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Abstract: Here we present a series of Landau type inequalities related to left and right y-Hilfer fractional derivatives.
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1 Introduction

Let p € [1,00],] =Ry orI =Rand f: I — R is twice differentiable with f, f” € L, (I), then f’ € L, (I). Moreover, there
exists a constant C, (1) > 0 independent of f, such that

1 1
11, <@L 2, 1)

where |||, ; is the p-norm on the interval 7, see [1,2].
The research on these inequalities started by E. Landau [3] in 1913. For the case of p = oo he proved that

Co(Ry)=2 and C..(R) =2 2)

are the best constants in (1).
In 1932, G. H. Hardy and J. E. Littlewood [4] proved (1) for p = 2, with the best constants

G (Ry)=v2 and G (R) = 1. (3)
In 1935, G. H. Hardy, E. Landau and J. E. Littlewood [5] showed that the best constants C, (R4) in (1) satisfies the

estimate
Cp(R}) <2, forp e [1,00), @

which yields C,, (R) < 2 for p € [1,00).
In fact, in [6] and [7] was shown that C,, (R) < V2.
In this article we present Landau type y-Hilfer fractional inequalities.

2 Background

Let —o0 < a < b < o, the left and right Riemann-Liouville fractional integrals of order o € C (% () > 0) are defined by

(Lef) (x) = ﬁ / Ca—0® (1), 5)

x > a; where I' stands for the gamma function,
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and | Y
I :—/ t—x)* () de 6
(bff)(x) F(OC) o ( x) f() ’ (6)
x<b.
The Riemann-Liouville left and right fractional derivatives of order @ € C (% (o) > 0) are defined by
d\" 1 da\"
A =) (1=~ == / —0)" "y (1) dr. 7
@) 0= () @0 =-romg (5) [0 0

(n=[%(a)], [-] means ceiling of the number; x > a)

(@) 0 = 1 () =) 00 -

(n=[Z(a)]; x < b), respectively, where Z () is the real part of o.
In particular, when @ = n € Z, then

(A2,y) (x) = (A)-y) (x) =y (x):

(A7) (x) =y (x), and (A}_y) (x) = (=1)"y") (x), n €N,
see [8].
Let & > 0, I = [a,b] C R, f an integrable function defined on 7 and w € C' (I) an increasing function such that
v’ (x) # 0, for all x € I. Left fractional integrals and left Riemann-Liouville fractional derivatives of a function f with
respect to another function y are defined as ([8,9])

I = g [ W O @ - v0) @) ©

and

a 1 d\" o
Aawlwf(x) = (IV'—()C)E) a+ Wf( ) (10)

roca (vas) [ YOwe-vor=soa,
respectively, where n = [a].

Similarly, we define the right ones:

Y0 =i [ VOO wa )
and o 1 d n oy
AN f(x) = (_w’ x)E) I=Vy(x) =
! — 1 i o _ X n—oa—1
p(n_a)< V,,(x)dx> /x v () (w () =y ()" f(t)dr. (12)

The following semigroup property holds; if a, f > 0, f € C(I), then
fﬁ’lfﬁ’f a+ﬁ V¢ and I“ w,ﬁ Vo 1a+ﬁ Yy

Next let again @ > 0, n = [at], [ = [a,b], f,w € C"(I) : ¥ is increasing and Y’ (x) # 0, for all x € I. The left y-Caputo
fractional derivative of f of order « is given by ([10])

CDOtl[/f( )_[Z+(x,q/( 1

) s, 13)
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and the right y-Caputo fractional derivative ([10])

DY P =1 (i ae) S (1)
We set " N
AW =110 = (1) 70 (15)

Clearly, when o¢ = m € N we have

DAY F(x) = fy (x) and CDEVF(x) = (—1)" £ (x)
and if a ¢ N, then
CD;X Y (x) / v ( W(I))"iailﬁgﬂ (1) dt (16)

and

CAKOR % /f VO (w0 - A 0 an

If v (x) = x, then we get the usual left and right Caputo fractional derivatives

DI f(x) =" (x), CDPf(x) = (—1)" f") (),
form €N, and (o ¢ N) X

D% f(x)= DY f(x) = T—a).

[t @y (18)

D)= DS (9= Fog / (=2 ) (1) ar, (19)

Also we set 0 0
DY fx) = DY f(x)=1(x).
Next we will deal with the y-Hilfer fractional derivative.
Definition 1.(/11]) Letn—1 <o <n, n €N, I = [a,b] CR and f,y € C"([a,b]), V¥ is increasing and Yy’ (x) # 0, for

all x € I. The y-Hilfer fractional derivative (left-sided and right-sided) HDaﬁ v f of order a and type 0 < B < 1,
respectively, are defined by

Hy@B o _ B—apy (1 d N\ (-p)n-a)yy
Da+ f(x) *Ia+ (W/ (x) dx> Ia+ f( ) (20)
and ;
HyBsw ooy B—ayy (L d " (1-pyn-ayy
D, " f(x) =1,° ( v dx) I, f(x), x€la,b]. 21

The original Hilfer fractional derivatives ([13]) come from W (x) = x, and are denoted by D5, f( ) and HDZLﬁf (x).
When B = 0, we get Riemann-Liouville fractional derivatives, while when B =1 we have Caputo type fractional
derivatives.
We define y= o+ (n — o). We notice thatn—1 < o < a+f (n— o) < ot +n—a = n, hence [7y] = n. We can easily
write that ([11])

DR F () = 1Y ALY () (22)

and . . .
HDEPYf () = 1=V ALY £ (x), x€[ab]. (23)

We have that ([11])
1 d\"
1A% _ a (1=B)(n—a);y
Aa+ f(X) - (w/ (X) dx) Ia+ f( ) (24)
@© 2023 NSP
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and Lo\
1% — 4 0=B)n—a)y
a0 = (g ) B, 2s)
In particular, when 0 < 0 < 1 and 0 < B < 1; y= ot + B (1 — &), we have that
o,B; 1 * —a—1 47,
"BEEI() = prg [ Y OW -y @) AL (s 26)
and
Hp*Bv y—a—l ATV
DY) = o [V O - v A P 7
X € [a,b].

Remark.([11,13]) Let u =n (1 —B)+ Ba, then [u] =n.
Assume that g (x) = Ia(:ﬁ)("fa);wf (x) € C"([a,b]), we have that

HDPY £ () = 1RV (w,l(x) %) Y (x). (28)

. IDEBY f — CDRYg () = DAY [IL P p ()], 9
Assume that w(x) = I' P9 £ (x) € C" ((a,b]). Hence

B =B () =i () Y

Thus HDEBY f _ Cpiivy () CD”"’( =By ¢ )) @31)

We need the following y-Hilfer fractional Taylor formulae.

Theorem 1.([13]) Let f,y € C" ([a,b]), with l[/bemgmcreasmg, v (x)£Oover[a,p] CR, o0 >0: o] =n, 0< B <1,
u=n(l-B)+ of. Assume that g, (x )*I(1 B)n=ar) V@), wy(x) =1, [Py Y f(x) € C"(|a,b)). Then

1)
Y Hi 0By "qgr[lkl]//(a) k
I "DV f () = ga(0) = Y, == (W& —y (@), (32)
k=0 :
where .
Wy (1 d
8 l[/(x)* (W/(x) dx) ga( )’ k 0717 17
and
2)
Ly HoyoBiy nilwgkl]y(b) k
LY DY () = wp () = Y — 5 — (W) — v (0)), (33)
k=0 :
where .
[k] o 1 d
W"V’(x)_<l[/’(x)a) wp(x), k=0,1, 1,
X € la,b].

We also need

Theorem 2.([14]) Let E,B,A,B > 0 and the function y(h) = % Bhﬁ h > 0. It has only one critical number hy =

1
(%) (@+h) , such that y' (hy) = 0. Furthermore y has a global minimum which is
PG
a+p Bo+
(ho) L__LA Both (34)
oot ﬁ +B
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3 Main results

We make

Convention 3Let f : R — R. Define H]D)gf;w (x) =0, forx < a, and H]D)Z;ﬁ;vf (x) =0, forx > b, forany o« >0, a ¢ N;
a,beR.

Here we prove several Landau type y-Hilfer fractional inequalities.
We present the following theorem.

Theorem 4.Let f,y € C*(R.), with W being strictly increasing, 1 < o <2,0< B <1, u=2(1—)+ Bo. Assume
further that g, := Iéi:ﬁ)(z*a);ll/f € C?(Ja,+)), ¥ a € Ry; f € Cg(Ry) (continuous and bounded functions) and

sup HID)gf;WfH < oo,
aE]R+ M!RJr
Then
sup gLi(a)}g
acRy
H-—(1-p)2-a))
(-0 p)2-a) @)
I (n+1)(1=(1=p)(2—0)]w=0-Pe=a) [(u—1)I"((1-B)(2—a)+1)]E-T-Re=a)
(1-(1-p)2-0))
Rty HpoBiv e
1712 sup D | < e (35)
’ aER+ oo, R4
Proof.-We have that
galx) =L P p () =
1 x _B)2—a)—
FEE ), YO -ve) P
forx>acR;.
Hence

1 * _w(n-Be-a)-
2| < Frr— gy L, ¥ O @ @) PO )<

1 oo .
r((1-p)2-a+1)

(W) —y ()P0 vixa (36)

Clearly it holds g, (a) = 0.
By Theorem 1 (32), we have

2a (%) — gl (@) (W (x) — y(a)) = 1Y "DEP Y (x), Vx>a. 37)

That is 1 . .
gy (@) (W(x) = (@) = ga () = XY FDEPY £ (x), Vx> a. (38)

Let W (x1) — W (a) = h (where x| > a), then

gy (@) h = ga(x1) — 1Y TDEPY £ (xy),

1 w H B
gy (@) = 5 (84 (r) 25 "DEPV f (o)) (39)

and

1 1 H b
gay (@) = 1 [gu () L5 FDEPVF (x1)| <

i sl i [ v O -y o) <

© 2023 NSP
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[r«1_;x2_a»AMW%QWNm)WOD“‘”Q“)Wf@nm+

S =

R (X%M_f?f)ﬁ% < (40)

1 (1-B)(2-a) HHDaﬁWfH faren)
ARCEDECEDA E N TESY

Therefore it holds

sup ||#D%F: WfH
‘ ||f||oo]R+ (1-B)(2—a)—1 i acRy sJa+e0) -1 (1)
- J2—a)+1) I'(u+1) ’

Vh>0andVacR,.
Thus we derive

sup + 42)

ae]R+

‘ 1 lloo e,
- ) (2— o)+ 1) hiI—(-B)2=0)

sup HDZ‘LB;WJ(H

acRy o Ry u

L vh>o0.

rw+w>

Here u —1=1-2B+fa. Since a > 1 we have 5= > 1. But0<[3<1<2 a,henceﬁ<2 - thatis B (@ —2)+1>0,
giving u—1>0.

Next we apply Theorem 2.
- I
R _
A= — ,oa=1—-(1-p)2—a),
F(-p-0+1 H=p
and
wp e8|
acRy %R+ -
B:= , =u—1.
rp+1) p=u
AllA,B, 0, > 0.
17
The critical number is /g = (%—) ¥ (ho) = 0, where
_A B
y(h) .:h—E+Bh , h>0. (43)
The global minimum of y is given by
(5+3) B_ &
y(ho) = —— s AT+B Ba+B | (44)
ooh Bath
Consequently it holds
0 u-(1-p)2-a)
Sup |8y (@)| < (—(1-B)(-a) G @5
acR. (1—(1-=B)(2—a))w-Fe-a) (y—1)k-0-FC-a)
ap: R ey
sup H]D)a; WwaR+

< [/ lloo ) =B | ger,
r(1-p2-a+1) ru+1)

The claim is proved.
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We also give the following theorem.

Theorem 5.Let f,y € C? (R+) with y being strictly increasing, 2 < a <3, 0< B <1, u =3(1— )+ Ba. Assume
further that g, .*I(1 B)3-a: Vie (la,4)),YacR,; fe€Cs(R,)and sup H]D)gf;wa e < oo,
0,4

acRy
Then
1)
1
sup [ghy ()| <
acR
(#*(1*13)(3*06))
—(1-B)(3-0a)) (n—1)
[2F(u+1)(1—(1—ﬁ)(3—06))]‘ SR 20 (1= B) (3 —a) + 1) (= 1) e=0-pE-e)
(p—1) - o
(4+20-P6-a) EOPE) (4 4 20) =R
1-(1-B)(3—a))
1 B 3 5 iy (u—=(1-B)(3~0))
1712 sup D < e, (46)
acRy oo, Rt
and
2)
sup |giy (a)’ <
acRy

(u—(1-B)B-a)

)(3-a))
(

T (1) (2= (1= B) (3 — o) TP [ ((1— B) (3 — ) + 1) ( — 2)] =t D)

(4—2) B\ (3—«
(2 n 2(1713)(3700) (t—(1-B)3-)) 2+ zu)iﬁl (<11 %1(3 )>)>
(2-(1-)3-a))
(u=(1-B)(3-a))
1T ( sup | "D ) < e )
acRy oo, Rt
Proof.Similarly, here it holds g, (a) = 0. By Theorem 1 (32), we have
2
X)— a
80() — £l (@) (y () — () — gy (@) YL VOS v ey @)
Vx>aceR,.
That is
0 o (V@) - w()’ piw BB
8ay () (W (x) = (@) +gay (@) == = 8ga(¥) = Lo1" "De" f (x), (49)
Vx>a.
Let v (x1) — w(a) = h > 0 (where x; > a), then
h? : :
gay (@)h+gay (@) 5 = ga (1) — 1Y OGPV F (1) =: . (50)
Let ¥ (x2) — W (a) = 2h (where x; > a), then
gy&, (a)2h+ g,[lzl],, (a) 2K =g, (x2) — I,’;J;rw HID)gf;Wf (x2) =: As. (51)
So we solve the system
20l () h+ g5y (a) 1 = 24, (52)

© 2023 NSP
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241, (@) h+ 288 (a) n? = A, (53)
We get that
gy (@) h? = Ay — 244,
i.e.
=" (54)
and . 4h A,
8ay (@) = —5—. (55)

‘We estimate | |
1] ‘:—4A —As| < — (41A;] +As]) =
Gay (a) 2h| 1 2|_2h( |A1]+[Az2])

o (x1) = 7Y DGV £ ()| +

217; [4 ga (x2) — 157 DYV y (xz)H < (56)
27 4 [l o)l 57 [P £ 1) + [l o)l + 5 [PDEFY ] (12)]] <

L : . o (1-B)(—a)
2h{4[F((1—ﬁ>(3—a)>/a v () (w () =y (@) P ()] drt

i Y O - v@)r o o] ar +

{r (- ﬁ]) G-a)) / W (1) (W (x2) — w(a) TP £ (1) dr+

ﬁ [ v @) -y oty (t)‘dtH <

Hngrﬁ;Wf
1, [flloo . h(lﬁ)(3a)+H "oo,[a,+°°)hu N 57)
2h T | T(-B)B—a)+1) T(u+1)
HID)O‘aﬁ;W
110 e, (Zh)(lﬁ)(3a)+H “ me,[ﬂ&“’) ent| | =
r((1-p)B-a)+1) I (u+1)
1 1Nl g, (1-B)3-a) ,(1-B)(3—a)
i F P e (42 ) ’ oy
..
O (44-2M) M
A TESTRE
1o, (4+2(1—ﬁ)(37a)) HH[D)gf;wam[a+m)(4+2u) .
[edl h -
(=B G—a) L )i GG+ 20 (u+1) ’

VacRy,Vh>0.
Consequently, we get

sup
acR

] ‘S (”f”m’R+ (4+2(]ﬁ)(3a))) 1 (59)

Say (@ 2 (1-B)B3—a)+1) | h1-0-P)G-a)

© 2023 NSP
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{oad) IINCERTD
a+°°

sup
acRy

Wl Y h>0.

r'p+1)

Notice here that 1 — (1 — ) (3— &) > 0, and since & > 1, then2 >3 — o, 7%= > 1, B < 32,2 > B (3 — &), and finally
we have u — 1> 0.
Next we apply Theorem 2 to (59). Here it is

) Ifllog, (4+20-BG-2)\
A= < 2F((+17ﬁ)(3*oc)+1) ,a=1— (1 _ B) (3 B OC),

and

sup HH]D)aﬁ lI’fH (4+42H) (60)
acR -
B:= <= ST , B=u—1.
Itisall A,B, @, > 0.
Therefore we get
1 p—(1-p)3-a))
sup [gh ()| < ( (“7(17,3)(3(&) . 61)
aeRy (1—(1—=B)(3—a))E-(=pG-a) (g —1)0- ha
%
1 ooz, (4+2(17ﬁ)(37a)) m :
2l ((1-B)3—a)+1)
. (=(1-p)3—))
op H[D)Z‘f"”fH (4+2H) (u=(1-B)(3-a))
acRy oo, Ry
2 (u+1) ’
proving (46).
We also have
&2 (@) < 7 (Aol 214 ) =
1 . )
7 nga (o) |+ 155" ‘HDaﬁ Wf‘ x } )| +2 [|ga xi)|+ 1Y ‘H]Dgiﬁ’wf‘ (xl)H <
HDaﬁ Wf
1 1/ 1]oo e, )3 H )
_ ’ 2 (1-B)(3~a) o la+ 2R 62
7 || T-BG-o+D " M TS T (©2
HID)O‘aﬁ v
) ”fHeo,]RJr h(lfﬁ)(g,,a) H at fH Ja,+e0) At _
ra-pgB-oa)+1) T(ut1)
1 1/ 1loo e,
1 : 24 2(1-B)G3-) ,(1-B)3-)
2 [r((1—ﬁ)(3—a)+1)( + ) +
[oe*s|.
lat=) oy omypr| <
1z, (2+20-P16-2) | .
TO-BB-a)rl) | 0pewa (63)

© 2023 NSP
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ap [rees| e
acRy [a,+e0) -2
I'(p+1) ’
VaeR,,Vh>0.
That is
sup [o2 ( )‘ _ [l (2+2(]7ﬁ)(370‘)) 1 )
a
e B IS\ TR G+ 1) | i 0BG
sup [DEAY || (242w
a€R+ M$R+

=2 Y h>0.
rp+1)

Notice here that 2 — (1 —f3)(3— ) > 0, and for B # 0 we have u =3(1—-B)+ o >3(1—-B)+2B=3—f, and
u—2>3-B-2=1-B>0,hencen—2>0;if =0, u—2=1>0.
So we can apply Theorem 2 to (64). Call

* ||f||oc (2+2(1*I3)(3—a)) .
A" = ( F(ﬂirfﬁ)(:ifa)wﬂ) , O :2_(]_ﬁ)(3_a)7

and

w1022, 2120 °
acR *
= T(a D)  Br=p—2
All A* B*, o*, B* > 0.
‘We will have that
2 u— l—ﬁ 3—«a
sup gH,(a)‘ < ( Ez( ﬁ))G( ) ) IS (66)
acR; 2-(1-B)B—a))w0-PGa) (u—2)k- (113(3 @)

(1—2)
£ & <2+2(17ﬁ)(370c)) (u—=(1-p)(3-a))
oo, R4
r{(1-p)B-a)+1)

sup

2—(1— —o
o,p; (u—(1-p)(3-a))
el INCESD
acR oo, Ry

rp+1)

proving (47).
We present

Theorem 6.Let f,y € C?(R_), with W being strictly increasing, 1 < a <2,0< B <1, u=2(1-B)+ Ba. Assume
further that wy := 1" P2V € 2 (oo, b]), VHER_; f € Cy (R )amimmHHD“ﬁVﬂ’ < oo,

Then
1
sup |why, (b)| <
beR -
p—(1-p)2-a)
(1=(1-p)(2=a)) (u—1)
(1) (1= (1= B) (2 )] 0P (= DI (1~ ) (2~ @) 4 1)) 0 Py
(1=(1-B)(2=a))
( (] ()2 o " Oﬂﬁll/ (u=(1-p)(2-))
IAIZE sup |["DEP | < oo (©7)
© 2023 NSP
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Proof We have th
roof-We have that " :Iél:ﬁ)(%a);wf .
1 b
/ t 1) — (lfﬁ)(zfa)fl t dt,
R E ) . Y OW o) £ o)
forx<beR_.
Hence
1 b, (1-B)(2—a)—1
[wp (x)| < F(-B)2_a) / v (1) (w(t) —w(x) |f (t)|dr <
[ller (1-B)(2—a)
Clearly it holds wy, (b) = 0.
By Theorem 1 (33), we have
Wi (x) = why (b) (W (x) =y (b)) = IV HDEPY f (x), Vx<b. (69)
That is
Wi (0) (W () =y (b)) = wp () — IV FDIPY (), vx <. (70)
Let y(b) —y(x1) =h >0 (x; < D), then
—why (b)Y = wp (x1) — 1Y TDIPY £ (xy), (71)
d
o (1] 1 WY Hopy 0By
‘wa(b)’ ) ‘Wb (x1) = 1,7 "D f(xl)’ <
1 . wB:
o Llws )|+ ’HDb;ﬁ""f’ ()] <
1 (1-B)(2—a)—1
s rss /v/ yix) 0]+
u—=1|H ocBw
(u / v ) [T \dt] <
L ||f”°° 5 (1-p)2-a)
i e (v O ) n
HH]D)Z;[}QWJCH&, vt | o
H Otﬁ y
1 ez s H i
h|T((1-B)2—a)+1) (u+1)
Therefore it holds
sup H]D)a;ﬁ;wa
Hf”oo,R, (1-B)2—a)-1 be]R,H b 00,(—o0,b] a1
i ) < TG L o TR 73
Vh>0andVbheR .
Thus we derive ||f||
oo, R_ 1
,,i‘ﬁ{‘wbw ‘— <r((1 —ﬁ)(z—a)+1)> WP

© 2023 NSP
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sup HH]D)Z’,&WJCH
beR—

r'p+1)

o R_

-1 vh>o0. (74)

The rest of the proof comes by application of Theorem 2, as in the proof of Theorem 4.
We finish with

Theorem 7.Let f,y € C3 (R ), with y being strictly increasing, 2 < a <3,0< B <1, p=3(1—-)+ Bo. Assume
further that wy, := (1 P3=a) Ve ((—oo,b)), VbeR_; feCp(R_) and sup HHDZ;[;;WfH g ST
beR_ o0 R—

Then
1)
(1] <
JSup }Ww (b)} <
(u-(1-B)B3-a)
(—(I-B)(3-a)) )
2 (1 1) (1= (1= B) (3 — @) 551 21 (1 = B) (3= &) + 1) (u — D] TPy
5 (1-B)G-0)
(4+2( B)(3 a)) w=—(1-p)B3-a)) (4 +2M) W= -FG-a)
(1-(1-B)(3-a))
. o (W=(1=)=a))
IAZLPE ( sup Dyt | <o 7s)
beR_ oo,R—
and
2)

@) (1 ((1— B) (3 — &)+ 1) (u — 2)] T Fay

(1-2) L
(2+ 2<'*ﬁ)<3*a>) TP (5 4 om) Gipe=a)
(2-(1-p)3-a))
wy . (R
I Z T < sup (DR ) < e 76)
Proof.Similarly, here it holds wy, (b) = 0. By Theorem 1 (33), we have
x) —w(b))?
i ()~ i () () — () — w2 () LY O vy an
Vx<beR_.
That is 5
x)— (b . .
Wil (6) )y () 42, (o) OV Oy v b %)
Vx<b.
Let y(b) —y(x;) =h >0 (x; < b), then
i . .
(=g (0)) e+ wily (6) T = wy (1) =Y PDEPVF (1) =2 By, (79)
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Let also y (b) — y (x2) = 2h (x2 < b), then
2 (—why () ) b+ 20, (0) B2 = wy (x2) = 1Y HDEPY f (1) =2 B, (80)

So we solve the system
2 (—why (8)) h+wh, (b) I = 2B,
(81)

We get that

(82)
and

—wph (b) = 27282_ (83)
Consequently, we get that
5 (41B1] +[Ba]), (84)

and
5 ([B2]| +2[B1]). (85)

3‘|_

Therefore we have

2h [4 {r«] = "W 0 w0 -y )P )i

_ X (1-B)(3—a)—
[F((l “B)G-a) )y v (x2)) VIF ()] dr+

s v 0w ) [ | a) | < (56)

H aﬁw
1, ez 0-po-a +H D= Hth“ .
2h r(1-pB-a)+1) I'(p+1)

1 oo

(1-B)(3—a)
F-pG-arn *

HDa;ﬁ;wf
ad

1 (11l
1 R 41 21-B)G-0) ,(-P)G-0)
2 [F((lB)(Sa)+1)< * )i +

HID)O‘aﬁ;W H
H b- foo,R,

RTE) (442 hH | <

£l ,(4+2<1*ﬁ><3*a>) . bsfglg HHDZ‘;’“’wa’Rf (442H) .

A ((1-P)G_a) 1) W PG 2 (ut 1) L
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VbeR_,Vh>O0.

Therefore it holds
1 1l (4+20-P6-) |
sup ‘W;[,J,( )‘ < : (87)
beR_ 2r(1-B)3—a)+1) | h1-(1-B)GB-a)
o e
cR_ oo, [R_
Wl v h>o.
2I' (u+1)
Next we apply Theorem 2 to (87), to derive (75).
Finally, we estimate
HDaﬁ;WfH
L] - 1 Il oo R_ o) (1-B)3-a) H b- =R (50
i ()] < 52 =p G- Ty
HDavﬁW/
) ”f”oo,R, h(],ﬁ)(g,,a) H b— fHeo,R, u
r{@1-pg)GB-a)y+1) I'(p+1)
Ifllog (2+20-916-) 1
TO-BG-arl) |muopewa’
e R e
cR_ oo, [R_
W2, 88
F(a+) (%)
VbeR_,Vh>0.
Therefore it holds
) fllo (2+20-P6-0) I
- ;
o i 0] < | Fpraarr | e )

sup HHDZ;ﬁ;WwaR (2+24)

bR W2 h> 0.

r(p+1)

Next by applying Theorem 2 to (89), we obtain (76).
The theorem is proved.
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