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Abstract: In this paper, we study the sampling distribution of order statistics of the quadratic hazard rate distribution
(QHRD). We consider the single and product moment of order statistics from QHRD and establish some recurrence
relations for single and product moments of order statistics. These expressions are used to calculate the mean and variances.
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1 Introduction

Order statistics have been used in wide range of problems, including robust statistical estimation and detection of outliers,
characterization of probability distributions, goodness of fit-tests, quality control, and analysis of censored sample. The
subject of order statistics deals with the properties and applications of these ordered random variable and of functions
involving them (see David and Nagaraja [5], Tahir et al [15]). Asymptotic theory of extremes and related developments of
order statistics are well described in an applausive work of Galambos [7] and the references therein

The use of recurrence relations for the moments of order statistics is quite well known in statistical literature (see
for example Arnold et al., [2], Malik et al. [12]). For improved form of these results, Samuel and Thomes [13], Arnold et
al. [2] have reviewed many recurrence relations and identities for the moments of order statistics arising from several
specific continuous distributions such as normal, Cauchy, logistic, gamma and exponential. Recurrence relations for the
expected values of certain functions of two order statistics have been considered by Ali and Khan [1]. More recently, Dar
and Abdullah [4] study the sampling distribution of order statistics of the two parametric Lomax distribution and derived
the exact analytical expressions of entropy, residual entropy and past residual entropy for order statistics of Lomax
distribution.

The quadratic hazard rate distribution (QHRD) was introduced by Bain [3]. This distribution generalizes several
well-known distributions. Among these distributions are the linear failure (hazard) rate, exponential and Rayleigh
distributions. Also, the may have an increasing (decreasing) hazard function or a bathtub shaped hazard function or an
upside-down bathtub shaped hazard function. This property enables this distribution to be used in many applications in
several areas, such as reliability, life testing, survival analysis and others. Sarhan [14] and Elbatal [06] introduced a
generalization of the quadratic hazard rate distribution called the generalized quadratic hazard rate distribution (GQHRD).

A random variable X with range of values (0, o) is said to have the Quadric hazard rate distribution (QHRD) with
three parameters «, 6, Bif its pdf is given by

f(x)=(a+6x+ ﬁxz)e_(“x+gxz+§x3) ,x >0, €]

Wherea = 0,8 = 0 and 8 = —wa"cx_ﬁ and this restriction on the parameter space is made to be insure that the
hazard function with the following form is positive, see Bain [3].
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The cumulative distribution function (cdf) and survival function (sf) associated with (1) is given by

F(x)=1-— (ax+—x2+éx3) )

F(x) _ e—(ax+§x2+§x3)' 3)
Respectively, it is easy to see that

f(x) = (a+6x+px)(1-Fx)) (4)

2 Distribution of Order Statistics

Let X, X5, ...., X, be arandom sample of size 7 from the QHRD and let X;,, = X, = =+ = X . denotes the
corresponding order statistics. Then the pdf of X ..., 1 = r = m, is given by [see Arnold et al. and David and Nagaraja
(21, [511

frn () = Con{FQOI 1 = FQOI" " f(x)},0 < x < oo, )

n!

Where Crin = D itmmr)t

Using (1), (2) and taking T = 1 in (5), yields the pdf of the minimum order statistics for the QHRD
fin () = nA(x)e 8
5 g -
Where A(x) = (a + 8x + fx?) and B(x) = [cxx + - x* +§x3).

Similarly using (1), (2) and taking T = 1t in (5), yields the pdf of the largest order statistics for the QHRD

nn(x]_ﬂﬂ(X:]Z [: 1:]i —'i+1}B|x}

The joint pdf of X, and X_, for 157"-::55?1 is given by [see Arnold et al. [2]]

fr,s:nl(x: Y) = Crand[FOOIHF ) = FOOIF T 1= FOI"f () f (1)} (6)
n = ':r—ﬂh:s—rl—l}h:n—s}:'

For —0 <<x <y << @and C,,

Theorem 2.1: Let F(x) and f(x) be the cdf and pdf of the QHRD distribution. Then the density function of the #t*
order statistics say f,..,, (%) is given by:

n-r+1 1 1
frn() = GndG) Y ("7 11 - o) %
Proof: Using (4) in (5), we have =
frmn () = Crpn A (1 = FQ)" T+ (F (x)™? (8)

The proof follows by expanding the terms (1-— F[x]]”_r“ using the binomial expansion.

Theorem 2.2: Let X,., and X, for 1 = r < 5 < n be the " and s order statistics from QHRD. Then the joint
pdf of X, and X_, isgivenby

s—r—1n—-s+1

fran@) = ADAE P, Z Z (0 e

% [:1 _ E—Blix})r+1_i % [1 . E_B.:}.})s—r—l—iﬂ'

Proof: Equation (6) can be written as
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s—-r—1

-r—1 . r=1+i s—r—1-i n-s
fron@ = Crgn > (0T ) EDIE@) T EO)T T X (1= FO) @G ©)

i=0
The proof can be easily obtained by using (4) into (9)
3 Single and Product Moments

In this section, we derive explicit expressions for both of the single and product moments of order statistics from the
QHRD.

Theorem 3.1: Let Xy,X,,...,X, be a random sample of size n from the QHRD.In addition, let
Xy, = X,,=--=X,. denote the corresponding order statistics. Then the k"™ moments of the *th order

ik
statistics for k = 1, 2, ..... denoted by Ff;.:;: is given by

(%) Fk+21+3m+1) Tk+21+3m+2) T(k+21+3m+3)
B = CHHULLLm o (ﬂj} k+2l+3m+l + (ﬂj}k+2!+3m+" (ﬂj} k+2l+3m+3 '
Where,
n—r+lr—1+i o= oo 1 14 -‘+m€‘ﬁm
n—r s t t
=Y > Y Y (T (T el
LAl : ; j 203mlm!
i=0 j=0 I=0m=0

and I"is a gamma function.
Proof: We know that

[oe]

W = Bk = [ frao)dx (10)

0
el

= G [ AP = FR f G
Using (4), one gets '

n—-r+1r—-1+i

Mgkrz —C,., Z Z (n—7i”+ 1) (r—}1+l)( 1)l+1f°°A(x)xk PRLICOPM (11)

i=0 j=0
Now,

_I'"x A[:x:]xk e_}'E':"‘}dx =

(— 1:]L+mf r(k+21+3m+1) M(k+2143m+2)
=0 23""" | El'l:w.}i-+zi+3m+1 () EH2itamt

Mk+2l4+3m+3)
B (o)t ZHImAT |

Using this value in (11), we get the desired result.
The applications of above theorem can be explained as:

For k = 1, we obtain the mean of the Ttk order statistic as:

ri2i+3am+2) ri2i+3m+3) ri2i+3m+4)
My = Cf"ﬁ”[g’!m o 214+ 3m42 — 2+ 3m+3 ﬁ  Adiram4s |
' ' i (jy=tram (gj)=rtam o) !

Now fork = 2, one can get the second order moment of the #th order statistic as

{21+ 3m+3) M(2l+3m+4) r(2l+ 3m+5)
2 =c u. : : ,
rin Lafub A1 (ﬂj:]2‘+3m+3 (aj)2L+3m+4 (ﬂj:]2‘+3m+5

Therefore, the variance of the *th order statistic can be obtained as:
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ri2i+3m+3) r(2l+3m+d) r{2i+3m+5)
{E{ ,:a_l,-:,25+]m+3 +6 ,:M-:,EEHF;-!H + ﬁ .:w:,25+3m+5}
V(Xr:nj = Cf‘:ﬂU

Lj.lm

cu ri2i+3am+2) " Ifil,r{2:+am+:i} rizi+am+494y 2
™ g lm o I:w.}25+3m+2 }25+3m+] ﬁ |:|x_|.-}l‘+3f-f!+4

|: .

Similarly, the third and fourth order moments of the *th order statistic can be obtained as:

' 21+ 3m+4) r2l+3m+5) 21+ 3m+6)
u=c v la : +6 : +5 ,
rin Fi Ll (j)2iF3m+s (oj)2i+am+s (j)2i+3m+e

(4 _ r(2l+3m+5) r(2l+3m+6) r(2l+3m+7)
Brin = CrnUsjim (of)23ms ¢ (o) 21+3m+e (of)23m+7

The mean, variance and other statistical measure of the extreme order statistics are always of great interest. Taking ¥ = 1,
one can obtain the mean of smallest order statistics:

r{2l+3m+ 2) r{2l+3m+3)

o

P () 2i+am=2 (ne)&+3m+3
1 lm 1—‘(23 +3m + 4:] J
(ne)2+3m+s
N l4mn T TGE™
Where W, .. = 2izo Lm=o(-1) o 2'a™tm!

In addition, second order moment of the smallest order statistic can be obtained as:

r(2l+3m+ 3) 21+ 3m+4)

(2 W [na 2]+3m+3 [m:r 2l +3m+4
- =n
Lin tm r(2l+3m+5)
+ -
(najzl+3m+5
Therefore
ri2i+am+3) ri2i+3am+4) + r(2l+3m+5)
V(Xy,) = nW, ¥ e ¥ O ymne ¥ By
. = Tk, - . -
1 b w ri2l+3am+2) ri2l+3am+3) r(2l+3m+a)\ 2
W om |\ & B2 (i) 24343 B () I3mTE

Similarly one can obtain the mean, second order moment and hence variance of the largest order statistics (r = 7).

Theorem 3.2: Let Xy,X;, ..., X, be arandom sample of size 7 from the QHRD and let X;,,, = X,,, = <X
denote the corresponding order statistics. Then for 1 = = = 1, we have the following moment relation:

o g B
k. — _ 1 { k.+1 _ k+1. k.+2 _ k+2. k.+3 _ k+3. }
F’r‘.n (ﬂ’ r + j k _|_ 1 [ﬂ’r.n F’r‘—i.n) + I{ _|_ 2 (F’r.n I"t’r—i.n) + f{ _|_ 3 [F’r.n F’r—i.n)
Proof:
pld) = | x* £, (x)dx
W
= o [ FFFEOT T — FI T ()
]
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Using (4), one gets
¥ = f A [F()] 1 — F(x)]™ " dx.
o

By using integration by parts, we obtain the desired result.

Theorem3.3:For 1 = r < 5 = 1, n € N, we have

(kq,k2) _ kyka+1 kg ko+1 kqi,kp+2 kq,ky+2
Uy 51n2 (Tl —s+ 1) {k 1 ( r,ls:n2 rls in ) + k, + 1( r:s:n2 - ré—i:n
ﬁ kq,k2+3 kq,k2+3
+ kz + 3 ((/lr,ls:nz - nu'rfs—i:n )} (12)

Proof: Using (6), we have

U = r:f I xhyke [FEOIIF(y) — FGIF 11 - FOII™*F () £ o) dydx
Or

o0

KD = Cron [ 2 FGOI ™ F @ (13)

0
Where,

=

L= [ yR1FG) - Fol=r=111 - FoOI™*f G ay.

Using (4), we get

=

I, = I Ay [Fly) — F()F 11— Fn]™+idy.

Now integrating by parts and then substituting I in (13), we get the desired result.

4 Conclusion

In this paper, we study the sampling distribution from the order statistics of quadratic hazard rate distribution. In addition,
we consider the single and product moment of order statistics from QHRD. We establish recurrence relation for single and
product moments of order statistics.
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