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Abstract: In this paper, we present an analysis of the transient aadgtates of the infinite Markovian queueing system whetie bo
reneging and balking are defined and the system may be enteded catastrophes and server failures repair. Moreowere Sther
special cases are shown as special case of our new result.
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1 Introduction station. For example, in computer networks, if a job
infected with a virus arrives, it transmits virus to other

Queueing systems with reneging have attracted manjrOCessors inactivating them Chao, Miyazawa and Pinedo

researchers due to their applications in real life 5]. Hence, computer networks with a virus infection may

congestion problems such impatient telephoneP® modeled by queueing networks with catastrophes.
switchboard customers, perishable goods storagé).ther interesting articles in the area mglude (Harrisoh an
inventory systems and communication networks, forPitle [7], Henderson10] and Jain and Sigmarig]).
examples. Reneging is common phenomen in queues ; as Queueing systems with repairable servers often arise
consequence, customers depart after joining the queui® practice (Avi-ltzhak and Nao#],,Neuts and Lucantoni
without getting service due to impatience. These modeld16] and Vinod R1]). Such repairable server queueing
with impatient customers have been extensivelymodels are interesting, either from the point of view of
considered due to their versatility and applicability. An queueing theory or of reliability theory. These phenomena
M/M/c queueing system with reneging has been discusse@ccur in the area of computer and communication
in Haight ([8],[9]). Ancker and Gafarian3] considered systems where failure and repair of processors have a
an M/M/1/N queue with balking and reneging . For other major impact on the flow of jobs that have to be handled
examples of articles that address queueing systems whichy those processors (Towsley and Tripathi9][ and

use balking and reneging (see, K&3], Shawky [Lg , Wartenhorst22] ). Our motivation is to extend the work
Haghighi, Medhi, and Mohanty6], Abou-El-Ata and done by Kumar and Madheswarl4 and obtain a
Hariri [1] and Wang and Chang[)). general case.

Another salient feature, which has been widely  The rest of this paper is organized as follows. In
studied in the literature, is queueing systems subject td&Section 2, the new model is described and the governed
disasters ( Gelenbe and Pujoll&]l] ). The catastrophes equations are formulated under pursue the given
arrive as negative customers to the system and theiassumptions. In Section 3, the transient solution of the
characteristic is to remove some or all of the regulargiven model is derived and in Section 4 the transient
customers in the system. The catastrophes may comprobability of p._1(t) is also obtained. Moreover, the
either from outside the system or from another servicesteady state probabilities are easily shown for
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completeness .The main conclusion and summarized arprobabilitiespy(t), as follows:

finally given. 4ot
W0~ —now+ 91—, ®
dpo(t

2 Model Description WO _ 9 p®) +um 100, @
dpn(t)

We consider the M/M/c queuing system as well as dt —(@ +A+np)pn(t) +A pn-a (1)

balking and reneging with the probability of catastrophes. +(N+ 1)U Pnsa(t); 1<n<c, ©)

We consider the following assumptions: dpe(t)

Customers arrive at the system one by one accordin =—(9+AB+cu)pe(t) + A pe_i(t)

to a Poisson stream with rate. On arrival a customer dt a 4
either decides to join the queue with probabiftywhere dont) +ep+a)pera(t), (4)
B =Pr{a unit joints the queue} or balk with probability Pn(t) B

(1—B) where 0= B <1 if n=c(lwandB =1 if a0 T ABFTCeHF(1=0)alpn(t)+ABPn-1(t)
n=0(1)c—1. +lcu+ (n—c+D)a]pnra(t); n>c+1, (5)

After joining the queue, each customer will wait &\ qren 1) is the probability that there arecustomers in

certain length of timet for service to begin. If it has not the system at time given that there customersnitially
begun by then, he will get impatient and leave the queue

. : P ; and the failure probabilit®(t) (with p,(0) = ).
without getting served. This tim€& is a random variable o : ;
with the following density functionf (t) — a exp{—at}, Let P(s,t) be the probability generating function for

@ >0,t>0, whered is the rate of timeT. Since the the number of customers a waiting commencement of

i ; : rvi
arrival and the departure of the impatient customersSe ceas

without service are independent, the average reneging rate i et
of the customer can be given sy c)a. Hence, the used P(s,t) = Q(t) +Ge-1(t) + Z Pa(t)s™ " (6)
function of customers average reneging rate is given by: : e
_ () Wi
oy 0. at 0<n<c: andP(s,0) = s"\V. With
“l(h—ca, at n>c+1. 1 1

_1(t)= t),andt(i)=(i—c+1)[1- & (7
The service order is assumed on first-come first—servedqC (! nZO Pa(t) )= ) kZO d- (0
(FCFS) basis and the inter-arrival times, service times, . . ) )
and vacations are mutually independent. The servicdt is easily seen that the probability generating function
times are assumed to be independent and identicany(s,t) satisfies the fO”OW|ng partlal d|ﬁerent|a| equat|0n,

distributed (i.i.d) exponential random variables with mea 5p(s;t AP(st

1V U 419 _pst) () ~ e 1(1)
Apart from arrival and service processes, the 1

catastrophe occurs at the service facility as a Poisson X{)\B(S—l)+(0u—a)(§ —1)} —I9P(s 1)

process with raté® when server is operational (or up).

During operational periods, the system under HABPe-1(t)(s—1) + 9. (8)

consideration behaves as a stand&idM/c queue. With the initial condition Q(0) = 0, the solution of
Whenever a catastrophe occurs at the operational servegguation (8) is obtained as

all the customers in the system are flushed out 1

immediately and the sever gets inactivated. The repaiP(s,t) = exp{[AB(s— 1)+ (cu—oa)(= —1) - 3]t}

times of failed server are i.i.d, according to an exponéntia © S

distribution with mean 1n . <y (?'))exp{—a(r(i) — OO0

After a repair on the server is completed, the server =o
immediately returns to its working position for service t
when a new customer arrives. Further, it is assumed that x (1—exp{—at})* +/ exp{[AB(s—1)
the newly arriving customers will be lost forever during 1 0
the repair time of failed server. cU—al=—1) =3 t—WYABD- (U
+ (eH—a) (5~ 1)~ 9]t u)} {ABPe1(u)

% (5=1)~ [AB(s— 1)+ (cu— ) (£ — 1)

3 Analysis of the model t

% [Q(U) + Ge_1(u)] }du+ 9 /0 exp{[AB(s—1)
Using the assumptions given above, the forward 1
Kolmogorov equations can be written for the state +(cu—a)(g 1)~ Juidu. 9)
(@© 2017 NSP
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Using the Bessel function identity ( Watsazd]), Let

0 =2\/AB(cu—a),andy=+/AB/(cu—a), then

m=oo

=5 ()"

m=—oco

exp{(A Bs+ C” a

m(6t),  (10)

wherelm(.) is the modified Bessel function of order.
Substituting this in equation (9), we get

Qg

Nn=o0 o

S Y exp{—a(r(i)-

n=—w7=0

x (1—exp{—at})% exp{—wt}n(6t)y" T+
t N=o

+19/ > In(6u)y's"exp{—wu}du

n=—oo

P(sit) =

+/t nz°°| B(t— u))y's" exp{— it —u)}
X {ABpc-1(U)(s—1) —[AB(s—1)

+ (o - )3~ D]QW) + 6 1(u])du

wherew= A 3 +cu — o+ 39 and comparing the coefficient
of s" on right and left hand side, we have foe= 1,2, 3, ...

5 () exp(—a(r(i)— O)tHn 1260

=0
x (1—exp{—at})¢exp{—wt}y" "¢
+ (cu— O{)y”/ot exp{ —w(t—u)}Hn(8(t —u))

< QW)+ Go 1(Wldu+ Ay [ e s(u)
% (In-1(8(t —U)) — Yin(B(t — )))

t
x exp{—w(t—u)}duﬂﬁy"*l/o [0e_1(U)

+ Q(u)] exp{—w(t —u)}yln(6(t —u))
—In1(B(t—u)) — Ins2(8(t — u))]du

(11)

Pric-1(t) =

+ f}y“/ot exp{—wu} In(Bu)du (12)
and, forn= 0,
dea(t) = Y () exp{—a(r(i) = Q)¢ (B0
fe=)
< expl -t} (L expl—at) + 8 [ pe1(w
« (M—Io(e(t—u)))exp{—w(t—u)}du
428 [ expl -t )} QW) + . 1)
_ 2,(6 ( u))

x (lo(6(t —u))
t

<[ expl—eot — ) Ho(B(t — ) de-2(u

+ Qu)ldu+ 9 /0 " exp{— cou}lo(Bu)du — Q(t) (13)

)du+ (cu—a)

WhereP(s,t) does not contain terms with negative powers
of s, the right-hand side of equation (12) withreplaced
by —n, must be zero. Thus,

g yexp{—a(T(i) — Ot} (1—exp{—at})syr T+

x exp{ —wt}ln (i)—¢(61) + (cu —a) y“/l B(t—u))
x exp{—w(t — U) }Q(U) +de—1(U)]du+ A By*

t
></0(|n+1(9(t—u))—Vln(e(t—u)))exp{—w(t—u)}

<o a(0)du+ABY [ expl—ft - W)n(6( - u)
—lnp1(6(t—u)) = In-1(6(t — u))][Ac—1(u)
+Q(U)|du+ 9y /O " expf— cou} In(Bu)du = 0.

Where we have uset n(.) = Im(.). Usage of equation
(14) in equation (12) considerably simplifies the work and
results in a simple expression fpr(t). This yields, for
n=123..

(14)

P a(t) = ﬁ<z“>>exp{—at<r<i>—z>}exp{—wt}
=o
X (Inr(i)+2(6t) = Ingriy— (BT
x (L—exp{—at}) +ny“/0 tfu)
x exp{—w(t —u)}pc_1(u)du. (15)

Here, we have obtainegyn,c_1(t) for n = 1,23 ....
However, this expression depends ug®ni(t). In order
to determingpp.c—1(t) in next section.

Putd =0andn =0,

Pnic-1(t) = i(?i))exp{—at(r(i) — )yt
(=0
X (In (i )+Z(6t)_|n+r (i)—¢ (et))

x (1—exp{—at})Sexp{—(AB+cu—a)t}
+ Iﬂv”/ot Wpc_l(tﬂ
x exp{—(AB+cu—a)(t—u)}du. (16)

This result have obtained by AL-seedy, El-Sherbiny, EI-
Shehawy and Ammag].

4 Thetransient probability pc_1(t)

To determine the probabilitieg,(t),n = 0,1,2,...,c — 1,
consider the system of equations (1)-(3) subject to the
condition (13), the system (3) together with (2) can be
expressed in the form:

& P(t) = AP() + (¢~ Dpes(t)es 1 + QL. (17)

(@© 2017 NSP
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where
P(t) = (pO(t)a pl(t)a pZ(t)a ey pC—Z(t))Taand [S+)\ + 9+ (C— 2),_1]
A = (&) (c-1)x(c-1)s (18)  uc1j(9) = XUg_2j(S) — AUc_3j(9), j=0,1,2,...,C-3;
with S+HA+I+(c—2)u, j=c-2,
A, j=k-1, k=1,2,...,c-2; .
ag=4 —(A+9+ku), j=k k=0,12,..,c-2; (19) anducj(s)=0forkandj.
(k+ 1), j=k+1, k=0,1,2,...,c-3, To facilitate computation, we have suppressed the

ande;_1 = (0,0,0,...,1)",e; = (1,0,0,...,0)T.

argumens. The advantage in using these relations is that

the authors do not evaluate any determinant. Using these

Let f(s) denote the Laplace transform for the function in (22), we have

f(t), by transforming of equation (17) and solving, we

obtain

P(s) = (s-A) {(c— D ppe_1(S)ec_1 +nQ(s)er + P((())}a)
20
with P(0) = (&0, 81,82, ..., Gic—2)". Thus, onlypz_1(s)
remains to be found. We observe that if
e=(1,11,..,1)" and
Gc-1(S) = €"P(s) + Pe_1(9),
using equation (13) and simplifying, we get

2 &  F_JFZ—g? .
Pea(9) ={ %(—1)9(5)(;<'>)(u)r<u>—z
Eod=

(21)

- oy

PP 9n
VIzZ=g2" s(s+39+n)
x (sl-A)"ley] — (s+9)e' (s-A)"1P(0)}

x {s+9+Ap— (PP V;’Z—ez)

+(c—u(s+9)e’(s-A) Tee1}
wherep=s+wandl = p+a(t(i)— {+09).

[1—(s+9)e

(22)

w ( ) 5 >
Pe-1(s) = gy 0y VT8¢
Pe-1(s) {520920( %) (7 ) ay )
VP2 - 62 In
() Tt 8T
c2 c-2c-2
X k;éko(s)] —(s+ ﬁ)j;k;djékj (s)}

x fs+9+ap— (PP V;’Z_ez)

c-2

+(c=Du(s+9) Y &eals) (25)
K=0
andk=0,1,2,....c— 2,
c-2
Pr(s) = zocﬁjékj () + (c— 1) péyc2(s) Pe-1(9)
=
+N&ko(s)Q(S). (26)

It is clear thatag;(s) are all rational algebraic function in
s. The cofactor of the(i,j)th element of (sl-A) is
—2— i —j|. In particular, the

order matrices the usual procedure can be employed. Fisfactor of the diagonal elements are polynomials of

in Raju and Bhat17] to get the element of the matr
A)~L. To this end, let

(81-A) ™ = (& (9) (c-1)x(c-1)» (23)

we note thaf(sl-A) is almost lower triangular. Following
Raju and Bhat17], we obtain

1
C ) [Ue-1,j+1(S)Uk0(S)

A (7+D)u .
A;(s) = —Ugj+1(SUc-10(8)], j=0,1,2,...c-3;
Ui o(S) (Uc-1,0(5)) 7%, j=c-2.
(24)

Fork=0,1,2,...,c— 2, whereu, j(s) are defined by
Uk,k(s) =1, |(=O,:|.,2,...,C—27
S+A+9 +ku

., k=0,12..c-3
(k+1)u

Ur1k(S) =

Uk +1k— | (s) = ﬁ[(S—F/\ +39+ k“)uk,kfj (s)

_)\ukfl,kfj(s)]a k:1727"'7c_375jgk

Uc—10(S) = O is the characteristic equation #f. Since
ago=—(A+3),(A+3 #0) it is also known that the
characteristic roots oA are all distinct and negative
Lederman and Reuted}]. Hence the inverse transform
dj(t) of &(s) can be obtained by partial fraction
decomposition. Lets,, k = 0,1,2,....c — 2, be the
characteristic roots of matrik. Then

c-2 plir.m
A i
ai(s) = , (27)
=2 s
where the constants are definedgy/’
A = lim {(s—smai(s)}- (28)
Thus, we can writeyj (t) in the following form:-
c-2 (m)
qj(t) = Z Py exp{smt}, (29)
m=0

(@© 2017 NSP
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similarly
c-2 .
zo(c— 1)séj(s) = (c—1) +bj(s),j =0,1,2,...,c - 2,
k=
. (30)
wherebj(s) can be resolved as
R c-2 B(.m)
bi(s) = L 31
i(s) WEOS—Sn (31)
with
(m) ] c-2
B = Jim {(s—sn(c-D) 5 (9} (2)

Then the inverse transforhy(t) of E)j (s) is given by

c—2

z Blm exp{snt} j=01,2,...c—2. (33)

Using (30) in (25), we obtained

o . _ 2__P2
a9 = (3 3 (~19G) (g =)0

=0g=0
p? — 62 9N bo(s)
(22

\/r2 92 5) s(s+9+4n) c—
B %d,{ (c—1) +b()}}

P
2

hence (34) simplifies to

x

+a—p+pbe2(9)} 7t (34)

(=] m

> ("3 (K mE - o™

m=0

[l

x e (+9](u—-r)}
)

< ey (B—r [ (8r—y)+ <([ g}

x exp{—wy} %

></Ou{exp{—w(u—r)}exp{—r(z9+n)}
« (I'“Jrl(ue#)/or((ﬂr x)—f—%)d +dr

(m+1)39n bo(u— x)) Im1(6X)
(3+n) Jo c—1 X

c—2 u
x exp{—wx}dx—(m+1)lzodj/o (3(u—x)

bj(u—
I j(u—x)
u—x

pe-1(t) =

G
D exp{—[w+ a(r( )—
)
(7'”‘“;9y))d Jdr

u(cS(u—X)—F

} Im+1x(9x) exp{—wx}dx}du,  (35)

whereb:¥,(t) is k—fold convolution ofb._»(t) wit itself,
we note thab?®,(t) = &(t). Finally fork=0,1,2, ...,c—2,

c—2

Pk(t) =

3 8i880(0) + (0~ Dt [ e 2(upo 2(t - )
=

+ (8—”> /t[l—exp{—u(ﬁ Y]
9+n)Jo n
X 8o(t — u)du. (36)
Thus (15), (35) and (36) completely determine all the state

probabilities of the queue size.
Remark at? = 0 andn =0,

N

Pk(t) = ‘_:7 Oijé; () +
=

(c=Du
t

x / B2 (U)Pe_y(t — U)du. (37)
0

This result have obtained by AL-seedy, El-Sherbiny, EI-
Shehawy and Ammag].

5 Steady state probabilities

Let (c;i‘Ba) <1land
t“_ql Pn(t) = Th = msﬁn(s)v (38)
lim Q(t) = Q= lim sQ(s). (39)

The Laplace transform of equations (13) and (15) are
M= V2= 6% i
Oy

2 __ 02 _ 2 __ 02
A P Y P

(40)

d L0, F—v/'z—ez)zfr(l)

¢{=09=
R L .
~ yrO-4 (=)
6 0
—1()+¢ _Jpr 8z
Y+ (P T 9 e

from (20), we have
m=limsP(s) = (c— 1) um_4[lim(sl-A)~2
s—0 s—0

+nQlim(s-A) Yex.

lec-1
(42)
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Also from (40) and (41), we get

T _.n 1
@cfl - Lm)glcfl( ) 19 +n + 3 9
w—Vw?— 62
X (AT 1, (43)
o w—Vw?— 62
Thic-1 = limsPnic 1(8) = (y——7—)"Tk_1, (44)
s—0 0
and (21) and (38), we have
n 1
Qear=e"m+ 1—194_’7-%19
w—Vw?— 62
X (F—y—— —AP)T1, (45)
This, together with equation (42), yields
_9n “1
o= 5 (1= 9ellim(s-A) Hey)
2 — 02
x{9+AB— w
+ud(c—1e [Ilm(sl -A) e 1} 7L, (46)
where

c-2
e limel-A) Mec-1 = limy 5 &c-2(9

c-2 A
_ lim AUk,O(S)
& s—0 uc,l,o(s)
c—2 UkO
= 47
z b Uc— 10 (7)
and
[Ilm(sl -A) e = I|m z &ro(s
_ z Uc 11 )UKO(S)_chl,O(s)aKl(s)]
HOC—LO(S)
_ Ciz[uc—LlUk,O — Ue-1,0Uk1; (48)
= HUc-1.0
Using (47) and (48) in (46), we obtained
an =2 Ug_11Uk 0 — Ug—1,0Uk 1
1= —1-2 . -
Te1 19—|—r]( & HUc-1,0 )
2 B2
x {9+ AB— w
% o
+ud(c-1)y —=}°L 49
W=D 3 oo (49)
Similarly fork=0,1,2,....c— 2,
Tk = (C— 1)payc 27%—1+ NQap, (50)

and from (44) fom=1,2,3, ...

w—Vw?— 62
Thic—1 = UQVn(f)n
Uc 1,1Uk,0 — Uc—1,0Uk 1
x(1-9 -
z HUc—1.0 )
> 02
x(94+Ap-2 ‘; 0
- 1
+ud(c—1) . 51
u ZO ™ 10 (51)
6 Conclusion

Indeed the given analysis of infinite buffer Markovian
gueueing system with ¢ servers, balking and catastrophes
and server failures is carried out for such a system have
potential applications in many manufacturing systems and
computer networks. The obtained formulas for the system
queue length and failure distributions in both cases
transient state and steady state can be easily used to
estimate the reliability and the efficient of the considered
model. This work provides a more general analysis to
solve such models. Moreover, some other special cases
can be easily obtained of our new model by a direct
substitution.
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