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Abstract: In this paper, we introduce new generalized fractional odiference sequence spaces which are defined by a sequence
of modulus functions. Different algebraic and topologigedperties of these spaces like linearity, completenedsalidity ... etc has
been studied. Furthermore, we derive necessary and snffameditions for the inclusion relations involving thegases.

Keywords: Fractional order difference operator, Modulus functioarghorm, Sequence space, Solid space.

1 Notations and Definitions Remark 1.2. If f is a modulus function, then
g(x) = f(xP) is also a modulus function fqr < 1.

In this section, we list some notations and definitionsRemark 1.3. If f is a modulus function, then
which can be used in the sequel (all of them may bef

; . ux) <2uf(x)Vu eR, u>1.
conveniently found in4], [8], [12], [14], [16]): let s be In( fagzt, v e( ﬁ we have 2 < u < 2"V ne N and
the space of all real or complex-valued sequences. An¥.o\ conditions of modulus function. we have
subspace of sis called a sequence space. K¢t c and f(ux) < f(201x) < 201 (x) < 2uf(X). '
co be the spaces of all bounded, convergent and nu'befiniti)n 14. Aiparanormeid spacX = (X,g) is a

sequencesx = (X) with real or complex terms, o . . o
respectively, normed by|x|» = sup|x|, where topological linear space in which the topqlogy is given by
keN={1 2 3,..) ' a paranorng such thag is a real subadditive function on
,2,3,... 1. X,

g(x) >0V xe X, g(8) =0, wheref is the zero in the
linear spaceX, g(—x) = g(x) V x € X and the scalar
multiplication is continuous, i.e.V (X)) € X:
[@n + | P < D{[an| P + [bn| P}, where an, by € C and D = max{1, 241} 9(Xn —x) = 0 asn— w andV () € R: [Nh—n| — 0 as
' (1) n — oo, we getg(nnx, — Nx) — 0 asn — co.

LetX,Y C s, then we shall write

Let " (m) be the Gamma function of a real numimeand _ 1.y _ .
m+#0,—1,—2,.... By the definition, it can be expressed as AXY)= ()XY = {zes:xeYYxEX]).

Throughout this paper, we will use the following
inequality, given(pn) a sequence of positive real numbers
such that < h=inf, pn < pn < sug, pn=H < o,

an improper integral XeX
© The setX® = . (X, (1) is called Kothe-Toeplitz dual oK.
I (m) = / e tt™ gt (2) XY, theny?® c X°. Itis clear thatX C (X%)% = X%9.
0

If X = X%, thenX is called aKéthe space or a perfect

Definition 1.1. A Modulus function is a function SDe?Piﬂcef%aZelz seis called:
{ 1 [0.05) — [0.00) such thatf (x) — O if and only ifx — 0, efinition 1.5. A linear sequence spadeis called:

f(x+y) < f(x)+ f(y) Vxy >0, fis increasing and 1.Solid (normal), if [y = (yn) € X whenever
continuous from the right of zero. [Yn| < [Xa] V n € N for somex = (xn) € X]. Solidity
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(normality) of X is equivalent to [(Bnn) € X
wheneverx = (xn) € X for all B = (Bn) € R with
|Bn] <1V neN].

2.Monotone, ifX contains the canonical preimages of all
its step spaces.

3.Sequence algebra, Xf= (xn) € X andy = (yn) € X
implies (xnyn) € X.

4.Convergence free, = (xn) € X impliesy = (yn) € X
andxp = 0 impliesy, = 0.

5.Symmetric, ifx = (xn) € X implies (X)) € X, where
ri(n) is a permutation oN.

6.Perfect, ifX = X9,

2 Motivation and Introduction

On 1981, Kizmaz 9] defined the difference sequence
spaces:
X(A) ={x=(x) € s: (Ax) € X}, for X € {lw,C,Cp},

(fk) as follows:
X((f) = {x = (%) € s: (f(]xl)) € X}, for X €
{émacvc()}'

After then, Gaur and Mursaleerg][ defined the
following sequence spaces:
X((f),4) = {x = (x) € s: (f(|lAx()) € X}, for X &
{l,C,Co}, for any sequence of modulus functioffg).

Recently, Khan 7], [8] defined the following
sequence spaces for any sequence of real nunipgys
and any sequence of modulus functigfg):

(Fic(1%cl))

X((fi), () {x (X) € s

X((p))}, for X € {€w,C,Co}

and X((fq),(Pk),4)") = {x = (%) € s: (A%) €
X((fk),(pk))}, for X € {fw,C,Co}. The following
two lemmas will be used in the sequel:

Lemma 2.1.The condition supfy(t) < «, t > 0 holds if

and only if there exists a pointg > O such that
sup, fk(to) < .
Lemma 2.2.The condition inf f(t) > 0, t > 0 holds if

S

whereAx = (X« —Xc1). They are Banach spaces withthe gng only if there exists a pointy > 0 such that

norm||x/|a = |X1|+ ||AX|le. ~ During the last 35 years,

infy fx(to) > 0.

a lot of results have been found by many mathematicians

satisfying more various generalizations of difference

sequence spaces defined by Kizmaz.

First generalization was introduced by Colak and Et

[3] who defined the sequence spacegA™) = {x =
(%) €s: (AMx) € X}, for X € {lw,C,Co}, Wwhereme N,
A% (%), Ax (X — Xer1), A
(A™ Ly — A™ 1% ). So

A™ = ¥o(—1) (:m

with the norm
Xflam = 52 %]+ [ AT .

Later, Et and Esi] defined the following sequence
spaces:
X(A)) = {x = (%) € s: (A) € X}, for X €
{lw,C,Co}, Wherev = (v) is any fixed sequence of
non-zero complex numbersy € N is a fixed number,
AN (Vi) AuX (Vi — Wks1Xkp1) and
Al = (A 1% — A 1X11). So

i/ m
A= 3 {0o(—1)' <i ) Vi Xk«
After that, Baliarsingh and Dutté?], [4] unified most

)Xk+i. They are Banach spaces

3 Main Results

In this section, we construct newly fractional order
difference sequence spaces using a sequence of modulus
functions. It splits into two major sections; the first one
has been devoted for studying their different algebraic
and topological properties and the other has been devoted
for studying necessary and sufficient conditions for the
inclusion relations between them.

3.1 Algebraic and topological properties

In this section, we define these spaces and study some
algebraic and topological properties of them like lingarit
completeness and solidity, etc.

Definition 3.1. Let (fy) be a sequence of modulus

functions and (px) be a bounded sequence of real
numbers such that4 pyx < o, define

of the difference sequence spaces defined earlier and
extended these results to the fractional case. For a pgsitivx((f,), (p), %) = {x= (%) € 5 (A%%) € X((f), (P)}. For X & {fes.C,Co},

proper fractiona and a bounded sequence of positive
reals(px), they introduced the fractional order difference \yhere A%% = $2o(—1)

sequence spaces:
X(Aav(pk)) {X (Xk) & S (Aan) =
X((px))}, for X € {lw,c,co}, where A is called the
fractional order difference operator and defined by:

A9 = z;”:o(—l)i %Xkﬂ.

T Vs %, @ is a
proper fraction andv = (vk) is any fixed sequence of
non-zero complex numbers.

Remark 3.2. The fractional order difference operator

generalizes the following operators:

For a modulusf, the following sequence spaces are 1.Operator considered by Kha8] [for o = me N).

defined by Maddox13] and Ruckle L5]: X(f) = {x=
(x) €s: (f(x)) € X}, for X € {lw,C,Co}.

2.0Operator defined by Et and Cola® [for a =me N
andvg = 1).

Kolk [10], [1]] gave an extension of these sequence 3.Operator considered by Ahmad and Mursalegfpr
spaces by considering a sequence of modulus functions o =1).
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4.0Operator introduced by Kizma®][ (for a = 1 and
Vk = 1).

Theorem 3.3. The sequence spacés(( k) (Pk), A7),
(T (P, A%) andeo((fi). (p). AZ), where( f), (po),

Alx, a andv are as mentioned above in Definition (3.1),

are linear spaces over the field of real numiiers

Proof. We establish it for the cas®((fx), (pk),4) and
rest of the cases will follow similarly.
1.Let xy € co(fk),(px),AT), then

f(|ATx|P<) — 0ask — oo
and fi(]AJyk|P) — 0 ask — o0, By using Inequality
(1), we have:
fi(|A¢ (4 + allg) <
fk(ZH {]1A9%| P + [AZYi|P<}). By using Remark
(1.3), we have:
fic(|A (% + i) )
2 {114 %] P) + fi(1AZ yi )}
where H = sug px and 1< py < . Therefore
(AT (X« + YW)|*) — 0 as k — . Hence
x+y € co((fi), (P), AF).

2.Let x € co(F,p,A7) and A € R, then we have
f(|ATx¢|P<) — 0 ask — . Since(py) is a bounded
sequence, then
(|88 (A% |P) < fic(Sup|A[PAgx|P). By using
Remark (1.3), we have:
(|88 (Ax)[P) < 25uR A [Pefie(| A ).
Therefore fk(|A"/\xk|Pk) — 0 as k — . Hence
Ax e co((fio): (p). AF).

Corollary 3.4. The sequence spacés((fx),(px), A’)

c((f), (p),4A))  and  co((f),(p),40),  where
j:0,1,2,....mand me N, are linear spaces oveR.

Theorem 3.5. The sequence spacés((fy),(pk),A7),
c((f), (), A7) andco((fi), (Pk), AY'), where(fi), (px),

IN

Alx, a andv are as mentioned above in Definition (3.1),

are Banach spaces with the norm

[a] [a]
IXlag = ZIX|I 187X = ZINI+SUD|AV&I

where [a] =
ceiling of ).
Proof. We establish it for the cas®((fx), (pk),4J) and
rest of the cases will follow similarly. Letx") be any
Cauchy sequence y(( fi), (Pk), A7),

where

X' = (XE) = (XQ,XS,X%,...) € Co((fk), (px), A7) VneN.
ThenV & > 0, 3 ng = ng(€) € N st. X" —x"|pa <
evYn,m>ng.

Using the definition of the norm, we get:

[ + 1] is the integral part ofr + 1 (the

—x)| < €V nm> ng.

3)
For fixedk, |x; — x| < €V n,m>no. Then(x2)y_, is a
Cauchy sequence iRV k. By completenessd{ we have

[a]
X" = X| ag = le><." =" + suplAy (%
i= k

(Xg) is convergent to a point iR,
i.e. limnoe X = X0 (say) € RV k.
Taking limit asm — 0 in (3), we get:

[a]
21|Xin —30| +suplAg (¢ —xQ)| < €V n> ng.
= K

Hence (X} — x) € co((fi), (Pk),AZ). It is known from
Theorem (3.3) thato(( fk), (pk),AY) is a linear space and
since %) € col(fi), (), AY) and
0 = 0 e col(f(p.A), then
(%) = (%) — 0% —x) € co((f),(Pu).Af). This

completes the proof
Corollary 3.6. The sequence spacés((fx),(pk),4 )

c((fe), (px), A)) andeo((fi), (pk),A}) are Banach spaces
with the norm

i .
||x|\A\j, = 21|xi|+st1p|A\',xk|., where j:0,1,2,....,mand me N.
i=

Theorem 3.7. The sequence spacés((fx),(pk),A),

o((fi), (P, A%) andco((f), (), AZ), where(fi), (P,
AZx, a andv are as mentioned above in Definition (3.1),

are quasi paranormed spaces with the quasi paranorm

9(x) = su f(| A% P)] 7, where H = supp and 1 < py < eo.
k k

Proof. We establish it for the cas®((fx), (pk),4) and
rest of the cases will follow similarly.
1.Letx,y € co((fi), (P), A7)
By using Inequality 1), we have:

g(x +Y) < suplf(@'H{|ATxIP + [AZy[P)] A
whereH = sup, px and 1< pg < oo,
By using Remark (1.3), we have:

1
g(x+y) < ngmk(mgxk\ %)+ fie(|A Yk P H

< 2[sgmfk<mc'xk|"k>}%r +sgp{fk<|43yk\pk>}%].

Then
g(x+y) < 2[g(x) +9(Y)] VXY € co((fk), (Pk), A7)
2Y x € , we have'

Co((fi), (Pk), A7
>

€
)
9(X) = sup[ fi(|AZ x| P« ]Flr ()) and it is trivial that
n
(p

Alx =0 for x = 6, theng(8) = 0, where® is the
zero in the linear spaa@(( k), (Pk),A).
3V xe co((fu), (P), A7), we have:

1

9(-X) = SUrf (A5 ()P :sgqfkmc’kaknﬁ —g(x).

Theng(—x) = g(x) V x & Co((fi), (), A)))-
4. We want to prove that the scalar multiplication is
continuous, let (xn) € co((fk),(pk),47) s.t
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g(Xh—Xx) — 0 asn — o and let (n,) € R with symmetric fora > 2.

[Nh—n|— 0asn— oo, Theorem 3.14.The sequence spacés((fy), (pk),A7),
c((fk), (Px), A7) andco((fi), (Pk), Ay ), where(fy), (p),
9(NnXn = NX) = g(Nn¥Xn — NX+ NnX— NnX) A%%,, o andv are as mentioned above in Definition (3.1),
<2{g(Nm(*n—X))+9((Nh—n)X)}. are not sequence algebras.
_ . o Proof. To show that these spaces are not sequence
Since(nn) is convergent, then it is bounded. So algebras in general, consider the following example: for
ém((fk)v (pk),A\(}): letv = (17 17 17"')' Pk = 11 fk(x) =X
9(MnXn — 1) < 2CKG(Xn —X) +2C(1n —1)9(X), ¥ k € N. Consider the sequencgs= (x) = (k%~?) and
y = (yi) = (k%2), then x,y € Lu((fc),(pK),AY) but
whereC andK are constants. Xy ¢ Lo((fi), (P),4y'). Hencelw((fi), (pr),A)) is not
Theng(NnXn —Nx) — 0 asn — . sequence algebra in general. The other cases can be

. proved on considering similar examples.
Corollary 3.8. The sequence spacés(( i), (pk).A)),

c((fu), (pe),4y) and co((fe),(pk),4)) are quasi
paranormed spaces with the quasi paranorm 3.2 Inclusion theorems

9(x) = Sur f(|Ab )] ¥, whereH = supp,1 < P < 0, :0,1.2,... mand me . In this section, we obtain necessary and sufficient
conditions for the inclusion relations betwe¥(AJ) and

Theorem 3.9. The sequence spacés((fy),(pk),A%),  Y((fk),(px), A7), with X,Y = lq or Co. o

c((f), (P), AZ) andco(( fi), (pe), A%), where(fy), (px), Theorem.3.15.Unde'r assumptions of Definition (3.1),

A%x%, a andv are as mentioned above in Definition (3.1), the following are equivalent:

are not solid forr > 1. a a
= 100 (A%) C Coo( (i), (i), A9).

Proof. To show that these spaces are not solid in general, 2.00((A§))C_éw((((f:)) ((S:)) Aé’r))

consider the following example: fdk (( fx), (pk),Ad), let 3.sup fy(t) <o, t > 0.

v=(111..), pk=1, fkx(X) =% x= (%) = (k*) and , , ) a a

B = (—1)%, Yk € N. Thenx = (k%) € £u((fy), (). A%) Proof. (1) = (2): |so?bV|ous, smceo(A\,O? Clo(AT).

but (Bux) ¢ L (i), (PK), AF). Hencelw((fo), (pi),A9) ()= (3): LetGoldy) € Lul(fi), (), 4y7). Suppose that
is not solid in general. The other cases can be proved of3) iS not satisfied. Then by Lemma (2.1), gd(t) =

considering similar examples. for all t > 0 and therefore there exists a sequefi¢g of
Remark 3.10. The sequence spaceh.((fy),(pc)),  Positiveintegers such that
c((fk), (pk)) andco((fx), (px)), where(fx) and (py) are fi (i) >i fori=1,2,.. (4)

as mentioned above in Definition (3.1), are solid.
Proposition 3.11. The sequence spaces Definex = (x) by

ém((fk)v(pk)aAg)' C((fk)a(pk)vA\(}) and

co((fi) (Pk), A% ), where(fc), (Pk), A%, a andv are as Y = { i ifk=k fori=12,.,
mentioned above in Definition (3.1), are not perfect for 0, otherwise.
a>1.

a Thenx e cp(AJ). Butx ¢ (e (F, p,AJ) by (4) for v = px =
Theorem 3.12.The sequence spacés((fi), (Pw).4v) landke N, V\\;hich contradictséZ).VHence(S) must hold.

andc((f), (px), A7), where(f), (py), A%, a andvare 3y (1): | et (3) be satisfied andt € £(A%). Suppose
as mentioned above in Definition (3.1), are not symmetric, ¢ ¢ Co((f), (P),A%). Then

fora > 1.

Proof. To show that these spaces are not symmetric in supf(|AJ X |Pk) = co for AJX € lo. (5)

general, consider the following example: for k

(i), (P), A7), letv = (1,1,1,..), pk =1, fik(X) =X Let t = |A9x|P, then by B) sup f(t) = o, which

and x = (x) = (k*), Vv k € N. Then contradicty3). Hence(1) must hold.

x = (k%) € lo((fi),(p),4y). Let y = (y) be a  Corollary 3.16. Under assumptions of Definition (3.1),
rearrangement afx ), which is defined as follows: the following are equivalent:

(Vi) = {X1,%2, X4, X3, Xg, X5, X16, X6, X5, X7, X36, X, X49, X10; ---}. 1leo(A)) C Lol (fi), (P),A)).

, 2.C0(Ay) € leo((fi), (PK), A7)
Theny ¢ (o). (PK). AZ). Hencela ((f), (i), AY) is 3,su(m¥ﬁ(t) : Ef,, t)>(o,) )
not symmetric in general. We can prove that k
c((fo), (px),A%) is not symmetric on considering similar Wherej:1,2,3,....mandme N. o
example. Theorem 3.17.Under assumptions of Definition (3.1), the

Remark 3.13. The space co((fx),(p«),AY) is not  following are equivalent:
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(o), (pk), AY) C co(AT). f(JAY % |P<) <K < 0. Then for some > 0 and positive
(), (pk), AF) C le(AT). integer ko, we have |[AYx| > & for kK > ko. Then
3.infi f(t) > 0,t > 0. fu(g0) < fk(|Ad%|) < K for k > ko, which contradicts

. . . a a (8) Henceew((fk)v (pk)aAg) g CO(Ag)
|(32r)00f ((3)) ; g )('(S C;bE/'Ol)JSAS')ng?((AAO?)CSZw(AV ) hat Corollary 3.20. Under assumptions of Definition (3.1),
etco Pk w© uppose tha j i\ .
(3) is not satisfied. Then by Lemma (2.2), itif(t) = 0 Coo((fi); (PK); A7) € Co(4y) if and only if
for all t > 0 and therefore there exists a sequefici of

positive integers such that lim fi(t) = o fort >0, (10)
f (i) <itfori=1.2 ... 6 wherej : 1,2, 3,....mandme N.
5 (%) © Theorem 3.21.Under assumptions of Definition (3.1),
Definex = (x) by leo(AS) C co((fi), (pk),AJ) if and only if
o d B ifk=k fori=12.., lim f(t) =0 for t > 0. (11)
K= 0, otherwise.

Proof. Let lo (AY) C co((fk), (Pk), AT ). Suppose thatill)

Thenx € co((fio). (P, Av). BULX ¢ Leo(Ay) by (6) fOr iy catisfied, Then

Vk = pk=1andk € N, wh|ch contradictg2). Hence(3)

must hold. lim fuo(to) = | £ 0.
(3) = (1): Let (3) be satisfied and € co((fi), (pr), A9), 0 filo) =1 # (12)
€. for sometg > 0.
“rkn fi(|A9%|P<) = 0and x ¢ co(AZ). 7 Define the sequence= (x) by
L kv Ma+k—-v)
Then for somegy > 0 and positive integeky, we have X = to z (—1)W7', forkeN,
|A9x| > & for k > ko. Then fi(g) < f(|A%%|) for o (k=V)!I"(a)
k > ko. Then by ) limy fx(g9) = 0, which contradicts i )
(3). Hence(1) must hold. where| o] = [a] is the integral part ofr (the floor ofa).

Corollary 3.18. Under assumptions of Definition (3.1), Thenx¢ co((fi), (px),A)) for vic = px = 1 andk € N by

. . . (12. So @1) must hold.
the following are equivalent. Conversely, let 11) be satisfied. Lek € /o (AJ). Then

100((fk)’(pk)7A\J;) C co(A\‘;_). Af%| < M < o for k € N. Therefore
2.00((fi). (). A)) € Lo(). fe |25 = M) and
- A v limyg fi(JAT %, |P<) < limy f(M ) =0 by (11). Thus
3.infi f(t) > 0, t > 0,
: X € Co((f ) (Px), A7) Hence
wherej :1,2,3,....mandme N. leo(AZ) C co((fk), (Px),AT).
Theorem 3.19.Under assumptions of Definition (3.1), Corollary 3.22. Under assumptions of Definition (3.1),
Coo((fi0), (PK), A7) € co(4A]) if and only if (A} C co((fi), (pi), A)) if and only if
Iirkn fe(t) =0 fort > 0. (8) Iirkn fu(t)=0fort >0, (13)

Proof. Let fe((fk), (Pk),AY) C co(AY). Suppose thai8]  wherej : 1,2,3,...,mandme N.

is not satisfied. Therefore there exist a nunmber 0 and
an index sequendg of positive integers such that

. 4 Conclusion
Ian fkj (to) <K < oo, (9)
Introducing a new sequence spaces by using a sequence
Define the sequence= (x¢) by of modulus functions only or by using fractional order
difference operator only has been studied by many
to, iIf k=k fori=1,2,. mathematicians in different ways. But in our study, we
0, otherwise. introduced new sequence spaces by using fractional order

difference operator together with a sequence of modulus
Thus X € o ((fk), (Pk),AJ) by (9). But x ¢ co(AY) for  functions. These spaces are more general than some
w = pk =1 and k € N. So @) is true if spaces and not a special case of other spaces defined
Loo (), (P), AT) C co(AT). earlier. These type investigations fill some gaps in the
Conversely, let & be satisfied. Suppose literature. The authors can introduce new sequence spaces
X € lo((fk), (px),AY) and x ¢ co(AJ). For k € N,  and results by using similar techniques in this paper.
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