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Abstract: The estimated mean of the number of individuals holding a rare sensitive attribute (e.g., illegal use of tax evasion, narcotics,
domestic abuse, or illicit income) in the population spread over a broad geographical region through traditional sampling structures is
difficult to quantify because of the social, political and security circumstances which typically contribute to their concentration in some
geographical region. In this paper, The mean of the number of persons possessing a rare sensitive attribute (MNSA) by utilizing the
Poisson distribution is estimated using a modified Horvitz-Thompson type of estimator under an adaptive two-stage cluster sampling
scheme when an unrelated rare non-sensitive attribute parameter is either known or unknown. The variances of the resultant estimators
and their unbiased estimates are expressed. In a small example from the variances and mean squared errors, one sees that the adaptive
design with the estimator has the lowest variance compared to the unbiased strategy.

Keywords: Poisson distribution, rare sensitive attribute, unrelated attribute, randomized response, privacy protection, adaptive cluster
sampling, Horvitz-Thompson estimator

1 Introduction

Warner [1] presented an excellent method for estimating the proportion of sensitive attributes (such as illegal use of tax
evasion, drugs, domestic violence, or illicit income) called a randomized response technique (RRT). Warner’s technique
was extended by several researchers, including [2,3,4,5,6,7,8,9,10,11] to increase co-operation from the respondents
and improve efficiencies of the estimators.

Land et al.[6] introduced a method to estimate the MNSA by utilizing the Poisson distribution in survey sampling. Sing
and Tarry [12] suggested an unbiased estimator of the MNSA in the presence of the known proportion of persons
possessing a rare unrelated attribute. Lee et al. [9] estimated the MNSA using the Poisson distribution and stratified
two-stage sampling and extended the Land et al. [6]. Suman and Singh [13] presented the process for estimating the
MNSA when population units are heterogeneous with and without prior information on the supplementary (unrelated
rare non-sensitive) characteristic. Sing et al.[14] presented unbiased estimation procedures of the mean total number of
persons with a rare sensitive attribute applying a clustered population under two-stage and stratified two-stage sampling
schemes.

Adaptive cluster sampling (ACS) is an efficient design for rare and clustered populations (Thompson [15]; Thompson
and Seber [16]). Stratified ACS was implemented by [17], and two-stage ACS was developed by [18]. The two-stage
ACS is intended to select a fixed number of primary sampling units (PSUs) by simple random sampling
without-replacement (SRSWOR) in the first stage and then to select a fixed number of secondary sampling units (SSUs)
in the second stage of each chosen PSU, including SRSWOR.

In this paper, Alternative estimation approaches are proposed to estimate the MNSA under the Poisson distribution. We
use two-stage ACS sampling schemes. a modified Horvitz-Thompson type of estimator under an adaptive two-stage
cluster sampling scheme when the parameter of an unrelated rare non-sensitive attribute is either known or unknown. We
express the variances of the estimators and their estimates, when the parameter of the unrelated non-sensitive attribute is
either known or unknown.
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2 Sampling design

For the adaptive cluster sampling designs considered in this paper, the finite population sampling situation, First, let the
population be partitioned into N primary sample units PSUs containing Ny, N, ..., Ny units. Initially, a sample is selected
by the traditional two-stage sampling method as follows:

1.A simple random sample (SRS) is selected of size n from the N clusters PUSs.
2.In each selected PSU from the first stage, a large SRS of m; units is selected from the N; units.

The remainder of the sample PSUs are selected adaptively by using one condition based on the estimated parameter
of the sample units in the PSU. The condition for the additional collection of the neighboring units shall be defined by the
interval or C within the range of the interest parameter. The unit i is said to satisfy the condition if 6; € C.In the examples
in this article, a unit satisfies the condition if the estimated value of interest 6;is greater than or equal to some constant c,
that is, C = {é,-: 6, > C}. When a selected unit satisfies the condition, all units within its neighborhood are added to the
sample and observed. Any of these units can fulfill the condition in turn, and some may not. The units in its proximity are
also included in the sample for each of these units that satisfy the condition, and so on. Due to the initial selection of unit
i consider the list of all the units that are observed under the scheme. When it occurs in a survey, such a set, which could
consist of the union of many neighborhoods, would be called a cluster. Within such a cluster is a subcollection of PSUs,
termed a network, with the property that selection of any PSU within the network would lead to inclusion in the sample of
every other PSU in the network. Any PSU not satisfying the condition but in the neighborhood of one that does is termed
an edge unit. Although the selection of any PSU in the network will result in inclusion of all units in the network and
all associated edge PSUs, selection of an edge unit will not result in the inclusion of any other units. It is convenient to
consider any PSU not satisfying the condition of a network of size one so that, given the y-values, the population may be
uniquely partitioned into networks.

3 Estimation procedure of a rare sensitive attribute under adaptive two-stage cluster sampling
using a randomized response model

We present the calculation method for the MNSA using a modified Horvitz-Thompson type of estimator under an adaptive
two-stage cluster sampling scheme under the adaptive two-stage cluster sampling method. We investigate the situation
where an unrelated rare non-sensitive characteristic is known and the situation where it is unknown. In the second stage
samples, we gather the elementary units’ answers using the randomization device of Sing and Tarray [12].

3.1 When the unrelated rare attribute is known

If the proportion B, of individuals with the unrelated rare attribute is identified, respondents are invited to use and respond
to the randomization device without disclosing the attribute or not. The randomization device consists of a k; card deck
given to the respondents chosen from the it/ cluster. The cards have one of the following statements:

1.“Do you have the rare sensitive attribute F'?,” with probability Py;;
2.“Do you have the rare unrelated attribute U ?,” with probability Py;;
3.“Draw one more card,” with probability P3; = 1 —Pj; — Py;.

If the statement (iii) is drawn, the respondent must replicate the above procedure without removing the card. He / she
is led to report "No” in the second level, if the statement (iii) is drawn. If k; is the total number of cards in the proposed
deck, the probability of a ’Yes” response is given

@io = [P1i Biy +Paiiu] [1 4 Psiki/ (k= 1)], ey
note that both F and U attributes are very rare in population. As before, assuming that, m; — oo, m;@;0 = U9 > 0, as

Qo — 0, miﬁ,’f = ‘l%f > 0, as Bif — 0, and miﬁ,’u =, >0as Biu — 0, where
Bio = [P1i O + P ] [1 4 Pyiki/ (ki — 1)]. )

Let yi1,yi2,...,yin be a random sample of m; observations from the Poisson distribution with parameter ;9 from the
ith cluster of the population. The likelihood function of the random sample of m; observations, is given by
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m; ml
L= goEou T 3)
=1 Vi

From (3), the maximum-likelihood estimator 15, rof the MNSA in the ith cluster is

1 X vij
Dip= — j=1"4 — Py 04,
TPy mi (4 Pk /(i — 1)) 2

“

Theorem 3.1. The estimator 1§if is an unbiased estimator of the parameter V;y.
Proof. It is the consequence of the observation that y;; follows a Poisson distribution with parameter ¥;y. It is the

consequence of the observation that E (y;;) =0. Hence it is easy to conclude that E (51 f ) = Uy .

Based on the estimated parameter 1§,-f of the sample units in the cluster i. The condition for the additional collection
of the neighboring units shall be defined by the interval or within the range of the interest parameter ¥;;. The unit i is said

to satisfy the condition if 1§if € C. In this article’s examples, a unit satisfies the condition if the estimated parameter 1§ifis
greater than or equal to some constant c. When a selected unit satisfies the condition, all units within its neighborhood
are added to the sample and observed. We estimated the MNSA using a modified Horvitz-Thompson type of estimator
under an adaptive two-stage cluster sampling .For sampling designs in which the probability ogthat cluster iis included in
the sample. If the initial cluster is selected by simple random sampling without replacement, the probability that cluster i
(inclusion probabilities)is included in the sample define as
()
= )

N )
()
where N is the number of units in the population and @w;number of units on the network that comprises

the unit k. If the initial selection is made with replacement, the probability that cluster i (inclusion probabilitieso;) is
included in the sample define as

(szl—

W\ "™
o =1-(1-25)" 6
k N (6)

For any cluster that does not satisfy the condition, @, = 1. Let the indicator variable be O if the kth cluster in the
sample does not satisfy the condition and was not selected in the initial sample; otherwise, J; = 1. So, a modified Horvitz-
Thompson type of estimator of MNSA in the population under adaptive two-stage sampling design is then

~ 1 & 5kf-]k
Snr = — ;
N

where 7 is the amount of different PSUs in the survey.

Theorem 3.2. The estimator 5ﬂ.170f the MNSA ¥ is unbiased.
Proof. We consider

~ 1N 8T
EE(@ ):EE —y Yt 7
1E>  Ofur 1 2<Ni2:1 p (7)

where E| is the expected total number of first-stage selections and E; is the expected total number of second-stage
selections then

- AR VA
E\Ey (ﬁfﬂr) =E| <NZ%,> (3)

i=1
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Let J; = 1 if unit i is used in the estimator and J; = 0 otherwise. For any i, J; is a Bernoulli random variable with
expected value @; then

E\E> (Opnr) = ( Zﬁf) )

Theorem 3.3. The variance of the estimator Oyt is

. 1 K K N q]k
Var ('9fHT) =V Y Z s Oppe ka—Vka)/(Vkaka)JrkZIMkEk : (10)
k=1b=1 =

where

\Pk< Pii Oxp + Po Oy >
P2 (14 Py /(K — 1))

Proof. Var, is the variance of the adaptive first-stage sample and Var, the variance over the second-stage sample. The
variance of the estimator ¥7x7 is decomposed as

Var (‘5f}-]7‘) =Var E; (Sfyr) + EVar, (‘5f}-]7‘) . (11)

The first term of 11 is

k=1 k=1

~ 19kf Ji 1 & ﬁkf Ji
Var E; (ﬁfHT) Var E» (N Z o = Var N Z Tk

Let { denote the number of the networks in population, let ®; be the set of units comprising the jth network and
wj j number of units on the network that comprises the unit j. The total of estimated parameter in network j will be denoted

19 i+ = Lica, Ui - The probability o; that cluster i is included in the estimator is the same for all cluster within a given
network Jj: this probablllty will be denoted by v;. The probability v, that the initial sample contains at least one unit in
each of the networks j and & is

== () (L)) )

when the initial sample is selected without replacement and

w; n1 w1 w;+ Wy, "
Vin { N N N

when the initial sample is selected with replacement. With the convention that v;; = v;. For any network j, J; is a
Bernoulli random variable with expected value E(J;) = v; and var(J;) = v;(1 —v;) For j # h, the covariance of the
indicator variables is

cov(vj,vp) =E(Vivy) —E(V;)E (Vi) = Vjn — VjVp,

thus

1 & Oy i 1
var (3 £ 22 ) = £ E o ) )

¢ ¢
=37 L X B O (Vin— Vi) /(Viva)-

1 & O i LSS
Var) | =Y —t— ::—zzzﬁkf Bppe (Vi = VicVi) / (VieVi Vi ) - (12)
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The second term of (11) is

~ 1 & S
E\V. (zs» ):EV -
1Vary ( O¢ur 1Var, (NZ] o

< i JkVarz ﬁkf ))
=1
1 & Ui 1 Z?iﬁ’kj
=F |—= — Vi — — P
] _Nzlc; o e <Plk (mk(l FPyk /(g — 1)
' G D Vanby)
PE \ m2(1+ Py / (1 — 1))

i
- -L T i L Z;ni]ﬁko
—h _Nzk;l o <P12k <mi(1+P3kKk/(Kk1))2>>]

1 Yo )]

P m(1+ Py / (i — 1))°

1 (P Oip + PocOia) (1+ Py / (1 — 1)))]
Py, mi(1+ Py / (i — 1))

iv:mkl ( Prj Oy p + Py Oy >
Nzk:] O P12k(1+P3kKk/(Kk_]))
(13)
~ [REEAR 7
E\Var, (ﬁfHT) = ml;mk?:, (14)

where

= < Pry Oy p + Py Oy )
P (14 Py / (ke — 1))

Substituting the values from (12) and (14) into (11), we get the expression of the variance of the estimator 3fHT in
(10).

3.2 When the unrelated rare non-sensitive attribute is unknown

Responses are obtained twice from each respondent to estimate the MNSA, while the unrelated uncommon innocuous
characteristic is unknown. These randomization devices consist of the decks of k; similar cards as described in Section
3.1. Initially, the respondents chosen from the ith cluster are asked to answer “yes” or “no” using the first randomization
device based on the

1.“Do you have the rare sensitive attribute F'?,” with probability Py;;
2.“Do you have the rare unrelated attribute U ?,” with probability Py;;
3.“Draw one more card,” with probability P3; = 1 — Pj; — Py;.

As in Section 3.1, the remainder of the process is the same.

Using a second randomization system consisting of the above statements with probabilities Ty;, Ty;, and T3; instead
of Py;, P;, and P3;, respondents chosen from the ith cluster are again challenged to answer the same queries. As in
Section 3.1, the remainder of the process is the same. Based on responses collected using two randomization devices, the
probabilities that respondents in the ith cluster answer “yes” are

@it = [P1; Big +Paifiu| [1+ Pyiki/ (16— 1)], (15)
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and

@2 = [T1i Biy + TaiPiu] [1 + Taiki/ (16— 1)) (16)

Note that both F and U attributes are very rare in population. As before, assuming that, m; — oo, ¢;; —0and @ — O,
we Q;1 m; = i1 > 0, and Qipm; = Uy >0as Biu — 0, where miBiu = Oy > 0, and m,ﬂif = 19,'](' > 0. Subsequently, (15)
and (16) we get

B = [Pi; Oif +Poith| [1+ Psiki/ (1 — 1)], (17)

and

B = [T Oip + Toi%] [1 4 Taiki/ (ki — 1)]. (18)
Likewise, as for (4) and simplifying (16) and (17), we get

I &
o L = [Pui B Pt [1-+ P/ (1), (19)
L=
; ZYIZJ — [le ﬁzf +T2119m:| [1 +T31Kz/(Ki - ])]; (20)
1
Jj=

where y;1; and y;; are the first and the second answers of the jth (j = 1, 2,...,mi) respondent in the ith cluster.
Solving (19) and (20) , the estimators of ¥;y and ¥¥;, are

1)

~ T21Z 1Yilj P21Z 1y12j
Vipp =

1
m; (ToiPri — T P;) <1+P3ﬂ<z/(z 1) 1+Tk/(k—1)
where TQ[P]I' 7& T” PQ,'

3 1 leZ, 1 Yilj P1iZTL;)’i2j )
u2 = - )
Y m (T Py — ToiPyi) \ 1+ P/ (ki — 1) 1+ Tyki/ (ki — 1)

where TZiPIi 75 T” Pz,'
The final estimator of the mean total number of persons having a rare sensitive attribute in the population is then

Z ﬁkfz Jk 23)

ﬁerz
=1 %

N
Theorem 3.4. The estimator ﬁﬂnzof the MNSA attribute Oy is unbiased.

Proof.
We consider E| is the expected total number of first-stage selections and E; is the expected total number of second-

stage selections then it is easy to conclude that £ (5]«-1172) =y .

Theorem 3.5. The variance of the estimator O¢gr> is

. 1 K K N (I)k
Var ('9fHT2) =32 [Z Y O o (Vo — Viv) / (ViVi Vi) + Y M | (24)
=1 =1 =1
where
Dy = (PiHTo + T1icPuQx) O — (PucHi Tog + T Por Qi) O — 2TorPoic( Ti PiicSi s+ TorPok B ),
T
H; = x )
14 Pyki /(K — 1)

and

- Py

Qk - 2 .
T A1+ T/ (ki — 1)}
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4 A small example

In this section the sampling techniques are extended in this segment to a tiny community to shed light on adaptive
strategies’ measurements and features compared to each other and traditional designs. The population consists of just six
clusters; a large random sample was taken from each cluster and estimated the MNSA using (4) or (19), the
estimated-parameters of which are {1,0,1,0,3,5}. Both neighboring units are included in each unit (in which there are

only one or two). The condition is defined by C =: {3f : 5f > 2}. The initial sample size is nj = 2.

With the adaptive design in which the initial sample is selected by SRS without replacement, there are (g) =15
possible samples, each having probability 1/15. The resulting observations and the values of each estimator are listed in
Table 1.

In this population, the fifth and sixth units, with the ¥/ values 3 and 5 , respectively, form a network, and the fourth,

fifth, and sixth units, with 5]«- values 0, 3, and 5, form a cluster. In the fifth row of the table 1, the first and sixth units,
with Sf values 1 and 5, were selected initially; since 5 > 2, the double neighbor of the sixth unit, having 5f values
5, was added to the sample. Since 5 and 3 also exceeds 2, the neighboring units with 3f values 3,0 is also added to
the sample. The computations for the estimators are @-HT =(1/0.33+5/0.64+3/0.6)/6 = 2.72, in which a; = 1 —

(;) / (g) =033, m=m=1— (‘2‘) / (g) = 0.6. The estimator 5f] = (1+3)/2 =2 is obtained by averaging the

original units, the classical estimator 5f = 2.25 is obtained by averaging all four observations in the sample, and 3f =

(1+(5+3+0)/3)/2= 1.83.
From the variances and mean squared errors given in the last row of the table, one sees that, for this population, the

adaptive design with the estimator ¥¢yr has the lowest variance compare be the unbiased strategy.

Table 1: The resulting observations and the values of each estimator

networks 'l;fHT V1 ﬁif ﬁif

1.0 0.5 0.5 0.5 0.5
1.1 1 1 1 1
1,0 0.5 0.5 0.5 0.5

1,3;0,5 2.75 2 2.25 1.83
1,5;3,0 2.75 3 2.25 1.83
0,1 0.5 0.5 0.5 0.5
0,0 0 0 0 0
0,3:0,5 222 1.5 2 1.33
0,5:3 222 2.5 2.67 2
1,0 0.5 0.5 0.5 0.5
1.3;0,5 2.75 2 2.25 1.83
1,5;0,3 2.75 3 2.25 1.83
0,3;5 222 L5 2.67 2
0,5:3 222 2.5 2.67 2
3,5:0 222 4 267 267
Mean 1.67 1.67 1.65 1.35
Bias 0 0 -0.02  -0.32
MSE 097 129 094 0.8

5 Concluding

It is clear from the estimated average number of persons with a rarely sensitive feature (e.g., illegal usage of tax avoidance,
drugs, domestic violence, or illicit income) in the community scattered across a large geographical area through traditional
sampling structures is challenging. So we advise, Due to the social, political, and safety factors that usually lead to their
concentration in some geographical regions, using two-stage adaptive cluster sampling to estimate the uncommon sensitive
parameter under Poisson distribution. Thus, the proposed technique to the estimated average number of persons with a
rarely sensitive feature is therefore recommended for its use in practice as an alternative to Land et al. [6], Sing and Tarry
[12], Singh and Suman [14], Suman and Singh [13] and Narjis and Shabbir [?] RRT models.
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