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Abstract: In this paper, we investigate a solution for certain third order non-homogeneous fractional boundary value problem
associated with a fractional boundary condition. To such given problem we construct a Green’s function of a fractional order that
corresponds to the given problem and provide direct solutions in details. Moreover, we introduce the fractional Leibniz integralrule
and discuss several Green’s function properties. As an application to this theory, we provide some fractional boundary value problems
and obtain their exact solution.
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1 Introduction

The idea of fractional calculus and fractional boundary value problems have attracted the interest of many researchers due
to their excellence in explaining the dynamics of several realworld systems in diffusion, engineering, biology, physics,
economics, chemistry, commerce, chaos theory and many others to mention but a few (see, e.g., [1,2,3,4,5,6,7,8,9,
10]). The idea of the concept of the fractional derivative was first introduced by LHospital in 1695. Since then, various
definitions of the fractional derivative have been given by many authors such as Grnwald Letnikov [11], Atangana-Baleanu
[12], Hadamard [13] and Caputo-Fabrizio [14] as well. The most popular ones are the definitions of Riemann-Liouville
and Caputo [15] (see, also [16]). In 2014, a new definition of the conformable derivative has been proposed by Khalil et.
al [17] named as the conformable fractional derivative. The conformable fractional derivative is a natural definition which
gives simple, easy and exact solutions (see, e.g., [17,18,19,20,21,22]). In literature, various methods for solving boundary
value problems were given by many scientists from both practical and theoretical points of view. For an example, we recall
here the iterative method which has been used for solving high-order non-linear fractional boundary value problem [23],
the continuous analytic method for solving the two-point boundary value problem [24] and the Green’s function method as
well. The Green’s function is defined as the response of an impulse of certain inhomogeneous linear differential operator
defined over domain with specified boundary or initial conditions(see, e.g., [25], [26] and [27]).

In our paper we establish the following type of fractional non-homogeneous boundary value problem of the third order
with a fractional boundary condition

DD*D%x(t) = f(1) (<t <1),

x(0) = D% (u) = D*D%x(1) =0,

where 0 < o¢ <1 and u is a boundary point satisfying 0 < p < 1. The proposed problem maybe can be solved by other
methods like fractional laplace transform, fractional Fourier series with separation of variables, but we can’t assure the
existence of solution and that will be exact. Then, we define the fractional Leibniz integral rule which will be useful
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in the proofs of existence solution theorem of the given problem and Green’s function properties theorems. Therefore,
we construct the Green’s function corresponding to the established fractional boundary value problem in one theorem.
Moreover, as an application to this theory we give a solution to the fractional boundary value problem by using our results
and obtain certain exact solution. Finally, we include some graphs performed by using Mathematica 12 to illustrate our
given results.

2 Fundamentals

Definition 1.Let f : [0;00) — R be a real valued function. Then, the conformable fractional derivative of order o of a
function f is given by

Da(f)(t) — lim f(t—i_gt]ia)_f([)

forallt >0, a € (0,1).
e—0 €

It is clear that when f is a— differentiable function on the open interval (0,a), a > 0, and that lim D% f(t) exists, then
—0+
D% f(0) = lim D*f(z).
t—0t
One can easily establish that D® satisfies all desired properties included in the following theorem.

Theorem 1.Let f and g be a—differentiable at a point t > 0, o, € (0, 1]. Then, the following identities hold true.
(1) Forall a,b € R, D*(af + bg) = aD*(f) + bD*(g).

(2) For all p € R, D*(t?) = prP~ %,
(3) For all constant functions f(t) = A, D*(1) =0.
(4 )D“(fg) gD%(f)+ fD%(g).
(5) D ( ) = gDa(f)*fDa(g)_
g
(6) D*(f)(t) =t~ O‘df( t), provided that f is differentiable.

Proof.See [17].
To illustrate our idea, we present the following example including conformable derivative of certain class of functions.

Example 1.The following hold true.

(1) For all p 6 R, we have D%(¢P) = prP~*.

(2) D%(1) =

(3) Forc € R we have D% () = ct! =%,

(4) For b € R, we have D%(sin bt) = bt'~* cos bt.
(5) For b € R, we have D%(cos bt) = —bt' =% sin bt.
(6) D* (51 ) 1.

(7) D* (sm t%) = cos éto‘.

(8) Do‘(cos —t%) = —sin ét“

(9) D(ea") = ea”.

Definition 2.Let f be a real valued function defined on [0;00) and & € (0,1). Then, the conformable integral of order o
of a function f is defined by

i@ =16y = [ T
a
when the integral at the right-hand side is a Riemann integral.
Following is an interesting result that we need in the sequel.
Theorem 2.Let f : [0;00) — R be a function continuous in the domain of I, and 0 < o < 1. Then, we have
DI (f)(t) = f(t), fort >aand 0 < ot < 1.

Proof.See [17].
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3 Fractional Green’s function and its properties

We start our main results by establishing the fractional Leibniz theorem as follows.

Theorem 3.(Fractional Leibniz integral rule)
Let the a-differentiation of a function f under the integral sign be given by

b(x)
Fx,t)dat, where 0 < a0 <1 and —oo < a(x),b(x) < H-eo.

a(x)

Then, the a-derivative of this integral can be expressed as

a b(x) o
Z( [, T t)dm) f(x,b(x)).fl—xb(x)— Flr.alx ¥) + / Fla)dat,

where the partial derivative indicates that only the variation of f(x,t) with x is considered inside the integral sign.
Notice that when b and a be given as constants, not as functions of x, then we obtain the following special case

da b b aot
I </a f(x,t)dat> = o —f(x,t)dqgt.

Proof.Let us start proving the case where the upper and lower bounds a and b of the integral are constants. Let x and x+ A
be within the interval [xq,x;], 2 > 0. Then, by using the Fubini’s theorem we write

x+h x+h o
/ / pp fxtdatdax—// e — f(x,1)dgx dot

:/a (f(x+ht)— f(x,1))dgt
b b
:/ f(x+h,t)dat—/ f(x,t)dgt.

The definite integrals at the right-hand side are indeed well-defined as the partial derivative % f(x,t) is continuous on
[a,D] X [x0,x1] and, hence uniformly continuous. Therefore, the integrals with dyf or dyx are indeed continuous and
integrable. Therefore,

Ji fx+h,t)dat = [ f(x,1)dat h/ﬁh/ Sof @0 dat dx

h
_ Fth) -~ F()
h b

// S, t)dgt dox.
Xp Ja

It is clear that F' is a-differentiable with the o-derivative | ab % f(x,t)dyt and hence we may consider the limit as &
approaches zero. The limit on the left hand side is

where,

e b
& | ndat,
a

doz b Ja

d
EF(X) = o — f(x,t)dqgt.

whereas for the right hand side becomes

Thus, have proved the desired result
b Yo

a* (b d
E/a S, t)dgt = P —f(x,1)dgt.

Similarly, we prove the following result for variable limits.
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Now, we turn back to our main problem which is a fractional boundary value problem in the following type
D*D*D%x(t) = f(t), 0<t<I, (1)

x(0) = D%x(u) = D*D%x(1) =0, 2)

where 0 < a < 1 and u is a boundary point satisfying 0 < pt < 1.
Our approach to the existence of solutions associates fractional Green’s function. By establishing the following
theorems, we can employ a fixed point theorem to obtain solutions for (1) subject to the boundary conditions (2).

Theorem 4.Let 0 < a < 1, p € (0,1) and
D*D*D%x(t) =0,

then the corresponding fractional Green’s function of the above fractional homogeneous problem with the conditions (2)

is given as
ult,s) :0<r<s<l1
elo,ul:
s€[0.u] {xO,s 0<s<r<1
Gl1,s5) = (3)
0<r<s<
seluwl: u(t, 1) 0<r<s<1
u(t,w)+x(t,s) :0<s<r<1
where )
2r%*s% — ¢
u(ts) = =5 *
and )
(1~ 5%)
t,s) = 5
x(t.5) = 5 ®)
is the Cauchy function. Then, for any continuous function h we have
1 1
£ = / G(t,5)h(s)dgs = / G(t,5)h(s)s* ds
0 0
is the solution of the following fractional boundary value problem
D*D*D%x(t) = h(t),
with the boundary condition (2), where G is the fractional Green’s function constructed above.
Proof First, let t € [0, u]. Then, we write
t u 1
(1) = / (0, )h(s)dars + / u(t,5)h(s)des + / u(t, 1) h(s)das. ©)
0 t u

Clearly x(0) = 0, by (5). By differentiating (6), using the fractional Leibniz theorem, we get

s — 1@

Da(r) =0tk [ (S st
S (= P
:%h@ (S ;f“)h s
i (2
e

) h(s)s*ds.
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Clearly, the boundary condition D®x(u) = 0 has been met. Once again, differentiating reveals

DD%x(1) = /”( taaltl a) 59 lds—i—/ ( LA a)h(s)so‘lds
_/ h(s)s®~ ‘ds—/ h(s)dqys.

DED%(1) = /1 h(5)degs = 0

It follows that

By Theorem 2 we obtain

t
D*DD%(1) = D / h(s)das = DIah(t) = h(t).
1
This proves the claim for this case. Now, let ¢ € [, 1]. Then, we have
1
x(t) :/ (0,5 das+/ ¢, 5)h(s)das + u(t, u)/ h(s)das. )
Again x(0) = 0, by (5). Differentiating (7), using the fractional Leibniz theorem, implies

DOx(1) = _/ﬂt (la ;‘a> h(s)das + (“a;ta> /Hl h(s)das.

The boundary condition D%x(u) = 0 has clearly been met. Therefore, differentiating again reveals

D*D%x( /h s lds = /h Vdgs.

As in the previous case,
D¥D%(1) = /1  h(5)degs = 0
By Theorem 2 we obtain
D*DD%(t) = D /1 ' h(s)das = D®1ah(t) = h(t).
This proves the claim in this case as well.

The fractional Green’s function that we are constructing above has some properties that we will be presented in the
following theorems.

Theorem 5.Let G be the function expressed by (3). Then, we have
0<G(t,5) <G(u,s), (8)

where t € (0,1], s € (0,1] and the condition u(1, ) > 0 applies for u in (4), i.e., the inequality

(1
H=13
hold.

Proof Referring to (3), (4) and (5), we see

s2a

u(s,s) =x(0,s) = o
and

'uZOC
x(O,,u) =u(t, 1) +x(t7u> = 202’
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assuring that the function G is well-defined. Moreover, G(t,s) =0 for s =1 =0.
In view of (4), we have

d 101 (g0 g

Eu(l,s) = L >0 for s>t.
Furthermore, in view of (5) we have x(s,s) = 0 and

d Z‘ocfl 1% _ O

Ex(t,s) = ¥ >0 fort>s

and u(0,s) = 0 for all 5. Thus, G is a non-decreasing function on [0, 1] and a non-increasing function on [, 1]. Hence, (8)
holds if G(1, 1) > 0 satisfies, provided u(1, i) > 0. Equivalently, we write

2u% —1 1
u(l,u) = “20‘2 >0 = 2u*-1>0 = u"‘>5.

Hence |

lJ« > ‘ .
2
Th]s ﬁ] llS]leS t] 1€ [)]()Of Of [heOIeIIl.

Theorem 6.Let t,s € [0,1]. Then, we have

$(1)G(1,5) < Glt,5) < G(1, ) ©
where
) =mind " pap — ), 125 (10)
g( - a‘uza nu ) 1_‘u .

ProofIn view of the preceding result, we infer G(z,s) < G(L,s), t, s € [0, 1]. Now, we, for the lower bound, continue by
following the conditions imposed on the branches of the fractional Green’s function (3) and make use of (4) and (5).

1) 0 <r <s<u:Here G(t,s) = u(t,s), G(1,s) =x(0,s) = ;%az. For ¢, s we derive the inequality

u(t,s)

u(t, 1 < 1%
x(0,s)

>
~x(0,p) T ap

2ap® — o],

which implies
toc
G(Z‘7S) Z m [Za”a - ata] G(‘U,S)
2) 0 <t <u <s<1: This reveals that G(u,s) = u(u, 1) and G(¢,s) = u(t, 1t). Hence, we obtain

o

t
G(Z‘,S) > m [206#05 - ata] G(‘U,,S)

3)0<s<t<por0<s<u<r<li :AsG(t,s):G(/.L,s):%,wederive
G(t,s) = G(L,s).

Hu<t<s<l1:Asin2),G(t,s) =u(t,u) and G(u,s) = u(u,u). Let

) =) - (1= )t
— 0.9~ (1= ) 6w

Then, w(i) =0, w' () > 0, and w(1) = G(1,5) > 0 by the definition of w(z).
Since w concaves down, we declare that w(¢) > 0 on [u, 1]. Therefore,

Glt,s) > (11_“) Gl1.s).
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5) u <s<t<1:Itisnoted that G(u,s) = u(u, 1), whereas
G(t,s) = u(t, p) +x(t,5) = u(t,p).

Consequently, by employing w as above we derive

Glt,s) > (11—) Gl1s).

This finishes the proof of the theorem.

G(t,s)

0.0
1.0

Fig. 1: The fractional Green’s function G(¢,s) defined in (3)

G(mu,s)

0.7

L 1 L L L 1 L L L 1 L L L 1 L L L 1 s
0.2 0.4 0.6 0.8 1.0

Fig. 2: The fractional Green’s function G(¢,s) att =
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G(t,s),9(t)G(mu,s),G(mu,s)
0.0

Fig. 3: The fractional Green’s function G(t,s) alongside its upper bound G(i,s) and its lower bound g(¢)G(L, s).

Discussion : 1) Figure 1 represents the Fractional Green’s function G(t,s), corresponding to the fractional boundary
value problem (1) which was defined in Theorem 4 ( Equation (3) ).

2) Figure 2 represents the fractional Green’s function G(z,s) att = L.

3) Figure 3 represents the fractional Green’s function G(t,s) alongside its upper bound G(u,s) and its lower bound

8(1)G(u,s)-

We introduce Figure 1 and Figure 2 just to distinguish between G(¢,s), G(i, s) and g(¢)G(u, s). Figure 3 provides the
result in Theorem 6 (Inequality (9)), and we see that the fractional Green’s function G(z,s) corresponds to the fractional
boundary value problem (1) subject to the boundary conditions (2) which was defined in Theorem 4 ( Equation (3)) have
an upper bound G(u, s) and a lower bound g(t)G(u, ).

As an application to this theory we consider the following example.
Example 2.Consider the following fractional boundary value problem.
D*D*D%x(t)=1, 0<r<1,0<a<l1
subject to the fractional boundary condition,
x(0) = D% () = D*D%x(1) =0,

where 0 < a < 1 and the boundary point y satisfies 0 < u < 1.

Solution. By Theorem 4, the solution of the considered fractional boundary value problem in our application is given as

1 1
x(t)z/o G(t,s)das:/o G(t,5)s* ds.

© 2026 NSP
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(1) If s € [0, 1), then we have
t u 1
x(t) :/ x(O,s)sa_lds+/ u(t,s)sa_lder/ u(t,m)s* ds
0 t u

t S2a B0 g0t _[Za 1 2t"‘u"‘ _t2a
_ a—1 a—1 a—1
f/o 202" ds+/t e * ds+/u Sy ds

t s3a—1 n 2tas2a_l _IZaSa—l 1 21% 1 _t2a
d —|—/ ds+/ R a1 g
t u

“Jo 202 s 20 20
t3(x o 2a _t2a o 2% % t2(x P 20 +t2a o

L u ! ue i M u
6a 2a 2a
t3oc Zta“a . toc‘uZa . t2a

~ 6a? 203

(2) If s € [u, 1], then we have
u ' 1
x(1) :/ x(O,s)saflds—F/ x(t,s)saflds—&—/ u(t,w)s* ds
0 u u

u J3a—1 (% GO 2 1
=/ = dS—f—/ll %saflds—ku(t,,u)/ 5% Lds

0 2062 u

u3oc t3oc7'u3oc 7t2oc‘uoc thoc.uoc ZtO‘,uaftzO‘thO‘;,Lza +t2a”oc
~ 6a3 + 6a3 + 203 203

t3a 21‘““0‘ _taNZa _t2(1
" 63 203

Clearly in both cases we have the same solution which equals

3o a,a ap2o 2
t 2t —t —t
xX(t) = H u

T 603 203

Also, when we check the fractional boundary condition and the solution we get x(0) = 0. And

ar? 2ap® —2ar* — ap*®

o o _
D%(r) = s PE , then D%x(u)=0.

Moreover,

and

Hence the result is obtained.

4 Conclusion

This paper has considered a new type of fractional non-homogeneous boundary value problem of third order with a
fractional boundary condition. To obtain as exact solution of the given fractional boundary value problem, a fractional
Green’s function, which corresponds to the fractional boundary value problem was defined and used in finding the desired
solution. Some exact solution was declared to illustrate that the proposed method is indeed straightforward and appropriate
with efficiency for finding solutions the fractional boundary value problem. In addition, several graphs are provided to
show accuracy and efficiency of the our given method. In the future work, we aim to develop the fractional Green’s
function to deal with more complicated types of fractional boundary value problems in the forms :

(i) D'DPD%(t) = f(1), 0<t<1, 0<y,B,a<l,

© 2026 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

66 %N S\ M. Aljazzazi et al. : Solution of Third Order Fractional Boundary Value Problems by ...

x(0) = D%(u) = DPD%(1) =0,
with a boundary point u satisfying 0 < u < 1.

(ii) D°DYDPDx(t) = f(1),0 <1 < 1,0 < 8,7, B, < 1,
x(0) = D%x(0) = DPD%x(1) = D'DP D%x(1) = 0.

(iii) D*D*D*D%x(t) = f(r), 0<t<1, O0<oa<lI,
x(0) = D% (0) = x(1) = D%x(1) = 0.
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