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Abstract: This work uses the Sumudu transform method to discover approximate analytical solutions for systems of fractional
nonlinear equations of population dynamics model and a fractional mathematical model of honey bees. The Caputo sense is used to
describe fractional derivatives. In order to get approximate analytical solutions of systems of nonlinear equations of these models, the
Sumudu transform method has been developed. Since it provides us with incredibly accurate solutions for both linear and nonlinear
differential equations, this approach is simple to understand. It has also been investigated how the power-law kernel via Caputo
derivative affects things. To demonstrate the simulations of the answers, we present some figures.
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1 Introduction

Fractional order derivatives refer to derivatives of any real or complex order, broadening the idea of conventional
derivatives to situations where the order isn’t a whole number. Because of the memory characteristic of fractional
derivatives, the theory and uses of fractional calculus have become highly significant in modeling biological processes,
applied mathematics, physics, human disease, economic growth, and engineering [1,2,3]. The focus of research in
modeling real-world issues is transitioning towards the application of fractional order derivatives. As a result, in recent
decades, the application of fractional order derivatives has gained significant interest in various areas of science and
engineering for modeling various types of issues. It is widely recognized that finding analytical solutions for these types
of problems is often challenging. Hence, methods that approximate the solutions of these equations are essential and
beneficial. In recent decades, the creation of effective numerical methods for estimating the solutions of fractional
differential equations (FDEs) has been a significant concern [4,5,6]. Consequently, techniques including the fractional
finite volume method, Haar wavelet method, radial basis functions, operational matrix methods, Fourier spectral
methods, Adomian decomposition methods, and variational iterative methods were suggested [7,8].

It is important to highlight that there are just two primary definitions of the fractional derivative; the initial one was
introduced by Riemann and Liouville and represents the derivative of the convolution between a specific function and a
power law kernel, while the second was put forward by Caputo [9] in 1967 and is the convolution of the local derivative
of a specific function with a power law function. The Caputo fractional derivative, characterized by singular and non-local
features, is employed to model phenomena by considering past interactions of everyday issues. The Caputo derivative is
a type of fractional derivative that accommodates conventional initial and boundary conditions in problem formulations,
making it especially suitable for differentiable functions. The calculation is based on a particular integral formula and
contrasts with the Riemann-Liouville derivative in that the Caputo derivative of a constant function equals zero [10].
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Integral transforms are valuable for the simplification they provide, particularly when addressing differential equations
with certain boundary conditions. Selecting suitable integral transforms aids in transforming differential and integral
equations into algebraic equations that are simpler to solve. Numerous integral transforms within the Laplace transform
category have been presented, including Sumudu, Elzaki, Natural, Aboodh, Pourreza, Mohand, G-transform, Sawi, and
Kamal transforms. These transformations have been utilized for addressing various kinds of integral equations, ordinary
differential equations (ODEs), partial differential equations (PDEs), and FDEs [11].

The analytical tools presented can be directly leveraged in quantum information by providing efficient,
well-conditioned methods to obtain closed-form or rapidly convergent solutions for time-evolution, coherence decay and
phase-space dynamics in Jaynes–Cummings–type systems [12]. Using Sumudu-transform based solutions and iterative
schemes to treat generalized and multi-photon interactions [13] enables precise tracking of quasiprobability distributions
and entropy squeezing under nonlinear media and multiphoton processes, which are crucial for state engineering and
error characterization. For dissipative, dispersive two-atom cavities [14] the transform/iterative framework can
incorporate fractional or memory kernels and deliver analytic expressions for entanglement decay and long-lived
coherence, informing robust entanglement-preservation protocols. Likewise, for entropic uncertainty and
second-harmonic effects [15] the approach yields compact representations of uncertainty measures and their parametric
dependence, aiding optimization of measurement strategies and squeezing resources for quantum metrology.
Sumudu-transform and iterative methods offer practical routes to derive controllable, computable models that connect
microscopic interaction parameters to operational quantum-information metrics (entanglement, entropy squeezing,
fidelity), enabling better design of gates, sensors and decoherence-mitigation schemes in cavity QED and related
platforms [16].

Population dynamics models are generally expressed as an ordinary differential equation:

dF

dt
= µ(k),

where k like air, food, hunter and etc.
The mentioned ordinary differential equation model is in the form of an exponential growth reaction. One of the most

popular of these exponential growth reaction models is the Malthusian model. The Malthusian model is an exponential
model and is useful when the population of organisms is small [17]. The Malthus model is defined as [18]:

ℵ
′
(t) =⋌ℵ(t), ℵ(0) = ℵ0.

The solution to this initial value problem is given as:

ℵ(t) = ℵ0e⋌t .

Differential equations provide a natural framework for investigating the effects of organisms on population dynamics.
Many mathematical models have been developed using these differential equations. These mathematical models contribute
to a better understanding of population and resource dynamics in general and facilitate the application of the model
framework to relevant conditions. Therefore, many population models have been developed [19,20] in. Two of the models
developed are population growth models [21] and small hive bettle (SHB)-honey bee models [22].

The logistic growth model developed by Verhulst in 1838 is defined as follows:

ℵ
′
(t) =⋌ℵ(t)

(
1− ℵ(t)

ϒ

)
,

where ⋌ is the rate of increase of the population and ϒ is the carrying capacity, ϒ and ⋌> 0. The solution of the Verhulst
model is given as follows:

ℵ(t) =
ℵ0ϒ

ℵ0 +(ϒ −ℵ0)e−⋌t .

When t → ∞, ℵ(t) gets closer to ϒ and increases by taking the competition. The logistic growth model shows a
rapid increase when ℵ(t) is smaller than ϒ . It turns out that the growth decreases as ℵ(t) approaches ϒ . If ℵ0 =ϒ , the
population will remain ℵ(t) =ϒ , which is an equilibrium point.

The mathematical model developed by [22], which shows the relationship between small hive beetles (SHB) and
honeybees, discovered by Andrew Murray in 1867 in Central Africa, is a small invasive parasite species that inhabits
areas of the African continent south of the Sahara [23,24]. No mathematical model has yet been made for SHB, which
has these properties and threatens honey bees. SHB is destructive for honey bee colonies, and the increase in temperature
due to climate change increases the population of SHBs. Although studies have been conducted on the development and
survival of SHBs with temperature, a mathematical model has not been put forward to explain this relationship. It is
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necessary to model how increasing temperatures affect the increase in SHB and the resulting honey bee population [25,
26,27].

Therefore, the mathematical model created by [28] for Varroa was reconstructed by [22] under certain assumptions,
resulting in a new mathematical model. This newly developed model and its assumptions are presented as follows [22]:

d p
dt

= vgp(p)− γqp−δ1 p, p(0) = p0, gp(p) =
p2

K 2 + p2 ,

dq
dt

= r(T )gq(p,q)q−δ2q, q(0) = q0, gq(p,q) = 1− q
α p

,

r(T ) = rme
−1
2 (

T−Topt
Tsig

)2

where p is the number of honey bees, and q is the number of SHBs at time t. The r(T ) function indicates the developmental
process and survival of SHB according to the temperature value in the Pradhan–Taylor (Gaussian) model [29,30]. rm is
the maximum growth rate, T (between 32 and 36 degrees) is the growing temperature, and Topt and Tsig are the optimum
temperature and shape parameters with the highest growth.

The linear T function is chosen as follows to calculate the growth of SHB in the brood between the appropriate
temperature.

T = T0, t < t1

T = T0 +w(t − t1), t ≥ t1
t1 is the moment when the brood temperature starts to rise. T0 is the lowest temperature of brood at which SHB hatches and
develops. w is the quantitative temperature rise rate. For numerical simulations of the honey bee-SHB population system,
the system parameters of these equations are as follows; v= 1500 (the highest possible birth rate), R0 = 1500 (initial value
for honey bees), γ = 10−5 (the loss of honey bees as a result of SHB invasion), δ1 = 0.004 (denotes the rate of natural
mortality of honey bees), K = 1400 (the size of the bee colony), q0 = 60 (initial value for SHBs), δ2 = 0.01 (indicates
the rate of natural mortality rate of SHBs), α = 0.5 (denotes the average number of SHBs that can be maintained for each
bee), Topt = 37, Tsig = 20, rm = 0.08 (the maximum developmental rate), w = 0.0067 (quantifies the rate of temperature
growth). The graphs of r(T) (Growth of SHB) and T (Brood Temperature) are presented in Figure (5) and Figure (6). New
applicable methods have been developed that provide improvements in cases where applying some analytical methods to
the models is impractical. The aim is to obtain approximate solutions for nonlinear fractional order differential equations.

2 Mathematical background
Definition 1. The Sumudu transform of the function ζ (t) is presented as follows [31]:

S [ζ (t)] =
∫

∞

0
ζ (ut)e−tdt, u ∈ (−τ1,τ2),

where in this study, S [ζ (t)] will be denoted by G (u).

Consider the set of functions X such that:

X = {ζ (t)|∃Q,τ1,τ2 > 0, |ζ (t)|< Qe|t|/τ j , i f t ∈ (−1) j × [0,∞)},
Definition 2. The Caputo derivative is defined as [9]:

Z
a D⋉

t ζ (t) =
1

γ(n− ε)

∫ t

a
(t − x)n−⋉−1

ζ
(n)(x)dx

and
Z
a D⋉

t ζ (t) =
(−1)n

γ(n−⋉)

∫ t

a
(t − x)n−⋉−1

ζ
(n)(x)dx,

where ⋉ ∈ C, Re(⋉)> 0, n = [Re(⋉)]+1.

Lemma 1. [32] The Sumudu transform of the Caputo fractional derivative is given as:

S [Za D⋉
t ζ (t)] =

G (u)−ζ (a)
u⋉

,

where 0 <⋉< 1.
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3 Description of the method

3.1 Adomian polynomials

The Adomian decomposition method is a common technique used in analytical solution steps for a wide range of linear
and nonlinear functional equations, including differential equations, integral equations, and integer differential equations.
Adomian polynomials are obtained as follows [33]:

An =
1
n!

[
dn

dxn f

(
∞

∑
n=0

xnun

)]
, x = 0, n = 0,1,2, · · · .

The first few steps of the Adomian polynomials are obtained as:

A0 = f (u0),

A1 = f (u0)
′
u1,

A2 = f (u0)
′
u2 +

1
2!

f
′′
(u0)u2

1,

A3 = f (u0)
′
u3 + f (u0)

′′
u1u2 + f (u0)

′′′ u3
1

3!
, · · · .

3.2 Variational iterative method

As a result of numerous applications and improvements, the variational iteration algorithm has become an effective
mathematical solution for solving nonlinear differential equations. The accuracy of this method is high, and its
approximate solution is valid in the entire domain. The variational iteration method is preferred by many people and can
be applied to different types of nonlinear problems. The primary important feature of this method is its flexibility and its
ability to solve nonlinear differential equations accurately and conveniently. Also, recently, the variational iteration
method, among other analytical methods, has been used as an effective technique for solving several different nonlinear
problems without general restrictive assumptions. The Sumudu transform can be applied to the function if the function f
satisfies the Dirichlet conditions [34].

1) it is single valued function which may have a finite number of isolated discontinuities for t > 0;
2) it remains less than ωe−λ0t as t → ∞, where ω is a positive constant and λ0 is a real positive number.

3.3 Solution method with Sumudu transform

Using the Sumudu transformation proposed by Watugala, the differential equation is considered as a fractional-order
differential equation, and the solution steps are as follows [34]:

Consider a nonlinear problem:
Z
0 D⋉

t ℘(t)+R[℘(t)]+N [℘(t)] =Ψ(t),

where R is a linear expression and N is a non-linear expression. Ψ(t) is a given continuous function.
Applying the Sumudu transform to both sides of this equation and using S [℘(t)] = ℑ(u), gives:

ℑ(u)
u⋉

−℘(0)
u⋉

= S [Ψ(t)−R[℘(t)−N [℘(t)]]].

The sequence of iteration equation goes like this:

ℑn+1(u) = ℑn(u)+ψ(u)
(

ℑn(u)
u⋉

−℘(0)
u⋉

−S [Ψ(t)−R[℘(t)]−N [℘(t)]]
)
,

where ψ(u) is a Lagrange multiplier. If the expression S [R[x(t)]+N [x(t)] is considered as a bounded term and iteration
is applied to this equation, the following occurs.
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δ1ℑn+1(u) = δ1ℑn(u)+ψ(u)
1

u⋉
δ1ℑn(u),

where ψ(u) is obtained from the equation:

ψ(u) =−u⋉.

The inverse Sumudu transformation is applied to this equation, and then,

℘n+1(t) =℘n(t)+S −1
[
−u⋉

(
ℑn(u)

u⋉
−℘(0)

u⋉
−S [Ψ(t)−R[℘(t)]−N [℘(t)]]

)]
=℘1(t)+S −1[u⋉S [Ψ(t)−R[℘(t)]−N [℘(t)]]],

where ℘1(t) represents the initial value.

4 Main result

4.1 Fractional population dynamics model with Caputo fractional derivative

The differential in the Verhults [21] model is treated as the Caputo fractional derivative

C
0 D⋉

t ℵ(t) =⋌ℵ(t)
(

1− ℵ(t)
ϒ

)
, t > 0, ℵ(0) = ℵ0.

We applied the Sumudu transform, and we obtained:

S [C0 D⋉
t ℵ(t)] = S

[
⋌ℵ(t)

(
1− ℵ(t)

ϒ

)]
,

S [ℵ(t)]−ℵ(0)
u⋉

= S

[
⋌ℵ(t)

(
1− ℵ(t)

ϒ

)]
,

where S [ℵ(t)] =Θ(u). The variational iteration formula is acquired as follows:

Θn+1(u) =Θn(u)+ψ(u)
(

Θn(u)
u⋉

− ℵ0

u⋉
−S

[
⋌ℵn(t)

(
1− ℵn(t)

ϒ

)])
.

The classic variation operators on both sides of this equation are detected, and the Lagrange multiplier is:

ψ(u) =−u⋉.

The inverse Sumudu transform of both sides of this equation is attained as:

ℵn+1(t) = ℵn(t)+S −1
[
−u⋉

(
Θn(u)

u⋉
− ℵ0

u⋉
−S

[
⋌ℵn(t)

(
1− ℵn(t)

ϒ

)])]
= ℵ0 +S −1

[
⋌u⋉

(
S [ℵn(t)]−

1
ϒ

S [ℵn(t)ℵn(t)]
)]

,

where the initial value for n = 0 turns out to be ℵ1(t) = ℵ(0) = ℵ0.
A nonlinear expression Q(ℵ) is represented as:

Q(ℵ) =
∞

∑
i=0

Xi =
1
i!

[
di

dφ i f

(
∞

∑
n=0

φ
nvn

)]
, φ = 0,

where X is an Adomian polynomial [33].
Let ℵn = ∑

n
i=0 vi and the non-linear term ′ℵn(t)ℵn(t)′ expressed the Adomian series as follows:

X0 = v2
0,

X1 = 2v0v1,
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X2 = 2v0v2 + v2
1,

X3 = 2v0v3 +2v1v2.

These specified data are formulated

v0(t) = v0 = ℵ0,

vn+1(t) = S −1
[
⋌u⋉

(
S [vn(t)]−

1
ϒ

S [Xn]

)]
and all iterations are found to be:

v0 = ℵ0,

v1 = S −1
[
⋌u⋉

(
S [v0]−

1
ϒ

S [X0]

)]
=⋌v0S

−1[u⋉]−
⋌v2

0
ϒ

S −1[u⋉] = ℵ0

(
1− ℵ0

ϒ

)
⋌t⋉

Γ (⋉+1)
,

v2 = S −1
[
⋌u⋉

(
S [v1]−

1
ϒ

S [X1]

)]
=

[
ℵ0

(
1− ℵ0

ϒ

)
−

2ℵ2
0

ϒ

(
1− ℵ0

ϒ

)]
⋌2t2⋉

Γ (2⋉+1)
,

v3 = S −1
[
⋌u⋉

(
S [v2]−

1
ϒ

S [X2]

)]
=

[
ℵ0

(
1− ℵ0

ϒ

)
−

2ℵ2
0

ϒ

(
1− ℵ0

ϒ

)
− 1

k

(
2ℵ0

[
ℵ0

(
1− ℵ0

ϒ

)
−

2ℵ2
0

ϒ

(
1− ℵ0

ϒ

)]
+ℵ

2
0

(
1− ℵ0

ϒ

)2
)]

⋌3t3⋉

Γ (3⋉+1)
.

The solution to the desired equation is obtained by writing the iterations found as sums.

ℵ(t) = lim
n→∞

ℵn = lim
n→∞

n

∑
i=0

vi

= ℵ0 +ℵ0

(
1− ℵ0

ϒ

)
⋌t⋉

Γ [⋉+1]
=

[
ℵ0

(
1− ℵ0

ϒ

)
−

2ℵ2
0

ϒ

(
1− ℵ0

ϒ

)]
⋌2t2⋉

Γ (2⋉+1)

=

[
ℵ0

(
1− ℵ0

ϒ

)
−

2ℵ2
0

ϒ

(
1− ℵ0

ϒ

)
− 1

k

(
2ℵ0

[
ℵ0

(
1− ℵ0

ϒ

)
−

2ℵ2
0

ϒ

(
1− ℵ0

ϒ

)]
+ℵ

2
0

(
1− ℵ0

ϒ

)2
)]

⋌3t3⋉

Γ (3⋉+1)
+ · · · .

Figure (1) and Figure (2) illustrate the approximate solution for the Verhulst model.

4.2 Fractional honey bee mathematical model with Caputo fractional derivative

In the mathematical model developed by [22], the differential is considered as a fractional Caputo derivative and is written
again as follows:

C
0 D⋉

t p(t) = vgp(p)− γqp−δ1 p, p(0) = p0, gp(p) =
p2

K 2 + p2 ,

C
0 D⋉

t q(t) = r(T )gq(p,q)q−δ2q, q(0) = q0, gq(p,q) = 1− q
α p

,

Taking the Sumudu transformation of both sides of last equation, yields:

S [C0 D⋉
t p(t)] = S

[
v

p2

K 2 + p2 − γqp−δ1 p
]

S [C0 D⋉
t q(t)] = S

[
r(T )

(
1− q

α p

)
q−δ2q

]
,
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Fig. 1: Numerical simulation of population dynamics model with Caputo derivative for ⋉ = 0.9, ℵ0 = 1, ϒ = 3000, ⋌ =
0.125.

Fig. 2: Numerical 3D simulation of population dynamics model with Caputo derivative for ⋉ = 0.9, ℵ0 = 1, ϒ = 3000, ⋌
= 0.125.

S [p(t)]− p(0)
u⋉

= S

[
v

p2

K 2 + p2 − γqp−δ1 p
]
,

S [q(t)]−q(0)
u⋉

= S

[
r(T )

(
1− q

α p

)
q−δ2q

]
.

Let S [p(t)] = P(u) and S [q(t)] = Q(u). We get the variational iteration formula:

Pn+1(u) = Pn(u)+ψ1(u)
(

Pn(u)
u⋉

− p0

u⋉
−S

[
v

p2
n(t)

K 2 + p2
n(t)

− γqn(t)pn(t)−δ1 pn(t)
])

,
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Qn+1(u) = Qn(u)+ψ2(u)
(

Qn(u)
u⋉

− q0

u⋉
−S

[
r(T )

(
1− qn(t)

α pn(t)

)
qn(t)−δ2qn(t)

])
.

The Lagrange multiplier is presented as follows:

ψ1(u) = ψ2(u) =−u⋉.

The inverse Sumudu transform of both sides of the equations is taken, and the iteration form is obtained as:

pn+1(t) = pn(t)+S −1
[
−u⋉

(
Pn(u)

u⋉
− p0

u⋉
−S

[
v

p2
n(t)

K 2 + p2
n(t)

− γqn(t)pn(t)−δ1 pn(t)
])]

= p0 +S −1
[

u⋉
(

vS
[

p2
n(t)

K 2 + p2
n(t)

]
− γS [qn(t)pn(t)]−δ1S [pn(t)]

)]
,

qn+1 = qn +S −1
[
−u⋉

(
Qn(u)

u⋉
− q0

u⋉
−S

[
r(T )

(
1− qn(t)

α pn(t)

)
qn(t)−δ2qn(t)

])]
= q0 +S −1

[
u⋉
(

S [r(T )qn(t)]−S

[
r(T )q2

n(t)
α pn(t)

]
−δ2S [qn(t)]

)]
.

The nonlinear expressions is represented as;

∞

∑
i=0

Xi = f1(p) =
p2

n

K 2 + p2
n
,

∞

∑
i=0

Yi = f2(q, p) = pnqn,

∞

∑
i=0

Zi = f3(q, p) =
q2

n

α pn
,

and

Xi =
1
i!

[
di

dφ i f1

(
∞

∑
n=0

φ
n pn

)]
, φ = 0,

Yi =
1
i!

[
di

dφ i f2

(
∞

∑
n=0

φ
n pn,

∞

∑
n=0

φ
nqn

)]
, φ = 0,

Zi =
1
i!

[
di

dφ i f3

(
∞

∑
n=0

φ
n pn,

∞

∑
n=0

φ
nqn

)]
, φ = 0.

For nonlinear terms, the Adomian series are as follows:

X0 =
p2

0

K 2 + p2
0
, X1 =

2p3
0 p1

(K 2 + p2
0)

2 +
2p0 p1

K 2 + p2
0
,

X2 =
4p4

0 p2
1

(K 2 + p2
0)

3 −
5p2

0 p2
1

(K 2 + p2
0)

2 +
p2

1

K 2 + p2
0
−

2p3
0 p2

2

(K 2 + p2
0)

2 +
2p0 p2

K 2 + p2
0
,

and

Y0 = q0 p0, Y1 = q1 p0 +q0 p1, Y2 = q2 p0 +q1 p1 +q0 p2,

and
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Z0 =
q2

0
α p0

, Z1 =
2q0q1

α p0
−

q2
0 p1

α p2
0
, Z2 =

q2
1

α p0
+

2q0q2

α p0
− 2q0q1 p1

α p2
0

+
q2

0 p2
1

α p3
0
−

q2
0 p2

α p2
0
.

The equation is edited and rewritten

p0(t) = p0, pn+1(t) = S −1[u⋉(vS [Xn(t)]− γS [Yn(t)]−δ1S [pn(t)])],

and

q0(t) = q0, qn+1(t) = S −1[u⋉(S [r(T )qn]−S [r(T )Zn(t)]−δ2S [qn])].

The first three iteration terms are calculated as follows:

p0 = p0,

p1 =S −1[u⋉(vS [X0(t)]− γS [Y0(t)]−δ1S [p0(t)])]

=

[
v

p2
0

K 2 + p2
0
− γq0 p0 −δ1 p0

]
t⋉

Γ [⋉+1]
,

p2 = S −1[u⋉(vS [X1(t)]− γS [Y1(t)]−δ1S [p1(t)])]

=

(
v
(

2p3
0

(K 2 + p2
0)

2

[
v

p2
0

K 2 + p2
0
− γq0 p0 −δ1 p0

]
+

2p0

K 2 + p2
0

[
v

p2
0

K 2 + p2
0
− γq0 p0 −δ1 p0

])
− γ

([
r(T )q0 − r(T )

q2
0

α p0
−δ2q0

]
p0 +q0

[
v

p2
0

K 2 + p2
0
− γq0 p0 −δ1 p0

])
−δ1

[
v

p2
0

K 2 + p2
0
− γq0 p0 −δ1 p0

])
t2⋉

Γ [2⋉+1]
,

...

and

q0 = q0,

q1 = S −1[u⋉(S [r(T )q0]−S [r(T )Z0(t)]−δ2S [q0])]

=

[
r(T )q0 − r(T )

q2
0

α p0
−δ2q0

]
t⋉

Γ [⋉+1]
,

q2 = S −1[u⋉(S [r(T )q1]−S [r(T )Z1(t)]−δ2S [q1])]

=

(
r(T )

[
r(T )q0 − r(T )

q2
0

α p0
−δ2q0

]
− r(T )

(
2q0

α p0

[
r(T )q0 − r(T )

q2
0

α p0
−δ2q0

]
−

q2
0

α p2
0

[
v

p2
0

K 2 + p2
0
− γq0 p0 −δ1 p0

])
−δ2

[
r(T )q0 − r(T )

q2
0

α p0
−δ2q0

])
t2⋉

Γ [2⋉+1]
.

...

Solution of the model is obtained as:
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p(t) = p0 + p1 + p2 + · · ·

= p0 +

[
v

p2
0

K 2 + p2
0
− γq0 p0 −δ1 p0

]
t⋉

Γ [⋉+1]

+

(
v
(

2p3
0

(K 2 + p2
0)

2

[
v

p2
0

K 2 + p2
0
− γq0 p0 −δ1 p0

]
+

2p0

K 2 + p2
0

[
v

p2
0

K 2 + p2
0
− γq0 p0 −δ1 p0

])
− γ

([
r(T )q0 − r(T )

q2
0

α p0
−δ2q0

]
p0 +q0

[
v

p2
0

K 2 + p2
0
− γq0 p0 −δ1 p0

])
−δ1

[
v

p2
0

K 2 + p2
0
− γq0 p0 −δ1 p0

])
t2⋉

Γ [2⋉+1]
,

and

q(t) = q0 +q1 +q2 + · · ·

= q0 +

[
r(T )q0 − r(T )

q2
0

α p0
−δ2q0

]
t⋉

Γ [⋉+1]

+

(
r(T )

[
r(T )q0 − r(T )

q2
0

α p0
−δ2q0

]
− r(T )

(
2q0

α p0

[
r(T )q0 − r(T )

q2
0

α p0
−δ2q0

]
−

q2
0

α p2
0

[
v

p2
0

K 2 + p2
0
− γq0 p0 −δ1 p0

])
−δ2

[
r(T )q0 − r(T )

q2
0

α p0
−δ2q0

])
t2⋉

Γ [2⋉+1]
.

Figure (3) and Figure (4) illustrate the approximate solution for the honey bee-SHB model.

Fig. 3: Numerical simulation of honey bee model with Caputo derivative for ⋉ = 0.1, p(t) (blue, BEE), q(t) (red, SHB).

5 Conclusion

The major goal of this research is to demonstrate that one of the most significant and straightforward approaches for
solving both linear and nonlinear differential equations is the Sumudu transform method. This technique has been
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Fig. 4: Numerical 3D simulation of honey bee model with Caputo derivative for ⋉ = 0.1, p(t) (blue, BEE), q(t) (red, SHB).

Fig. 5: Simulation of brood temperature versus time.

successfully used to solve systems of fractional nonlinear equations, including fractional population dynamics models
and fractional mathematical models of honey bees. With this technique, we do not need to perform the challenging
computation required to discover the Adomian polynomials. In terms of the theory of fractional calculus, the proposed
method is generally promising and applicable to a wide range of linear and nonlinear situations. Additionally, the effect
of the Caputo derivative via the power-law kernel has been investigated.
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Fig. 6: Growth of SHB r(T).
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