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Abstract: In this paper, recurrence relations for single and product moments of generalized order statistics from Marshall – Olkin
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1 Introduction

Marshall and Olkin [16] introduced a new method of
adding a parameter into a family of distributions.
According to them if F (x) denote the survival or
reliability function of a continuous random variable X

then the timely honored device of adding a new parameter
results in another survival function G(x) defined by

G(x) =
αF (x)

1−αF (x)
;

−∞ ≺ x ≺ ∞,α ≻ 0 and α = 1−α. (1)

The probability density function (pd f ) and hazard rate
function (HF) corresponding to G(x) are:

g(x) =
α f (x)

[
1−αF (x)

]2 ;

−∞ ≺ x ≺ ∞,α ≻ 0 and α = 1−α, (2)

and

r (x) =
h(x)

1−αF (x)
;

−∞ ≺ x ≺ ∞,α ≻ 0 and α = 1−α, (3)

where h(x), is the HF corresponding f (x).
Here, we denote F (x) as

F (x) = e−λ (x); x � 0, (4)

where λ (x) is a non-negative, continuous, monotone
increasing, differentiable function of x such that λ (x)→ 0
as x → 0+ and λ (x) → ∞ as x → ∞ (cf Mahmoud and
Ghazal [15]). Substituting from (4) in (1), we get

G(x) =
αe−λ (x)

1−αe−λ (x)
; x ≥ 0,α ≻ 0 and α = 1−α. (5)

The pd f and HF corresponding to G(x) are:

g(x) =
αλ ′ (x)e−λ (x)

[
1−αe−λ (x)

]2 ; x≥ 0,α ≻ 0 and α = 1−α, (6)

and

r (x) =
λ ′ (x)

1−αF (x)
; x ≥ 0,α ≻ 0 and α = 1−α, (7)

The family of distributions in (6), call Marshall – Olkin
extended (M−OE) family of life distributions.
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Now in view of (5) and (6), we get

G (x) =
g(x)

λ ′ (x)

[
1−αe−λ (x)

]
. (8)

Ten distributions can be obtained from (6), using the
following table.

Table (1) examples of pd f (6)

distribution pd f λ (x)

M−OE

linear
failure rate
M−OE

Weibull

M−OE

Rayleigh

M−OE

exponential

M−OE

modified
Weibull

α(a+bx)e
−(ax+ b

2
x2)

[
1−αe

−(ax+ b
2

x2)
]2

αabxb−1e−axb

[
1−αe−axb

]2

2αaxe−ax2

[
1−αe−ax2

]2

αae−ax

[1−αe−ax]2

αabxb−1(b+γx)[
1−αe−axbeγx

]2

×e−axbeγx+γx

(
ax+ b

2
x2
)

;
x,a and b � 0

axb;a,b ≻ 0
and x � 0

ax2;a ≻ 0
and x � 0

ax;a ≻ 0
and x � 0

axbeγx;x � 0
and a,b ≻ 0

M−OE

Gompertz

M−OE

Burr
type XII

M−OE

Lomax

M−OE

Pareto

M−OE

Gamma

αae−
a
c (e

cx−1)+cx

[
1−αe−

a
c (e

cx−1)
]2

αabxb−1(1+xb)−(a+1)

[
1− α

(1+xb)a

]2

αab(1+bx)−(a+1)

[1−α(1+bx)−a]2

αab(1+x)−(a+1)

[1−α(1+x)−a]2

αa2xe−ax

[
1−α(1+ ax)

e−ax

]2

a
c
(ecx − 1) ;

c ≥ 0 and
a,x ≻ 0

a ln(1+ xb);
a,b,x > 0

a ln(1+ bx);
a,b,x > 0

a ln(1+ x);
a,x > 0

− ln(1+ ax)
+ax;a,x > 0

The concept of generalized order statistics (gos) was
introduced by Kamps [10]. A variety of order models of
random variables is contained in this concept.

Let, for simplicity F , throughout denote an absolutely
continuous distribution function with density function f .

The random variables X (1.n, m̃,k) , ...,X (n.n, m̃,k) are
called generalized order statistics based on F , if their joint
pd f of the form

k

(
n−1

∏
j=1

γ j

)(
n−1

∏
i=1

[
F (xi)

]mi f (xi)

)
[
F (xn)

]k−1
f (xn) ,

for F−1 (1)> x1 ≥ x2 ≥ ...≥ xn > F−1 (0) ,
with parameters n ∈ N,n ≥ 2,k > 0,

m̃ = (m1,m2, ...,mn−1) ∈ Rn−1,Mr =
n−1

∑
i=r

mi,

such that
γr = k+ n− r+Mr > 0, for all r ∈ {1,2, ...,n− 1}.
For γi 6= γ j , i 6= j for all i, j ∈ (1,2, ...,n) the pdf of

X (r.n, m̃,k) is given by Cramer and Kamps [8] in the
following way

fX(r.n,m̃,k) (x) =Cr−1 f (x)
r

∑
i=1

ai (r)
[
F (x)

]γi−1
. (9)

The joint pd f of X (r.n, m̃,k) and X (s.n, m̃,k) ,1 ≤ r <

s ≤ n is given as

fX(r.n,m̃,k),X(s.n,m̃,k) (x,y)

= Cs−1

(
s

∑
i=r+1

a
(r)
i (s)

[
F (y)

F (x)

]γi
)

(
r

∑
i=1

ai (r)
[
F (x)

]γi

)
f (x) f (y)

F (x)F (y)
, (10)

where x < y and

ai (r) =
r

∏
j = 1
j 6= i

1
γ j−γi

,1 ≤ i ≤ r ≤ n,

a
(r)
i (s) =

s

∏
j = r+ 1

j 6= i

1
γ j−γi

,r+ 1 ≤ i ≤ s ≤ n.

It may be noted that for
m1 = m2 = ...= mn−1 = m 6=−1,

ai (r) =
(−1)r−i

(
r−1
r−i

)

(m+ 1)r−1 (r− 1)!
, . (11)

and

a
(r)
i (s) =

(−1)s−i
(

s−r−1
s−i

)

(m+ 1)s−r−1 (s− r− 1)!
, . (12)

Therefore pd f of X (r.n, m̃,k) given in (9) reduces to

fX(r.n,m,k) (x) =
Cr−1

(r− 1)!

[
F (x)

]γr−1
f (x)gr−1

m [F (x)] ,

(13)
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and joint pd f of X (r.n, m̃,k) and X (s.n, m̃,k) ,1 ≤ r <

s ≤ n given in (10) reduces to

fX(r.n,m,k),X(s.n,m,k) (x,y)

=
Cs−1

(r− 1)!(s− r− 1)!

[
F (x)

]m
f (x)gr−1

m [F (x)]

{hm [F (y)]− hm [F (x)]}s−r−1
[
F (y)

]γs−1
f (y) ,

x < y, (14)

where

Cr−1 =
r

∏
i=1

γi, γi = k+(n− i)(m+ 1) ,

hm (x) =

{
−1

m+1
xm+1

,m 6=−1

− ln(x) ,m =−1
and
gm (x) = hm (x)− hm (1) ,x ∈ [0,1) .
We shall also take X (0.n,m,k) = 0. If m = 0,k = 1,

then X (r.n,m,k) reduces to the (n− r+ 1)th order
statistics, Xn−r−1:n from the sample X1,X2, ...,Xn and
when m = −1, then X (r.n,m,k) reduces to the kth record
values (Pawlas and Szynal [17]).

Many authors utilized the gos in their work, such as
Kamps and Gather [11], Keseling [12], Cramer and
Kamps [8], Ahsanullah [4], Pawlas and Szynal [17],
Ahmed [2], Ahmed and Fawzy [3], Khan et al. [13],
AL-Hussaini et al. [5] and Kumar [14]. Abdul-Moniem
[1] obtained recurrence relations for moments of lower
gos from exponentiated Lomax distribution and its
characterization.

In this paper, we have established explicit expressions
and some recurrence relations for single and product
moments of gos from M −OE family of life distributions.
Further its various deductions and particular cases are
discussed. Characterization of M − OE family of life
distributions has been obtained on using a recurrence
relation for single moments.

2 Characterization based on recurrence

relation for single moments of gos

Theorem 2.1. let X be a random variable has pd f (6).
Then for integer j such that j > 0, the following
recurrence relation is satisfied.

E
[
X j (r.n, m̃,k)

]
−E

[
X j (r− 1.n, m̃,k)

]

=
j

γr

E

[
X j−1 (r.n, m̃,k)

λ ′ (X (r.n, m̃,k))

]
−

jα

γr

∞

∑
l=0

(−1)l

l!

E

[
X j−1 (r.n, m̃,k)λ l (X (r.n, m̃,k))

λ ′ (X (r.n, m̃,k))

]
. (15)

Proof. We have from Lemma 2.3 (Athar and Islam [6])
that

E [ξ {X (r.n, m̃,k)}] − E [ξ {X (r− 1.n, m̃,k)}] =

Cr−2

∫ β
θ ξ ′ (x)

r

∑
i=1

ai (r)
[
F (x)

]γr
dx

If we let ξ (x) = x j, then

E
[
X j (r.n, m̃,k)

]
−E

[
X j (r− 1.n, m̃,k)

]

= jCr−2

∫ β

θ
x j−1

r

∑
i=1

ai (r)
[
F (x)

]γr
dx. (16)

On using (8) in (16), we get

E
[
X j (r.n, m̃,k)

]
−E

[
X j (r− 1.n, m̃,k)

]

=
j

γr

Cr−1

∫ ∞

0
x j−1

r

∑
i=1

ai (r)
[
F (x)

]γr−1

f (x)

λ ′ (x)

[
1−αe−λ (x)

]
dx

=
j

γr

Cr−1

∫ ∞

0

x j−1

λ ′ (x)

r

∑
i=1

ai (r)
[
F (x)

]γr−1
f (x)dx

−
jα

γr

Cr−1

∞

∑
l=1

(−1)l

l!

∫ ∞

0

x j−1λ l (x)

λ ′ (x)

r

∑
i=1

ai (r)
[
F (x)

]γr−1
f (x)dx.

Which after simplification leads to (15).

Corollary 2.2. For m1 = m2 = ... = mn−1 = m 6= −1,
the recurrence relations for single moment of gos for M−
OE family of life distributions is given as

E
[
X j (r.n,m,k)

]
−E

[
X j (r− 1.n,m,k)

]

=
j

γr

E

[
X j−1 (r.n,m,k)

λ ′ (X (r.n,m,k))

]
−

jα

γr

∞

∑
l=0

(−1)l

l!

E

[
X j−1 (r.n,m,k)λ l (X (r.n,m,k))

λ ′ (X (r.n,m,k))

]
. (17)

Proof. This can easy be deduced from (15) in view of
the relation (11).

Note that: We can obtain the recurrence relations for
moments of gos for Marshall-Olkin extended Weibull
distribution by taking λ (x) = xθ in (17), established by
Athar et. al. [7].

Remark 2.1 Putting m = 0,k = 1 in Theorem 2.1., we
obtain recurrence relations for single moments of order
statistics as

E
[
X j

r:n

]
−E

[
X

j
r−1:n

]

=
j

n− r+ 1
E




X
j−1

r:n

(
1−αe−λ (Xr:n)

)

λ ′ (Xr:n)


 . (18)

c© 2019 NSP

Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp


48 I. B. Abdul-Moniem: Recurrence relations for moments of generalized order...

Remark 2.2 Setting m = −1,k = 1 in Theorem 2.1.,
we obtain the recurrence relations of upper record values
as

E
[
X j (r.n,−1,1)

]
−E

[
X j (r− 1.n,−1,1)

]

= jE




X j−1 (r.n,−1,1)
(

1−αe−λ (X(r.n,−1,1))
)

λ ′ (X (r.n,−1,1))


 . (19)

3 Characterization based on recurrence

relation for product moments of gos

Theorem 3.1 let X be a random variable has pd f (6). Then
for integer i, j such that i, j > 0, the following recurrence
relation is satisfied.

E
[
X i (r.n, m̃,k)X j (s.n, m̃,k)

]
−

E
[
X i (r.n, m̃,k)X j (s− 1.n, m̃,k)

]

=
j

γs

E

[
X i (r.n, m̃,k)X j−1 (s.n, m̃,k)

λ ′ (X (s.n, m̃,k))

]
−

jα

γs

∞

∑
l=0

(−1)l

l!

E

[
X i (r.n, m̃,k)X j−1 (s.n, m̃,k)λ l (X (s.n, m̃,k))

λ ′ (X (s.n, m̃,k))

]
.

(20)

Proof. We have from Lemma 3.2 (Athar and Islam [6])
that

E [ξ {X (r.n, m̃,k) ,X (s.n, m̃,k)}]−

E [ξ {X (r.n, m̃,k) ,X (s− 1.n, m̃,k)}]

=Cs−2

∫ β

θ

∫ β

x

∂

∂y
ξ (x,y)

s

∑
l=r+1

a
(r)
l (s)

[
F (y)

F (x)

]γl

r

∑
l=1

al (r)
[
F (x)

]γl f (x)

F (x)
dydx

If we let ξ (x,y) = xiy j, then

E
[
X i (r.n, m̃,k)X j (s.n, m̃,k)

]
−

E
[
X i (r.n, m̃,k) ,X j (s− 1.n, m̃,k)

]

=
jCs−1

γs

∫ β

θ

∫ β

x
xiy j−1

s

∑
l=r+1

a
(r)
l (s)

[
F (y)

F (x)

]γl

r

∑
l=1

al (r)
[
F (x)

]γl f (x)

F (x)
dydx

In view of (8), note that

F (y)

f (y)
=

[
1−αe−λ (y)

]

λ ′ (y)

Therefore,

E
[
X i (r.n, m̃,k)X j (s.n, m̃,k)

]
−

E
[
X i (r.n, m̃,k) ,X j (s− 1.n, m̃,k)

]

=
jCs−1

γs

∫ β

θ

∫ β

x
xiy j−1

[
1−αe−λ (y)

]

λ ′ (y)

s

∑
l=r+1

a
(r)
l (s)

[
F (y)

F (x)

]γl r

∑
l=1

al (r)
[
F (x)

]γl
f (x)

F (x)

f (y)

F (y)
dydx

=
jCs−1

γs

∫ β

θ

∫ β

x

xiy j−1

λ ′ (y)

s

∑
l=r+1

a
(r)
l (s)

[
F (y)

F (x)

]γl

r

∑
l=1

al (r)
[
F (x)

]γl f (x)

F (x)

f (y)

F (y)
dydx

−
jαCs−1

γs

∫ β

θ

∫ β

x

xiy j−1e−λ (y)

λ ′ (y)

s

∑
l=r+1

a
(r)
l (s)

[
F (y)

F (x)

]γl

r

∑
l=1

al (r)
[
F (x)

]γl f (x)

F (x)

f (y)

F (y)
dydx

Which after simplification leads to (20).
Corollary 3.2 For m1 = m2 = ... = mn−1 = m 6= −1,

the recurrence relations for product moments of gos for
M−OE family of life distributions is given as

E
[
X i (r.n,m,k)X j (s.n,m,k)

]
−

E
[
X i (r.n,m,k)X j (s− 1.n,m,k)

]

=
j

γs

E

[
X i (r.n,m,k)X j−1 (s.n,m,k)

λ ′ (X (s.n, m̃,k))

]
−

jα

γs

∞

∑
l=0

(−1)l

l!

E

[
X i (r.n,m,k)X j−1 (s.n,m,k)λ l (X (s.n,m,k))

λ ′ (X (s.n,m,k))

]
.

(21)

Proof. This can easy be deduced from (20) in view of
the relation (12).

Note that: We can obtain the recurrence relations for
product moments of gos for Marshall-Olkin extended
Weibull distribution by taking λ (x) = xθ in (21),
established by Athar et. al. [7].

Remark 3.1 Putting m = 0,k = 1 in (21), we obtain
recurrence relations for product moments of order
statistics as

E
[
X i, j

r,s:n

]
−E

[
X

i, j
r,s−1:n

]

=
j

n− s− 1

{
E

[
X

i, j−1
r,s:n

λ ′ (Xr,s:n)

]
−

α
∞

∑
l=0

(−1)l

l!
E

[
X

i, j−1
r,s:n λ l (Xr,s:n)

λ ′ (Xr,s:n)

]}
. (22)

Remark 3.2 Setting m = −1,k = 1 in (21), we obtain
the recurrence relations for product moments of kth record
values as
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E

[(
X
(k)
r

)i(
X
(k)
s

) j
]
−E

[(
X
(k)
r

)i(
X
(k)
s−1

) j
]

=
j

k





E




(
X
(k)
r

)i(
X
(k)
s

) j−1

λ ′
(

X
(k)
s

)


−

α
∞

∑
l=0

(−1)l

l!
E




(
X
(k)
r

)i(
X
(k)
s

) j−1

λ l
(

X
(k)
s

)

λ ′
(

X
(k)
s

)







. (23)

4 Characterization

Theorem 4.1 Let X be a non-negative random variable
having an absolutely continuous distribution function
F(x) with F(0) = 0 and 0 < F(x)< 1 for all x > 0, then

E
[
X j (r.n,m,k)

]
−E

[
X j (r− 1.n,m,k)

]

=
j

γr

E

[
X j−1 (r.n,m,k)

λ ′ (X (r.n,m,k))

]
−

jα

γr

∞

∑
l=0

(−1)l

l!

E

[
X j−1 (r.n,m,k)λ l (X (r.n,m,k))

λ ′ (X (r.n,m,k))

]
. (24)

if and only if
F(x)
f (x) =

[1−αe−λ(x)]
λ ′(x) .

Proof: The necessary part follows immediately from
equation (17). On the other hand if the recurrence relation
in equation (24) is satisfied, then by using equation (13),
we have

Cr−1

(r− 1)!

∫ ∞

0
x j
[
F (x)

]γr−1
f (x)gr−1

m [F (x)]dx−

.
Cr−2

(r− 2)!

∫ ∞

0
x j
[
F (x)

]γr−1−1
f (x)gr−2

m [F (x)]dx

=
jCr−1

γr (r− 1)!

∫ ∞

0
x j−1

[
F (x)

]γr−1

[
1−αe−λ (x)

]

λ ′ (x)

f (x)gr−1
m [F (x)]dx

Integrating the first term in left hand side by parts, we
get

jCr−1

γr (r− 1)!

∫ ∞

0
x j−1

[
F (x)

]γr
gr−1

m [F (x)]dx

.=
jCr−1

γr (r− 1)!

∫ ∞

0
x j−1

[
F (x)

]γr−1

[
1−αe−λ (x)

]

λ ′ (x)

f (x)gr−1
m [F (x)]dx

This is implies that

jCr−1

γr (r− 1)!

∫ ∞

0
x j−1

[
F (x)

]γr−1
gr−1

m [F (x)]




F (x)−

[
1−αe−λ (x)

]

λ ′ (x)
f (x)




dx

= 0 (25)

Now applying a generalization of the Muntz-Szasz
theorem (Hwang and Lin [9]) to equation (25), we get

F(x)
f (x) =

[1−αe−λ(x)]
λ ′(x) .
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