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Abstract: Some interesting properties of dislocated quasi-metric are obtained. theisg properties some fixed point theorems for
contractions and Kannan mappings are derived dropping continuitlittmnimposed by F. M. Zeyada et al (The Arabian Journal for
Science and Engineering, Volume 31, Number 1A, (2005), 111+-T4). Aage and J. N. Salunke (Applied Mathematical Sciences,
Vol. 2,59 (2008) 2941-2948).
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1 Introduction Definition 2.[5] A  sequence (x,) dislocated
quasi-converges (for short dg-converges) to x in X if

The notion of Dislocated quasi-metric space has been

introduced by F.M. Zeyada et al and proved a version of lim d(xy,X) = limd(x,xp) = 0. (1.2)

Banach Contraction principle in such spaces(&g [n

[4] C.T. Aage and J. N. Salunke proved dislocatedIn this case x is called a dg-limit ofx,) and we write

quasi-metric version of Kannan mapping theorem. In thislimx, = x in (X, d).

paper we present some interesting properties of dislocated o _

quasi-metric spaces. Using these properties some fixeRemarkdg-limits of a dg-convergent sequence in

point theorem for contractions and Kannan mappings aréld-metric space are unique.

derived dropping continuity condition imposed by F.M. . ) .

Zeyada and C.T. Aage. Def|n|t|o_n 3.[5] A_sequence(xn) in X is called Caup_hy

In what follows N, R, Q denote the sets of natural, real _(resp. Bicauchy) if for eacls > 0 there exists a positive

and rational numbers respectively. integer N- such that for all mn > Ne, d(xm,xn) < € or
d(Xn,Xm) < € (resp. max{d(Xn,Xm),d(Xm,Xn)} < €).

Definition 1.[5] Let X be a nonempty setand X x X —  (X,d) is called complete dg-metric space if every Cauchy

[0, 0) satisfy the following conditions: sequence in X is a dg-convergent in X.
(d1) d(x,y) = d(y,x) = 0implies x=y,
(d2) d(x,y) < d(x,z) +d(zy) for all x,y,z € X. Definition 4.[5] Let (X,d;) and (Y,dz) be a dg-metric

Then the function d is called dislocated quasi-metric onspaces. Then:fX — Y is continuous if for each sequence
X and the pair(X,d) is called a dislocated quasi-metric (x,) which is dg-convergent to xin X, the sequence

space(in short dg-metric space). (f(xn)) is dbg-convergentto (xp) in Y.

In addition, if d satisfies

(d3) d(x,y) = d(y,x) for all x,y € X, Definition 5.A mapping T: X — X is called a contraction

then (X,d) is called a dislocated metric space (d-metric if

space in short). d(Tx Ty) < ad(x,y) (1.2)
Throughout this papefX,d) will denote a dg-metric  for all x,y € X and0 < o < 1. a is called a contracting

space. constant.
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Definition 6.[4] A mapping T: X — X is called a Kannan  Proof.The proof of (1),(2) and (3) are clear.
mapping if Let (xn) be a Cauchy sequence (X,D) and lete > 0.
Then there exists a positive intege¥; such that
d(TxTy) < a{d(x, Tx) +d(y,Ty)} (1.3)  D(Xn,%m) < § whenevern,m > N. Thus for nm >
Ng, min{d(Xn,Xm), d(Xm, Xn) } < d(Xn,Xm) + d(Xm,Xn) < €
forallx,ye X and0O< a < % and hence(x,) is a Cauchy sequence ifX,d). Since
(X,d) is complete, there exists in X such that(x,)
The following proposition is a natural generalization dg-converges tox. By (2), limD(xy,x) = 0 and hence
of result in metric space(Se8]] to dg-metric space. (X,D) is a complete d-metric space.

Lemma 2Let f be a contraction on X with a contracting
constantA. Then for each x X the sequencéfx) is a
Cauchy sequence in X.

d(T”x,T”y);—d(T"y,T”x) < %{d(x,T”x)—gd(T”xx) + d(y4T"y)-£d(T”y4y)} ProofLet x € X andxn — f'%. Then

(1.4)  d(Xn,Xnr1) = d(f%, f"Ix) < Ad(F"7Ix %) < ... <
and0 < l‘j’—;] < % for some positive integer n. Further, A"d(x, fx). Now
if d(x,y) = d(y,x) for all x,y € X, then " is a Kannan
mapping on X for some@N.

Proposition 1If T is a contraction on a dg-metric space
(X,d) with contracting constandr, then

n

Examples 1t is clear that metric spaces and d-metric A
< ——=d(x, fx).

spaces are dg-metric spaces. 1-A
p q p 2.1)

1.Define d onQ x Q by d(x,y) = [x. Then d is @ Assume thatl(x, fx) > 0. Lettingn — o, (x,) is a Cauchy
complete dg-metric but not a metric on X and the sequence. Also, d(x, fx) = 0, thend (X, Xnp) = O for all
sequencé: )ney dg-converges to 0. n,p > 0 and hencéx,) is a Cauchy sequence ¥

2.Let X=Nand dx,y) = x for all x,y inN. Then(X,d)

is a complete dg-metric space. Theorem4Let f be a contraction on a complete

dg-metric space X with contracting constaht Then f
has a unique fixed pointin X.

2 Main Results ProofLet x € X andx, = f"x. By Lemma2, the sequence
(f"x) is a Cauchy sequence K. SinceX is complete,

there existsl € X such that limf"x = u. By Resul2, uc A

and hence\ is nonempty. Defin®(x,y) = 4y A gor

Example IThe setA in (X,d) of Example1(1) is {0} all x,y € X, then by Lemmal and Result3, (A,D) is a
whereas in Exampl&(2) it is empty. complete metric space. Lete A. Thend(f(x), f(x)) <
Ad(x,x) = 0 and hencd (A) C A. Also,

Result 2f (x,) is a dg-convergent sequence in X with a

dg-limit x, then xe A. D(fx, fy) = A IAIND0 o ) Ay bdyx) _ 3 p(x,y).
- . (2.2)

ProofLetxbe a dg-limit of a sequendg,) in X. Lete > 0. Thereforef is a contraction orfA D). Hence by Banach

Then there exists a positive integhg such that for all  ~gntraction principle for metric space$, has a unique

N> Ng 0<d(x,X) <d(X,X,)+d(Xn,X) < €. Sincee > 0'is fixed pointx in A.

arbitrary,d(x,x) = 0. If y is a fixed point of f in X, then

d(x,y) = d(fx, fy) < Ad(x,y). Since 0< A < 1,

d(x,y) = 0. By symmetry,d(y,x) = 0. Thereforex =y

andf has a unique fixed point iX.

In this sectionA will denote the se{x € X: d(x,x) = 0}.

Result 3f A is a nonempty subset of complete dg-metric
space X, therA, d) is complete subspace of X.

ProofLet (xn) be a Cauchy sequence h SinceX is a In [4] C.T. Aage and J. N. Salunke, proved that every
complete, there exists € X such that(x,) dg-converges  continuous Kannan mappiri§ on a complete dg-metric
touin X. By Result2, u € A. ThereforeA is complete. space has a unique fixed point. The following result shows

. that the assumption of continuity can be dropped to obtain
Lemmallf we define D on Xx X DY ihetheorem under a less restrictive contractive condition
D(x,y) = 400X e . . .

’ 2 ' Theorem 5If T is mapping on a complete dg-metric space
1.D is a d-metric on X, (X,d) into itself and if there is a constamwt such thatd <
21im D(xn,x) = 0if and only iflimx, = x in (X, d), a < 3and
3.If Alis a nonempty set, then D is a metric on A,
4.1f (X,d) is a complete dg-metric space, thex,D) is d(Tx Ty) < a{d(x, TX) +d(y. Ty)}, (2.3)

a complete d-metric space. for all x,y € X, then T has a unique fixed point in X.
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ProofLet x € X and write X, = T"™. Then
d(x1,%2) =d(TxTx) < a{d(x,Tx)+d(x1,Tx)}

= (1-a)d(x,%) < ad(x,x1)

= d(x1,X2) < (l%"a)d(xml)
An inductive argument yields the inequality

d(Xn, Xns1) < AMd(X,%1) (2.4)
whereA = (lf’a).
Now
d(Xn, Xn k) < A0, Xnp1) +d(Xnt1, X 12) 4 oo 4+ A Xk 1, X0 4k)
AN AL AR d(x %)
< " d(X,X1).

A (2.5)
Since 0< A < 1, (xy) is a Cauchy sequence and sinces
complete there existswae X such that lim_d(X,,u) =
limn_ed(u, %) =0.
Now we show thati is a fixed point ofT .

=0<d(Uu,Tu) < =
oo, We getd(u, u)

d(Tu,u) < d(TuXn) +d(Xn,u)
= d(TU,T)Qq_]_)—Fd(Xn,U) (27)
< a{d(u,Tu) +d(X,—1,%n) } + d(Xn, U)

d(Tuu) < ad(Xn—1,%) + d(Xn,u) since d(u,Tu) = O.
Letting n — o, we get d(Tuu) = 0. Therefore,
d(Tu,u) =d(u, Tu) =0 and hencdu=u.

Uniqueness: If a is a fixed point of T, then
dla,a) = d(TaTa) < oa{d(aTa + d(aTa)} =
a{d(a,a) + d(aa)} which implies that
(1—2a)d(a,a) <0.Since < ar < 3,d(a,@) =0.1fa, b
are fixed points of T, then d(a,b) = d(TaTh) <
a{d(a,Ta) + d(b,Th)} = a{d(a,a) + (b,b)} = 0.
Therefored(a,b) = 0. By symmetry,d(b,a) = 0. Hence
a=>h.
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