-order neutral differential sys-
tem has been focused in the research work of [12-14].
Fractional-order integrals and derivatives have been knowiut the chaos in these systems has not been fully inves-
since the development of the regular calculus. Fractionatigated in the previous work. A detailed numerical bifur-
calculus had been studied since the 17th century. In recentation analysis of neutral delay differential system was
years, the behavior of many physical systems has beediscussed in [15]. The authors in [15] investigated bifur-
properly described using the fractional-order system the<cations of periodic solutions by computing their Floquet
ory. The scientists from physics, demography and financeanultipliers with the methods proposed in [16,17], and by
have focused on the fractional-order differential systemsanalogy with the corresponding methods for ordinary dif-
in their research fields [1-3]. It is interesting to investi- ferential equations (ODE). Balanov et al. [18] investigated
gate the nonlinear fractional-order systems. Complex osthe solutions more complex than periodic ones and the re-
cillations are demonstrated in many physical systems dusults were presented as plots containing solution regimes
to the effect of delayed feedback. These oscillations havehat may be considered as bifurcation diagrams for the
been proved in semiconductor lasers, microwave devicegeutral delay differential equation (NDDE). The map of
and electronic circuits [4-7]. Time-delay phenomena areregimes was demonstrated as a function of two control pa-
also appeared in physical systems, such as AIDS epidemi¢ameters. They got the range of two control parameters for
aircraft stabilization, chemical engineering systems, con-every state of NDDE, which included a unigue equilibrium
trol of epidemics, distributed networks, manual control, state, a single period-one limit cycle, period-two, multi-
microwave oscillator and systems with lossless transmisstability and chaos. Blakely et al. presented the experimen-
sion lines [8]. Hence, the time-delay systems have been retal evidence to verify the predictions of chaotic dynamics
ceived considerable attention. The neutral delay differendn a transmission line terminated with a nonlinear element
tial system which contains derivatives with a delayed argu-and showed that an extension to the existing theory which
ment is more challenging than other systems, and the studgdded the effects of a finite bandwidth to the negative resis-
of chaotic delay dynamical systems lags behind those ortor would generate their experimental results more accu-
dinary dynamical systems [9]. Existence and uniquenessately [19]. All of the studies mentioned above are regard-
theorem for delay differential equations have been investiing the integer neutral delay differential system. Balanov
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et al. explored numerically the solution space of a neutralThe method of the small sets [22] presented by Rosenstein
differential delay equation such as Eq. (1) that arises natet al. can calculate LLE of a Fractional-order system. In
urally in the Cosserat description of torsional waves on athis paper, the method of the small sets will be used which

driven drill-string [18]. mainly focuses on analyzing the time sequence of frac-
tional systems. The importance of this method is the phase
de  da(t—7) space reconstruction and the small data sets in time se-

P 7EE T (1) _qt:encel. _ThehC-C mtethdoci [Za,yvhi(irr: uses the (;orrele;tioR
integral is chosen to determine the parameters of phase
Fla®) —alt—7)+ &) —2(t) —2(t —7) + “ space reconstruction, which are the delay time d and the
J embedding dimension m. In this way, we can get the char-
Such torsional vibrations are a major concern to industryacteristics of chaotic attractors in the chaotic time series.
which can occur during the operation of drilling assem- |n addition, the information hidden in the sequence may
blies used in the exploration for oil and gas. A drlIIlng as- pe revealed as well. Then we can calculate the LLE by
sembly can penetrate several kilometers below the surfacgie small data sets. Chaotic phenomena will be exhibited
using a drill-bit fitted to its lower end. The dynamics of the if the LLE is positive. The remainder of this paper is or-
drill-string is extremely complex and often prone to insta- ganized as followings. In Section 2, Fractional derivative
bilities that are not fully understood. One particular sce-and Grunwald-Letnikov (GL) definition are introduced. In
nario about the torsional instability of the drill-string arises Section 3, we present the method of calculating of the
from self-sustained relaxation oscillations, which induced|argest Lyapunov exponent. The mathematical model is
by non-linear reaction torques due to friction and cutting presented in section 4 with the chaotic phenomena and the
at the drill-bit. A build-up of torsional vibrations may re- |LE. In section 5, the difference between fractional and
sult in reduced rate-of-penetration, premature componeniteger NDDE are discussed. Section 6 is the conclusion.
fatigue or even costly fracture of the drill-string. An essen-
tial step towards developing practical strategies to combat
such torsional vibrations requires a reliable model for theo Fractional derivative and its
entire drilling assembly and some insight into the struc-
ture of its solution space [18]. Model (1) is transformed
from the classical solutions of driven drill-string in dynam-

ical boundary conditions. The purely torsional excitations ', ; - |
of a drill-string with unstressed length L,described by thedn‘ferennal operator [252,7]. One of the definitions is Grunwald-

rotary angled (s, t) satisfy the wave equation(s, ) — Ik_)etnikov (GL) definition [25?,7], which can be described
2" (s,t),whens = 0,1(0,t) = 1,F is a reaction torque y

approximation

Initial Capitals There are many definitions for fractional

which exist in friction and cutting processeg.)is the deriva- (t—a/h]
tive of the function representing upwards moving torsional o i 1= a Y
disturbances. By introducing fractional-order differential DY () = flzlg%)h Z ) fE=hi), @)

into system (1), we obtain a fractional-order neutral delay =0

differential system as follows: o a(a—1)(a—it1) Tpi
N B where:<j) | This formula can be re-
JD§y(t) = o DYy(t —7) + F(y(t) — y(t — 7) @ gucedts
+02) —y(t) —y(t — 1)+ 92,
As VT2 , o ~ b )y
Wherd’—‘(Z) = —W(l + bexp(—T)),WhICh ODt y(tm) h j:ZOw] ym—J’ (4)

is the expression of non-dimensional reaction torque based

on recent drilling dataA,b,c are certain constants.3 as 1, js the time step. For a general nonlinear fractional-order
the fractional-order, are non-integer constants. The chaotigjifferential system, the explicit analytical solution is usu-
behavior of system (2) will be explored in this paper. The a|ly not existed. A numerical algorithm is required for the

research on chaotic characteristics is focused on phase pl@fpjution. For example, the nonlinear system in [30]:
bifurcation diagram and the largest Lyapunov exponent

(LLE) which are the most important characteristic quan- oD y(tm) + N(y(t)) = g(t),a >0 (5)
tities to perform chaos in both fractional-order system and

integral-order system. One positive Lyapunov exponent inawhere, N represents a nonlinear operatgft) is a func-
dicates the existence of chaos. Wolf [20] and Jacobian [21}ion with respect to t. From Eg. (4), it can be transformed
algorithms are the most popular algorithms to calculate theo a discrete form as follows:

largest Lyapunov exponent of integral-order system. How- m

ever, Jacobian algorithm is not applicable for calculating/, ™ Zwﬁ‘x)ym_j + N(ym) = g(tm), (6)
LLE of a fractional-order system since Jacobian matrix )

of fractional-order system is hard to be obtained. Further- t—a

more, Wolf algorithm is relatively difficult to implement. m=1,2,3,..,[

]
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By Eg. (6), we can have the LLE of fractional-order system. That is, the delay time
m d and embedding dimension m can be determined by the
= h=%(g(tm) — Nm)) =S w0 @y, 7 C-C method. Then we can use the small sets method to
Y ((tm) (¥im)) ; g Ym=d (7) estimate the LLE.
i—a The small sets method will be introduced briefly in
m=1,2,3,..,] " ] this section. The parametefsandm can be derived from

the C-C method which reconstructs the attractor dynam-
For Eq. (7), an iterative formula to solvg, can be de- ics from the single time series of the dynamic system. The
scribed as follows: scalar time series;, [ = 1,2,3--- N, in a m-dimensional
space are defined by the vectdis= (21, 14+, 14 (m—1)r, ) €

m R™, whereM = N — (m — 1)7. After reconstructing the
) = b7 (g(tm) = N(ym)) — >_wiyl) ., (8)  dynamics, the C-C method locates the nearest neighbor of
=0 each point on the trajectory. The nearest neigtijocan
t—a be found by searching for the point that minimizes the dis-
m=1,2,3,..,[ h ] tance to the particular reference poffatwhich can be ex-

_ o pressed asiy(0) = ;4. min = ||V — Vi |, |k — k| > p,
. wherel is the iteration number.If,*N’| < 1, the algo- © T ” el |

rithm is convergent, ang,, = yﬁf}. For system (2), one of
the discrete forms is

k
,wherep is mean period, anfil- - - || denotes the Euclidean
norm. Then we can obtain the following largest Lyapunov
” exponent based on the method proposed by Sato et al. [29].

B3y = Gonr = Ymr)/h+ Flym (9) R T
=0 (1) = St (12)

We use the Newton-Raphson method, which is a converyhere At is the sampling period of the time series, and

gentiterative algorithnf () = 0 for an algebraic equation ;. (1) is the distance between th&" pair of nearest neigh-
, Solution is obtained by calculating iterative formula, so- yors after] discrete-time steps. Sato et al [33] also pre-

lution 2 is obtained by calculating iterative formul&) = sented an improved expression as the following:
-1
2D — LH)) Thus Eq.(9) can be rewritten as
e 1 1 & di+ k)
mo A (k) = - =2 (13)
RS 0l i — Ymr — Ymr—1)/h — Fym  (10) ki - At (m — k) ,; di (1)
7=0
tYmr +82) — Ym — Ymr + §2. wherek/ is held constant, and; is extracted by locating
_ Ym ) = Ym = Ym the plateau of\; (I, k/) with respect tol. From the defi-
According to Newton-Raphson method, we get that: nition of \; (I, k/), we assume that thig" pair of nearest

neighbors diverge approximately at a rate defined by the

yéi)@) = yEf;)” largest Lyapunov exponent:
(=) (B (Y A F(2) =y 42~y 5 0Dy dy (1) = CreM (40, (14)
_ j=0
_(ym - 1+he ) Here C}, is the initial separation. Applying the loga-
1—ho =« F'(2) rithm to both sides of Eq. (5), the following equation can

(11)  be derived:
where; = yém% + Ymr + 2, F'(2) is the derivative of
F(2). Indy, (1) = InCj, + M (L- At)(k=1,2--- , M). (15)

Eq. (6) represents a set of approximately parallel lines each
. with a slope roughly proportional td;. Then we can get
3. The method of calculating largest the largest Lyapunov exponent easily and accurately by us-
Lyapunov exponent ing a least squares fit to the "average” line defined by

The largest Lyapunov exponent is an important character- 1

istic not only in integral-order system but also in fractional- y(l) = Eand’“(l»'
order system, because any system containing at least one

positive Lyapunov exponent is defined to be chaotic [31,herdindy(1)) is the average value for all values of k. This
32]. Wolf algorithm, Jacobian algorithm and the small dataprocess of averaging is the key step to calculate accurate
sets have been mentioned in section 1. In this paper, wealue of\;. In order to calculate more accurately, we also
apply the small data sets and the C-C method to calculatealculate the average value of the nearest neighbarg pf

(16)
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Fig4. Waveform diagram (a) and the Phase portrait (b) ot system (1) with o=1.01, 4=0.65, 3=0.15
Fig 1. Waveform diagram (a) and the Phase portrait (b) of system (1) with a=1.02, 4=0.83, 2=0.461
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Fig.2. Waveform diagram (a) and the Phase portrait (b) of system (1) with o=1.06, A=0.83, (2=0.461
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4. Chaotic phenomena and the LLE of the
system (2)

Fig.5. Waveform diagram (a) and the Phase portrait (b) of system (1) with o=1.01, A=0.65, 3=0.06

)

X (1)

Fig.6. Waveform diagram (a) and the Phase portrait (b) of system (1) with a=1.01, 4=0.65, 2=0.08

04 03
In the integer-order NDDE mentioned in [16], chaos was 02 o
found in different range of the control parameter. In this @ 0 (1) °;
paper, we also find similar phenomenon in fractional-order o
NDDE. For the system (2) (represented by Eq. (2)), we ™ o
takea = 1.02,1.06,1.1, 3 = 1,A =083, 7 = 2,2 = W— % &
0.461,A = 0.1,b = 0.2, ¢ = 0.001,h = 0.001. Fig. ) x1o* Gz oer o ooor0zes
1-3 illustrates the waveform diagrams and phase portraitt ® Bl

respective to . From above simulation results, we can se
that whena = 1.02 and 1.06, the system (2) is chaotic.
Whena = 1.1, the system presents the period-1, and

Fig.7. Waveform diagram (a) and the Phase portrait (b) of system (1) with a=1.01, A=1.5, 2=0.01

the corresponding LLE are 0.0138, 0.0440, 0, respectively.

The numerical simulations are consistent with the result

of theoretical calculation. When = 1.01,3 = 1,A = nomenon, whemr = 1.01,8 =1, A = 15,7 = 2,2 =
0.65,7 = 2,2 = 0.15,0.08,0.06, A = 0.1,b = 0.2, 0.01,A = 0.1,b = 0.2, = 0.001,~ = 0.001, which
0.001, A = 0.001, the attractor is changed. Fig. 4-6 depicts is illustrated in the following. The LLE of the system (2)
the state of attractor in detail. Whén= 0.06,0.08,0.15, is 0.1625. We calculate the LLE of the system (2) using
the LLE are 0.3572, 0.2211 0.8759, so we can get thathe methods in the previous section. And we can get that
when 2 = 0.06,0.08,0.15, the system is chaotic. Ex- the results are consistency with the waveform diagram and
cept above chaotic attractor, there is another chaotic pheghase portrait.
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o system (17) as Eq.(19).
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Fig.8. Error of system (18) with k=2, A=0.83, 3=0.461 (a), (b) is the partial enlarged view
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5. Synchronization of fractional system with
noise

Taking the Laplace transformation in both sides of Eq.(19),
we obtain

s*L(e(t)) — s*7te(0) = —(1 + k) Le(t). (20)

It follows thatL(e()) = %,By the final-value the-

orem of the Laplace transformationfif # 1, we have
. _ . _ . so‘e(O) _
}1L1_)moe(t) = ;ILIE%)SL(GU)) = }LLHlom = 0, The

above analysis implies that coupled system with fractional-
order response system (2) is synchronized as lorigAs

1. The simulation is illustrated in Fig. 8. From the simula-
tion, we can get that fractional ord&rN D system achieves
synchronization earlier than the integer ordéN D sys-
tem. According to the experimental data, the error of frac-
tional order NN D system reaci0~4 at 2271, but the
integer ordetN N D system is at 2845. We add the White
noise which the Mean value is 0 in system 17. We get the
conclusion that the fractiondV N D system have better
anti-interference ability from the simulation results (Fig.9).

6. Conclusion

In this paper, we have studied the dynamics of the fractional-
order neutral differential system by means of the largest
Lyapunov exponent. The novel numerical algorithm and
the Newton-Raphson method are used to analyze the NNDE.
We also calculate the largest Lyapunov exponent by using
the small data sets instead of Wolf algorithm. The Lya-
punov exponents with different situation are given, chaotic
phenomenon are presented respectively, and in addition,
we compare fractional order with integer order NDDE,
and find that the fractional-order system achieve synchro-

In this section, we discuss the synchronization of the fracize more quickly than the integer order system, and the
tional and integer NDDE. We employ (2) as the responseractional-order system has better anti-interference ability.

system, and the drive system is as Eq.(17).

dv  do(t—7)
@ a (17)
Flzt) —az(t—7)+02)—a(t) —z{t —7)+ 2

J
—k(x(t) — y(1))-
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y(

{ aD{y(t) =a Diy(t — 1) + F(y(t) —y(t —
aDia(t) = Diy(t — ) + F(y(t) —y(t —
(18)

WhenLy = —y(t) —y(t —7) + 2, Lx = —x(t) — y(t —

T) + 2 — k(x(t) — y(t)). Defining the synchronization
error as e(t)=y(t)-x(t), we can obtain the error system from

)+ 2)+ Ly
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