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Abstract: In this article, the three nonlinear Maccari’s-system (TNLMS) which describe how 1solated waves are
propagates in finite region of space is included. New accurate travelling wave solutions of this model are obtained using
the balanced modified extended tanh-function method (BMETFM).The obtained results give an accuracy interpretation of
the propagation of these isolated waves. We listing comparison between our realized results and that satisfied in the
previous work.
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1 Introduction 2 The BMETFM [22-25]

In different branches of physics new methods and . proposed method admits the solution in the form:
techniques for dealing the physical phenomena exactly that m b
described by the non-linear partial differential equations are _ “i

still an open area? Recently different technics have been “ (é/) ~% +le(ai¢i " ) )

introduced through several authors to study the behaviors of l__ . ! . ()
NLPDEs arising in various branches of physics, The balance rule [18], is applied to evaluate the integer m
mathematics and physical engineering through references a, #0 or b, #0

N i - mentioned at Eq. (1) such that either
[1-27]. It is important to find new accurate solution for this

system which illustrates how these waves propagate in a
small part of space.
Several tries are introduced through different authors [28-
31] to solve to the proposed system (TNLMS) which plays
a vital role in different branches of nonlinear physical
science.

iH +H_+RH =0,

iM,+M_+RM =0,

il, +L +RL=0,

R+R +(|H+M+L[) =o0.

The aim of this article is applying the proposed method to
find a new exact solution for this system [28] given above
in terms of some parameters. The solitary wave solution
well be realized when one give these parameters finite

values.

while % b are unknowns to be defined. Also the function
¢ in this equation must satisfy the Riccati equation

r__ 2
¢=b+¢g, and according to the value of b three forms of
solutions are admitted namely:

¢:—ﬁtanh(x/—_B§),or p=—-B coth(ﬁg),

WhenB<O, 2)
¢=\/§tan(«/§§’) , OF go=—x/§cot(x/§§’),
when B >0 3)
oL

- When B =0 o

According to these forms of solutions when the coefficients
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12
of exponential powers of ? are equal to zero an algebraic
system of equations will generated which solving by any
computer program to get the values of the required
constants.

2.1 Application

According to the transformations given in [31],

H(x,y,t)=p(x,y,t)e’,
M(x,y,0)=q(x,y,t)e’,
L(x,y,t):s(x,y,t)eg, (5)

Suchthat@zz‘(kx+ay+/1t+l), ka4,

unknowns to be defined while ! is arbitrary constant, the
TNLMS [31] mentioned above transfer to,

i(pl+2apx)+pxx—(/l+k2)p+pR =0,
i(q,+2aq.)+q.,—(A+k*)g+qR =0,
i(s,+2as )+s, —(A+k*)s+sR =0,

R +R +(p*), =0. ©)

Now, let us consider
P=P(),q=0(5),s=5(¢),¢=u(x+y=2kt) g
constructed equation became,
1> P"—(A+k>)P+ PR =0,
uQ"—(A+k*)QO+OR =0,
wS"—(A+k*)S+SR =0,
2
#(1_20{)6_R +M: 0.
og og %
Integrating the last term of Eq. (8), we get,

1
R=———(P+0+S5).
u(l—=2k) (8)
Substitute from Eq. (8) at the first three aspects of Eq. (7),
we obtain,

2 " __ 2 _(P+Q+S)2 —
WP —(A+Kk>)P TN P =0,
2 " __ 2 _(P+Q+S)2 —
(OG0 EET R0 <0,
2 4 2 (P+Q+S)2
S"-(A+k°)S———8§5=0.
H (A+£k7) 2o(1—2%) o)
Latterly, pth:rlP’ S=r, P,We get,

d+r +V2)2 5
H(1—2k) (10)

" 3 _
Apply the balance rule between P'and PP =m = 1’
hence the proposed method [22] adimt the solution in the
form,

WP —(A+k>)P— =0.

b
P()=a,+a,$()+——,
o #(&) (11)
Sub., about P"and P , and its higher orders at Eq. (10),

and let the coefficients of exponential powers of ¢(§)
equal to zero we get,
5 (1+r1+r2)2 )

il

u(1-2k)
2
_3maoaf :0’
u(1-2k)
2
2008 -3 CEY ) ) =0
p(1-2k)
2 B%? _w 2_
u(1-2k) 7
2
_3waob12:o,
u(1-2k)
2
28 -3 (3 ) - (2 =0,
u(1-2k)
2
%(“5+6"1”1)+(ﬂ+kﬁ=0.
(12)
When this system of equations is solved we get,
‘(1- - 2
) 4=0,q =222 ,b.=(ﬂ+k2)[w,3:—(“ﬁk),
1+r1+r2 \Iﬂ(1+ri+r-2) ‘uh
(- - 2
(2) aﬂ:o’alzw,bﬁ—(/HkZ) 2(1 2k) ’B:_<i+7k),
Lrntn \ i+ +r,) I
‘(1- - 2
(3) aO:O,aI:_M’bIZM_I_kz) 2(1-2k) B= (ﬂ+7k)’
I+n+n, \I,Ll(l+rl+r2) 7
(- - 2
Way=0.q--20R) oy [20W) g ()
Fentr V i+ +n) I
(13)

As the result of these Fourth solutions (10-13), we can
obtain twelve solutions according to different probabilities
of b while it takes values less than or greater than or equal
to zero.

To illustrate this, we choose only one case say (1),

2412k

20-20 (A+k)
l+5 41, ’

b =(A+k , .
= )\!u(1+r1+rz) I

4,=0, g
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According to these constants, the solution is,

3
Y e
I+r+n pltr 1) o(x, 1)

(14)

From which three forms of solution are generated namely,

P(x,y,)

3 2 2
(1) P(x, y,t)= 21” (l_zk)\/(“f ) tanh I(“f ),u(x+y—2kt)+
+rn+r, M V Y7
Ut )\]’ 2(1-2k) | ,
H+1+1) \/(/Hk) \/(/sz)
wu(x+y—2kt)
u s
B <0, (15)
Z ]
Zu (1-2k) I/1+k I A
1+n +r2
Ox,y,0)=r,P= =, [20-20) ;
+r+
\l# 1+h) /1+kth A+ y-2h)
(16)
Zy (1-2k) I/1+k I(/1+k2)
— p(x+y=2k)
I+5+1, \] s i
S(x,y,t)=r,P=r, _ ,
(x,y,0)=r, .+(M7\j (1(1 2k)) | 2
+r4+r 2
e thjw p—
I I ]
(17)
3. 2 2
211220 (/sz)tanh (}v+2]€)y(x+y—2kt)
L+, V H V H
H(x,y,t =P’ =¢’ _ ,
(x,3,0) +(/1+k2)\1 i(l 2k)) 7 1
pl+n+n) (A48 A+
v J( ), J( ) s y-200)
Il Iy
(18)
2/1 (1-2k) ’l+k ) h P
1+5 41, \j 1’5
M(x,p,0)= 0’ =r¢’ _ ,
(%)= Qe =1, M+k2)\] (1(1 2k)) |
141, 2 2
e JMhJW —
Il I ]
(19)
2120 J“k fa h Lt y-2k1)
1+7+1,
L(x,y,t)= ¢’ = _
i+, \/(/sz) hJ(“k)u(H 2k
Il Il

(20)

1

=———(P+0+S),
Where O=i(kx+ay+At+l).
Or
31 2 2
P 1) = 0220 I(“f ) coth I(“f )+ y-2k)-
e |\ a
P Tk o T
T Ak thJ( i ),u(x+y—2kt)
Vo
(22)
—2;1 2k /1+k At y=2kt)-
1+ +1,
=1 P= N ,
Ox,y,0)=rP=r, i+ \] (1(1 2k)) 1
+r+
pl+r+r, J(/Hk) thJ(“k) P
1 p ]
(23)
2
-2 C+6) o KD e y-2k)-
l+5 41, \J y
S(x,y,0)=r,P=r, _ ,
(y,0=n z(/“\](l(lﬂc)) 2 |
+r+r
p(l+ 2J(z+zk) thJ(/Hk) st y-20)
u u ]
(24
e 2 2
2120 (Mzk)coth (l+7]€)y(x+y—2kt)—
1+r 41 U \f '
Hx,y,t)= Pe'=¢’ o [20-20 1
[EXENA 2
\ ulr+n) \/(/Hk) thJ(/Hk) P
u u ]
(25)
200120 l“k thl U y-2k)-
14541 V ,u
M(x,p.0)= Qeﬁ=ne€ [20-2%
u(l ( ’_
(L+5+n) /I+k coth A+k At y-2h)
26)
2400-28 ”*k th‘ U+ y—2kt) -
141 +7, V ,u
L(x,y,t)= 8¢’ =re’ (*k“\] (1(1—2k)) 1
+1+r 2 2
T \/(A+f)coth\/(/l+f)p(x+y2kt)
u u
(27)
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1 2
- (1—2k)(P+Q+S)' 220-2) a8 [+
# (28) P(x,y,t)= £ \/ 5 cot\/ —= p(x+y-2kt)-
l+r+r u
2 _ 2 _
() P(x, y,1) = 2p°(1- 2k)J (’“Zk )tan\/ (’“2" ) (x+y—2kt)+ i) |-20=20 ! ,
Lt \ou u \ ul+n+) k) o ey
., [20=28 ! i it
(/Hk)\l pA+1+n) —(A+EY)  |~(A+k) (36)
;- tan o u(x+y-2k
H H -
207 (1-2k) (i+k) (A4
U(x+y-2kt
B <0, (29) 14141, V /1 )=
. 0@, y,f)=rP=r _
[2pa-20 - G [oR) sy s S Gk al 2k) 7 !
s 2 2 | a4+, J-(M)wt J—(mz) o
O(x,y,0)=1 P=r, (/1+k2)l 2(1-2k) 1 w I |
Vuteren) Favry [ S
U \ 2
(30) . 2
. z 2 2y12kll1+k I Aety-2h)-
220-20) [H(A+k ) [2+4) Arty-2h) lntn | 4
et gt A Sten)=nP=n) 02 ,
S(x,y,t)=nrP=r 2(1-2k 1
yP=1 (/1+k2)\ly(l(+r+)r) T T \Jﬂl+r+r2 /I+k it y-2h)
b - tan T ux+y-2kt
3 (38)
(1)
240 (1-2k) ] (A+K) I-(M) o 2402 l /1+k I s+ y=2k)-
1+r+r2V i s L+r+n,
Hxyn=Pd=¢'| 1k 1 Hx,y,0)= Pe'=¢' 22k 1 ,
(/“kh)\lﬂ(l(”ﬁ)n) —(A+KD|-(A+ED) a \lﬂ(l(ﬂ‘ﬁ)ra) -(A+1) (/1+k)
. \/ztan\/ T u(x+y-2k ) \/7cot\/ U(x+y-2kt)
Il p I o
(32) (39)
2000-20) |-A+K) | |-(A+k) B
s 2 2 o+ y=2kt)+ [240-m o) z+ ety 2k
M(x,y,)= 0¢'=re’ (/1+k2)l 20-20) 1 [
V#(l+r1+rz) J—(i;kz)tanJ—(i#tkz) u(x+y-2k) MGz y.0)= Qe ’e (/‘HkZ\J 1(1_2k) ! 2 ’
tE4n) -4k |-
ull+n ra)\/ (ltk)cot\/ ) )
%) I Iy
210020 [FA+K) [tk 40
wl- -(A+ -1+ B
l+r+r, \/ I . T Hy = Zﬂl W ) o [ k H(x+y=2kt)-
L(x,y.1) =S¢ = e’ " k)[ 20-26 1 L | o
_ i
Vi) Lok Gk St Uap)= 8¢=n ey S
e o \Iyl+1]+r /1+lc "
(34) @)
1 1
=———(P+0+S)”. =—(P+0+S5).
u(1—2k) (35) u(1-2k) (42)
Or
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Plr.y.t)= 20°(1-2k) 1 ) 2(1-2k) s y-2h), 217 (1-2k) 1 _
() l+r+n p(x+y-2kt) u(l4n+n) Lyt = S’ =r” I+rn+r  w(x+y-2kt)
= Semne 2(1-2K) ’
B=0, (43) A+E) |[——— u(x+y-2kt),
u+1+1)
24 (1- - 48
Oy DL |20y an @
ntr, px+y=2k) Hl4r+1) 1 )
(44) R=—(P+0+S5)".
u(1-2k) (49)
. :
S(x,y,t)=1,P=r, (=20 ! —(A+K) | 20-20 u(x+y-2kt) In the same manner we can easily obtain the other
Ln+n u(x+y-2kt) p(l+r+n) ~ solutions.
(45)
~21°(1-2k) 1 ~
1+7+ +y—2kt
Hixyit)= P =< htn  p(x+y—2k) ’
k) 20220ty —okn
H(+T+1)
(46)
3D(Re. Q,S,N) 2D(Re. Q,S,N)
12 1‘1 1 P
15k
fofr
2D(Im .Q,S,N)
10
sk
i T i !
s
I

Fig.1: Plot of Egs. (18, 19, 20) in three and two dimensions of whenk =-1, 0=2, p=1,1=1,nn=rn=1,t=0.002, -2
<x<2,-2<t<2andy=0.001 for the two dimension graphics.
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Fig.2: Plot of Egs. (21) in three and two dimensions of whenk=-1,a=2, u=1,1=1,rn1=n=1,t=0.002, 2 <x <
2,—2<t<2andy=0.001 for the two dimension graphics.

3D(Re. Q,S,N) 2D(Re. Q,S,N)

fof

st

3D (Im. Q.S.N) 2D (Im. Q,S,N)

Fig.3: Plot of Egs. (25, 26, 27) in three and two dimensions of whenk=-1,0=2,p =1, 1=1,rnn1=rn=1,t=0.002,
—2<x<2,-2<t<2andy=0.001 for the two dimension graphics.
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Fig.4: Plot of Egs. (28) in three and two dimensions of whenk=-1,0a=2, u=1,1=1,n1=rn=1,t=0.002, 2 <x<

2,2 <t<2andy=0.001 for the two dimension graphics.

3D(Re. Q,S,N)

2D(Re. Q,S,N)

>
T

2D (Im. Q,S,N)

Isp

[0

fist

Fig.5: Plot of Egs. (32, 33, 34) in three and two dimensions of whenk=-1,a=2, p=1,1=1,n=rn=1,t=0.002,
—2<x<2,-2<t<2and y=0.001 for the two dimension graphics.
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Fig.6: Plot of Egs. (35) in three and two dimensions of whenk=-1,a=2, u=1,1=1,n=rn=1,t=0.002, 2 <x <
2,—2<t<2andy=0.001 for the two dimension graphics.

2D(Re Q,S,N)

fof

st

2D(Im. Q,S,N)

Fig.7: Plot of Egs. (39, 40, 41) in three and two dimensions of whenk=-1,a=2, p=1,1=1,n=rn=1,t=0.002,
—2<x<2,-2<t<2andy=0.001For the two dimension graphics.
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Fig.8: Plot of Egs. (42) In three and two dimensions of when=-1,a=2,u =1,I=1,n=n=1, t=0.002,-2<x
<2,-2<t<2andy=0.001 for the two dimension graphics.

3D(Re. Q,S,N) 2D(Re. Q,S,N)

2D(Im. Q,S,N)

Fig.9: Plot of Egs. (46, 47, 48) in three and two dimensions of whenk=-1,a=2, u=1,1=1,n=rn=1,t=0.002, -2
<x<2,-2<t<2andy=0.001 for the two dimension graphics.
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Fig.10: Plot of Egs. (49) In three and two dimensions of whenk=-1,0a=2, p=1,1=1,nn1=rn=1,t=0.002, 2 <x <

2,—2<t<2andy=0.001 for the two dimension graphics.

4 Conclusions

Accurate traveling wave solutions of an important model
TNLMS [31] have been established using important
technique BMETFM [22]. Comparing our solutions with
that obtained by other authors indicate that this method give
many new of solitary solutions which give a large area to
physical interpretation for this model experimentally. The
located solutions via the proposed methods are equivalence
in some cases with that established by [33-36] —but not in
the other cases. Also this pushes in the forward direction on
the application of this model in the different branches of
physics. The results obtained by these methods are reliable,
effective and can be considered as benchmark against the
numerical results.
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