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Abstract: Although several publications have been appeared abogbthenutativity of linear time-varying systems, no resedrah
appeared so far on the evaluation of higher order commetatairs of a low-order system. The attempt in this paper islitthfs
vacancy partially by giving the explicit results for findirad) the second order commutative pairs of a first order lirizae-varying
system. The derived theoretical results are verified by amele.
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1 Introduction The research on the commutativity of linear
time-varying systems had been continued after 1982 until
1988, when the first exhaustive study on the subject was
Many engineering Systems contain series Oerb"Shed n.2] This work has been the basic reference for
cascade-connected subsystems of smaller orders, which ¥¢ars since it includes the most general necessary and
a common approach for network Synthesis in sufficient conditions for systems of any order but without
electrical-electronics engineerin_'g E] These subsystems initial conditions. All the previous results Containingath
need to be either the functiona”y time_varying type as in CommutatiVity conditions were shown to be deduced from
communication Systemgg,[zl_] or time-varying property the main theorem in that paper; namely those for the first
gets involved as a non-ideal cag®. It is known that the ~ order [B], second orderJ0, 11], third order [L3], and forth
change of the sequence of the cascade interconnection @rder systemsli4].
two subsystems does not change the functional relation Further, [L2] includes some special results concerning
between the input and output of the combined systemthe commutativity of identical time-varying systems with
which is defined to be commutativity, under certain arbitrary time-invariant forward and feedback path gains,
conditions whilst the system performance concerningwhich is originally proved for second order systendg [
sensitivity and disturbance gets better in one of theand the commutativity of Euler systems originally treated
specific sequence with respect to the otl&rHence the in the undistributed reporiH].

role of the commutativity gets importance in system | ater some new results concerning the commutativity
design [7,8]. conditions for systems having nonzero initial conditions
The concept of commutativity is first introduced in [15] and the role of commutativity on system sensitivity
the literature by E. Marshall in 19829]] Later, the [7] have been appeared. It is shown that two initially
commutativity results obtained for first order systems arerelaxed commutative systems may not be commutative
extended for the second order systems by M. Koks@ll [ when they have nonzero initial conditions and
with the contribution of S.V. Salehlfl]. The explicit = commutativity with arbitrary initial conditions requires
commutativity conditions for the first and second orderadditional constraints on the parameters of the
systems are presented in these referen&&0[11] time-varying systems. Further, one specific sequence of
including the important fact that for the commutativity of connection may be more robust than the other when
two linear systems, it is required that either both systemssensitivity and disturbance or noise effects are consitlere
time-invariant or both systems are time-varying. Although these results are important from both theoretical
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and application points of views, they had not been widelywith the initial conditions/g(0) andyg(0); xg(t) andyg(t)
and sufficiently announced at least in an internationalare the input and output of the syst@&)respectively14].
journal paper until the appearance of the review paper

published in 2011 §]. That tutorial paper originally Note thatin Eq. 2¢y, ¢1, Co are arbitrary constants with
covers the explicit commutativity conditions of fifth order c; satisfying (2b); further wittt, = 0, (2a) leads td,(t) =
systems as well. 0 and the systerB becomes a first order system. The case

Due to the new developments in digital technology, of c, =0, ¢; = 0 simultaneously is trivial since it leads that
especially in the communication ared6[17,18], the B is a time-invariant algebraic system with the constant
research on the commutativity of analogue systems hagain%, Cco#0.
extended to the area of discrete time systems as d@ll [ For the case of nonzero initial conditions, Egs. 2a, b are

In the above mentioned literature so far otherwise, nonot sufficient for the commutativity and in this case, the
research has appeared on the investigation of higher ordefecond set of necessary and sufficient conditions should

commutative pairs of a low order system. This paper aimshold. These conditions are expressed by
to fulfil this vacancy by exploring the second order

commutative pairs of a first order linear time-varying (n) YA _ VB (m)
system. After this introductory section, Section Il (m) |A;Y(ys—Awya) |~ | By (ya—Baiys)| (N)
summarizes the previous results necessary for the

reduction of the equations, which is the subject of Sectionfor an n-th order syster and an m-th orde{m < n)
11, for finding the second order commutative pairs of a systemB [6]. Where

first order linear time-varying system. Section IV includes .

an example illustrating and verifying the results obtained _ - NG

in the previous section. Finally the paper ends with its YA {yA(O) YA(0) -+ Ya (O)} ’ (4b)
conclusion in Section V.

(42)

- (m-1),q ]
Yo = | ¥6(0) ¥a(0) -+ y&" Y (0) | (4c)
2 General Commutativity Conditions for are the initial conditions of andB, respectively; and the
Second-or der Systems entries of constant matriceés, A, B1,B, of ordermx n,
Consider the linear time-varying systefndescribed by M M, Nxm, nxnare given by
the second order differential equation i1 . .
a_i._ (I_l)' a(S) f0r|:1727" ,m,
. . = =7 1 oYty P .
82(t)Ya(t) + a1 (OYA(L) + B0(U)yAl) =Xa(D); t =0 (1) smapi-j) S0 —1=9 T I = 120
- (5a)
with arbitrary initial conditionsya(0) andy,(0). Where = Z -1 for 1 =12--m
ay(t),as(t),ao(t) are the time-varying coefficients with @i = Z) St s 100 15 )
ap(t) # 0; xa(t) andya(t) being the input and output of =
the system, respectively; and the dot and doubletdots on _ g¢ori—=1.2.... m—1. i=i+1i+2.---m (5b
the top denote the first and second order derivatives, = he =it Lig2,m o (Sh)
respectively. - .
b < (I_l)' (s) i:1727"'7n7
. - . bij = 377 aiPiies for s 75
The first set of necessary and sufficient conditions that s-mago;_j) S —1-9)! I=Ls4--m,
this systemA is commutative with another second or lower ’ (5¢)
order systenB are expressed explicitly by — -1 i1y -
b = (I 1) b(s) — 0. for |_1727"'ana
= 2 a1 e i =Y i — el
by 2 85 0] re, JZDS!(|—1—S)! J=iams 1=12---1,
_|a ay 0
by| = % %2 ¢ (22) —0, fori=1,2,--n—1, j=i+Li+2---n (5d)
bo| |a0a;(2a-2)/41| | _ -
respectively[6]. In (5), all the coefficientsy(t) andby(t)
2 are evaluated at the initial tine= 0.
05 d 422 + 3a, — 8ayap + 8ayay — daxdy 0 In particular for the second order system (1) where
g |2 162, C1| =Y 2 and for a first order systeBiwherem= 1 described by
(2b) by (t)yg(t) + bo(t)ys(t) = xg(t); t >0 6
whereba(t),bs(t),bp(t) are the time-varying coefficients 1(t)¥e(t) +bo(t)ye(t) = xe(t); t = ©)
of the systenB described by with the initial conditionyg(0), Eq. 5 yields
ba (t)yg(t) + ba(t)ys(t) + bo(t)ys(t) = xg(t); t >0 (3) Ar=[aoa], A= [ag], (7a, b)
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bo
Bi=| |, Bp=

Finally, to find the remaining coefficier(t) Eq. 2b
by O is used. Since the second order commutative pair is looked
; (7¢,d)  for, ay(t) # 0 and hence Eq. 2b can be written as

b1+ bg by
. 2 . . .
and Eqs. 4b, c are written as ao— K+ 4a§ + 3a, — 8aya, + 8ayap — 4apay (12a)
16a,
BACIE 0 7o f
A= ya(0) |’ y& = [ys(0)]. (7e,f) whereK is the arbitrary constant of integration. At last,
. ) ) ] substituting the values o, and its first and second

Inserting these equations in Eq. 4a, we obtain derivatives obtained from Eq. 10, and the valuea;cénd

its derivative obtained from (11) into the equation (12a),
YA(O) we obtain the last coefficient

i [ys(O) — agya(0) — alyA(O)} =K+ G5 + b — 2cobo + babo (12b)
b%yB(O) which is also expressed explicitly in terms of the
1 [ by [ya(0) — boys(0)] ] coefficients of the first order differential equation (6)

bf . . . defining the subsyste. Note that all the constants, cy
b1(ya(0) — boys(0)) — (b1 + bo) (YA(0) — boys(0)) andK in Egs. 10-12 can be arbitrarily chosen to obtain

(8) second order commutative pai#sdescribed by Eq. 1 of
where all time-varying coefficients and their derivatives the first order systerB described by Eq. 6. However, the
are evaluated at the initial tinte= 0. commutativity property involved here is valid when the
subsystenB and its commutative pais are relaxed or at
their zero-states, that is; when all the initial conditians

3 Explicit Formulasfor the Second-order zero.

Systems To obtain the commutativity conditions with non-zero
initial conditions, Eq. 8 is used. The first line obviously

With the aid of the commutativity requirements presented'®auires the same initial statgg(0) = ys(0), with which
in the previous section for a second order system with arthe second line gives the expressionyg(0). Hence the
order second or lower one, the explicit formulas for initial conditions of the subsysteAmust be expressed in
finding all the second order commutative pairs of a firstterms of the initial condition oB as follows;

order linear time-varying system are derived in this

section. ya(0) =yg(0), (13a)
Let the first order system be defined as in Eg. 6. Since

by(t) = 0 the constant; in Eq. (2a) is identically zero. : 1—bo(0)

The remaining 2 equations in (2a) can be solved for the ya(0) = WYB(O)- (13b)

constantg; andcg as
05 0]t For the commutativity oA andB a final equation is
|:C1:| _ [ & 1 [b1:| required which is implied by the third line in Eg. 8. In fact,

—05 : .
Co & (Zal - aZ) 1 bo inserting the values ofx(0) andy, (0) as expressed in Egs.
13a and 13b in the third line and organizing the terms, we

l a§°'5b1 obtain the constraint equation
=] _ .1 : : 9)
a; (0.5a1—0.25a2) by + bo La aloby (1—bo>2+g (1_b0> "
The first row of this equation implies az az by by dt\ b
b2 that must be satisfied t&= 0 for nonzero initial conditions.
1
= —. (20)
C% So far, the coefficients of the second order system A
Using this equation and its first derivative in the second@nd its initial conditions are all expressed in terms of
equality of (9),a; is evaluated as thqse ofB as seen in Egs. 10-12 and 13,. respectively.
Using (10) and (11), the constraint equations (14) can
by : also be expressed for the constadt by using the
u= [Zbo +by — 200] (11)  parameters 0B only; the result is
1

which is the second explicit equation for the coefficients . _ | (1— C°>2+ 1-¢

,
of the second order system A. o 2 {(Co —bo)”+ blbo] (15)
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wherebq, bg, by are evaluated dt= 0.

We now summarize the results obtained in this sectior
in the form of a theorem.

Theorem (Koksal 3) All the second order linear
time-varying pairs(A’'s) as described by the differential
equations in (1) of a first order linear time-varying system
(B) described by the differential equation in (6) can be
obtained by using Egs. 10, 11, 12 for the coefficients,of
Egs. 13a and 13b for the initial conditions Af where
c1 # 0 andcy are arbitrary constants and is satisfying
the constraint equations in (15) at the initial time 0. If
B is initially relaxed so must b&'s, that is, the constraint
relation (15) between the arbitrary constants is not
needed, that iK is also arbitrary.

4 Example

1
0
A

2 5 f
. A : :
l'ﬁ-‘""__,_.l'llr ............. . - H
\ i : Output A8 BA
) : ¢ ,.a ............. — — — Output AB i
’ ; - Output BA

_5 i i T

0 ] 10 15 20

Fig. 1: The outputs ofAB andBA fort the systems in Example 1,
K=1.

To illustrate the concepts introduced in this paper and to

verify the obtained results consider the first order systenr
described by

(1+)¥a(t)+2(1—sint)ya(t) =xa(t); ys(0) =2, t >0
(16)

Choosing the arbitrary constams=1,cp = 1; andK =1

as to satisfy Eq. 15 for the commutativity with nonzero

initial conditions, the following commutative pad of B

is obtained by using Egs. 10, 11, 12;

(1+1)?Ya(t) + (141) (3—4sint) y,(t)

+[2+4sirft — 4sint — 2(1+t) cost | ya(t) = Xa(t),
(17a)

YA(0) = —2, ya(0) = 2. (17b)

Note that the initial conditions & are chosen as to satisfy
Eqg. 13.

When the interconnectiorB andBA are excited by
a unit step function, it is observed that both of the output
AB andBA are identical as shown in Fig. 1 (OutpdB,
BA). Whenya(0) = —2, yA(0) = 2, the initial conditions
in Eg. 13 are not satisfied. Therefore, the commutativity is
not valid anymore, as shown in Fig. 1 (Out@\R, Output
BA).

To illustrate the case where the initial conditionsfof
are chosen asin Eq. 13, but the choic&afoes not satisfy
Eq. 15, the example is simulated by chooslihg- 2. This
changes(t) by unity. Hence withya(0) = yg(0) = —2,
ya(0) = 2 andag increased by 1, it is observed thaand
B do not commute at all as shown in Fig. 2 (OutpBg,
OutputBA). When the initial conditions are zero, Eqg. 15
need not be satisfied for commutativity. Hence with zero
initial conditions andK = 2, AB and BA gives the same
output response as shown in Fig. 2 (OutpBt BA).

1
0.5

0.5
Al T : _
P : Cutput A8 B,
a5 ‘!LJ; ...... .............. — — — Dutput AB i
i : — " Dutput B4,
2I:I a] 10 15 20

Fig. 2: The outputs ofAB andBA fort the systems in Example 1,
K=2

The example verifies that with zero initial conditions,

Sthe second order commutativity pairs Bfcan be found

by choosing all the constantg;,co,K arbitrarily.
However, when the initial conditions are nonzero, both
Eqg. 13 imposing constraints on the choice of initial
conditions of A and Eqg. 15 specifying the value of the
constantk must be satisfied for the commutativity Af
andB.

Before concluding the section it might deserve to note
that only very few classes of linear time varying systems
have compact analytic solutions. These are known to be
solvable classe<2[)]; among themA; class has constant
eigenvalues, A, class has eigenvalues of constant
multiples of a common functionh(t). In a recent
publication, another solvable class having eigenvalues in
certain types of polynomials has been repor&i].[Since
both Eq. 17 describing Systed and the third order
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