
Progr. Fract. Differ. Appl. 12, No. 1, 87-104 (2026) 87

Progress in Fractional Differentiation and Applications
An International Journal

http://dx.doi.org/10.18576/pfda/120106

Control and Stability Assessment of a Fractal-Fractional
Order Finance System

Muhammad Farman1,2,3∗, Abdul Sattar Ghaffari4, David Amilo1, Zubaria Parvez5, Aseel Smerat6,7, and Mohamed
Hafez8,9

1 Department of Mathematics, Mathematics Research Center, Near East University, Nicosia /Mersin 10 Turkey
2 Department of Computer Engineering, Biruni University, Istanbul, Turkey
3 Research Center of Applied Mathematics, Khazar University, Baku, Azerbaijan
4 Department of ORIC, Shifa Tameer-e-Millat University, Islamabad, Pakistan
5 Department of Business Administration, Near East University, Turkey
6 Faculty of Educational Sciences, Al-Ahliyya Amman University, Amman 19328, Jordan
7 Department of Biosciences, Saveetha School of Engineering, Saveetha Institute of Medical and Technical Sciences, Chennai, 602105,

India
8 Faculty of Engineering and Quantity Surviving, INTI International University Colleges, Nilai, Malaysia
9 Faculty of Management, Shinawatra, Pathum Thani, Thailand

Received: 2 Sep. 2025, Revised: 18 Oct. 2025, Accepted: 20 Nov. 2025
Published online: 1 Jan. 2026

Abstract: A novel differential operator is presented that combines fractional and fractal differentiation with a number of different
kernels. The connection between fractional calculus and fractals is well-known in the literature, and fractal economic processes are
thought to offer more realistic models for economic and financial market issues than traditional models. In order to create a
mathematical model for a chaotic financial system that incorporates price measure, investment demands, and minimum rate of interest
characteristics, a novel chaotic finance system with a minimal interest rate is built utilizing an extended Mittag-Leffler kernel. We
analyze the suggested model using fundamental equations, fixed point notions, and local and global stability. With an emphasis on
fractional-order systems, Chaos Control is utilized to control linear reactions. In order to guarantee stability and influence at
equilibrium points, the controlled design makes sure that solutions are limited within the possible domain and have an influence at
lower minimum interest rates. Using Newton’s polynomial-based algorithm, several scenarios are conducted to explore the
implications of fractional order and fractal dimension. The results, which were compared using various kernels, are shown by the
proportion of minimum interest rates in various countries. In tackling financial and economic growth policy, the results of this study
are noteworthy and innovative.

Keywords: Financial development; Fractal fractional model; Qualitative study; Chaos control; Stability analysis.

1 Introduction

The literature on finance, economy, and mathematics frequently addresses macroeconomic inquiry, demand and demand
elasticity, and saving and investing rates. Investments and savings are influenced by different factors; investments are
more dependent on risk and economic viability, while savings are largely determined by financial status and earnings.
These elements are essential to comprehending finance and the economy [1]. Even though they are the results of distinct
choices, saving and investing must be treated equally in a closed economy. Time-series and cross-sectional analyses
show strong relationships between saving and investment rates, which are lower in smaller economies but greater in large
and small ones [2,3]. By sending capital to places with high returns, savings can improve a nations’ foreign policy,
according to the capital mobility theory. This is especially true for small, open developing nations. When evaluating how
foreign direct investment affects domestic capital formation and growth, care should be used [4]. Contrary to
conventional macroeconomic theory, which holds that investment limits output growth according to the savings rate, an
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increase in national savings will have a greater impact on surplus current account balances and lowering the deficit than
it will on local consumption or output growth. According to two articles [5,6], the balance between supply and demand
for capital determines the amount of investment in a particular case, with savings presumed to automatically support
investments. Even while savings may contribute to the erratic character of demand [7], Domar’s examination of the
growth model [8] indicates that higher investment is required to sustain full employment. Feldstein and Stock’s empirical
evidence [9], which demonstrated that investors choose maintaining their savings locally to shield themselves from
currency and risk related to politics, reinforced the research’ focus on increasing savings and investment rates.
Obsefeld’s study [10], which is backed by studies in [11,12,13,14], indicates that regional investment and national
savings retention are possible even in an extensive open economy like the US. Demand elasticity allows for more
accurate understanding of demand fluctuations by measuring how consumers respond to changes in the market [15]. It
illustrates how sensitive demand is to shifts in income and price, which are impacted by a number of variables, including
cost, revenue, good quality, and customer preferences. The financial sector is shifting towards sustainability and social
justice, owing to technical advancements and increased awareness of environmental and societal challenges [16,17].

A mathematical subject that dates back 300 years, fractional calculus is renowned for its memory and capacity to
characterize the inherited qualities of materials and processes. It is essential for resolving real-world issues and has
attracted the attention of mathematicians, physicists, and engineers in the last ten years [18]-[24]. Since fractional
models have been shown to accurately depict a wide range of biological and physical systems and processes, they are a
vital tool in many different fields [25]-[30]. The dynamics of a fractional-order delayed zooplankton-phytoplankton
system are examined in the paper [31]. It is found that delay has a considerable impact on the stability and Hopf
bifurcation time in both fractional-order controlled and fractional-order delayed systems. study [32], which also
evaluated the iterative approximate technique using the Adams-Bashforth predictor-corrector scheme. The fractional
HBV transmission model was thoroughly examined through the use of computational and mathematical methods. Using
an isobutane graph with the chemical formula C4H10 and CAS number 75-28-5, Turab et al. [33] enhanced the
mechanism of chemical graph theory. On such graphs, they looked into the existence of solutions to fractional boundary
value issues of Caputo type using results from fixed point theory. In his fractional-order financial system [34], Wei-Ching
Chen examines chaotic motions, periodical motions, and dynamic behaviors. The lowest order that produces chaos is
2.35, indicating that chaos occurs in systems with orders smaller than 3. The report also pinpoints interruption and period
duplication as paths to chaos. [35] discusses a delayed fractional order financial system that is investigated via numerical
simulations. It demonstrates that the development of chaos can be either accelerated or inhibited by an approximate time
delay, and that the lowest orders of chaos occur at varying delay values. With negative parameters, Tacha et al. [36]
created a fractional-order finance system that permitted fractional orders as low as 1.74. By altering the system’s
eigenvalues, asymptotic stability theorems can be satisfied. For the examination of complex dynamic conduct, nonlinear
analysis methods were employed. Wang et al. [37] investigated the dynamics and complexity of a time-delayed
fractional-order financial system, noting significant complexity and transitions to deterministic chaos, particularly in
reaction to changes in derivative orders. Using terminal sliding mode control and a deep learning recurrent neural
network, a novel finite-time technique for regulating and synchronizing fractional-order systems was created [38]. When
the method was used on a chaotic financial model, it showed promise in high disturbances. The paper [39] presented a
profit-margin hyperchaotic financial system and discussed how to solve it with a fractional-order hyperchaotic finance
system based on Caputo derivatives. Recently proposed mathematical tools for handling complicated patterns [40]-[44]
are fractal-fractional operators. Because of their complexity, they are helpful for investigating chaotic systems with
different dimensions since they generalize fractional and classical operators. Using the fractal-fractional derivative of the
Caputo sense, researchers have created a new technique for examining the dynamics of a three-agent financial bubble
([45]). Transition effects were observed in the attractors derived by K. B. Kachhia [46], who used fractal-fractional
derivative operators to examine chaos in financial models. For financial marketing, the study in [47] developed a
generalized Black-Scholes equation in fractal dimensions, with an emphasis on pricing boundary possibilities and
calculating the values of fractal dimensions in time as well as space.

The goal of the work is to develop a new financial model for complex nonlinear differential equations using the
fractal-fractional derivative. It analyzes the behavior of financial markets using fractional parameters and the fractional
fractal Mittag-Leffler derivative. The fractal-fractional framework aids understanding of financial instability by simulating
non-linear, complicated, and memory-dependent market characteristics including volatility clustering and heavy-tailed
distributions. Standard models overlook these non-local, scale-invariant fractal dimensions and persistent memory effects,
which are critical for effectively forecasting and controlling financial instability during crises. The strong memory effect
is better described by the model, which expands upon the fractional order finance model. Additionally, we will go over the
characteristics of these operators and show how methods such as the Newton polynomial may be used to quantitatively
approximate them.
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1.1 Key Definitions

Definition 1.1. [44] On (a,b), let us assume that M(t) is a fractal differentiable function with order ϕ . Let 0 ≤ α,ϕ ≤ 1,
then

– For a power law kernel, we have

FFP
0 Dα,ϕ

t M(t) =
1

Γ (1−α)

d
dtϕ

∫ t

0
(t − γ)−αM(γ)dγ, (1)

where
dM(γ)

dγϕ
= lim

t→γ

M(t)−M(γ)

tϕ − γϕ
. (2)

The integral is defined as

FFP
0 Iα,ϕM(t) =

1
Γ (α)

∫ t

0
(t − γ)α−1

γ
1−ϕM(γ)dγ. (3)

– For an exponential decay kernel, we have

FFE
0 Dα,ϕ

t M(t) =
W (α)

Γ (1−α)

d
dtϕ

∫ t

0
exp

[
− α

1−α
(t − γ)

]
M(γ)dγ, (4)

where H(α) is normalization function and W (0) = 1 =W (1). The integral is given by

FFE
0 Iα,ϕM(t) =

(1−α)t1−ϕM(t)
W (α)

+
α

W (α)

∫ t

0
γ

1−ϕM(γ)dγ. (5)

– For a Mittag-Leffler kernel, we find

FFM
0 Dα,ϕ

t M(t) =
AB̧(α)

1−α

d
dtϕ

∫ t

0
M(γ)Eα

[
− α

1−α
(t − γ)α

]
dγ, (6)

with AB̧(α) = 1−α + α

Γ (α) be a normalization function. The integral is

FFM
0 Iα,ϕM(t) =

(1−α)t1−ϕM(t)
AB̧(α)

+
α

AB̧(α)Γ (α)

∫ t

0
(t − γ)α−1

γ
1−ϕM(γ)dγ. (7)

2 Proposed Financial Model

Using the dynamic financial model presented in [48], the objective is to improve the outcomes by adding novel ideas
regarding effect interest rate and a practical perspective. Three state variables’ time-variation is described in the model as

1. x: Interest Rate ,
2. y: Investment Demand ,
3. z: Price index .

For formulation of model, the following key assumptions are taken into account:

– Two primary causes impact interest rate changes: structural modification from advantageous rates and investment
sector incompatibilities or gap between investment and savings.

– The investment demand rate fluctuates with respect to the investment rate and inversion rate, whereas the interest
rates and costs of investment have a corresponding impact on the variation in investment demand.

– In commercial markets, the disagreement between supply and demand controls fluctuations in Z, whereas inflation
rates also have an impact.

– To understand its effect on investment demand, the study proposes to incorporate the minimal interest rate (κ) into the
interest rate (x). In order to understand the dynamics of investment, the method uses the interest-investment product
to calculate the investment rate (y).

– Different countries have different minimum interest rates (κ) to regulate economic conditions. [51] lists interest rates
for a number of countries as of August and September 2023, reflecting borrowing and savings returns in each country.
For more than a century, real interest rates on safe investments have stayed steady at about 2%, but during the last three
decades, they have drastically decreased because of the need for accessibility and security, the slowing expansion of
the world economy, and the increased demand for safe assets. Interest rates have stayed historically low despite the
global financial crisis; studies conducted in seven different nations since 1870 have shown that safe real interest rates
have been declining since about 1980.
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By choosing the right coordinate structure and dimensions for state variables, new financial systems can be created using
the fractal fractional order derivative as follows:

FFMDα,ϕ
0,t (x(t)) = z+(y−ω)x+κ,

FFMDα,ϕ
0,t (y(t)) = 1−x2 − (η +x)y,

FFMDα,ϕ
0,t (z(t)) = κ −x−δz,

(8)

with the initial conditions
x(0) = x0 ≥ 0, y(0) = y0 ≥ 0, z(0) = z0 ≥ 0, (9)

where α,ϕ ∈ (0,1]. In commercial marketplaces, ω , η , and δ stand for the savings, the investment cost, and the demand
elasticity, respectively. The non-negative nature of these parameters is evident. Fractal fractional-order finance model (8)
provides a complete framework for understanding the intricate, non-local, and memory-specific dynamics of the financial
sector. They account for both fractional order (memory effects) and fractal dimension (geographical diversity), yielding
greater insights into market behavior and stability than models that just include one feature.

3 Fractional order System’s Analysis

3.1 Positive Solutions

Theorem 3.1. If xn(0) ≥ 0,yn(0) ≥ 0,zn(0) ≥ 0, n ∈ N, and (xn,yn,zn) is a solution with any positive beginning
conditions concerning the system (8). Then, for all t ≥ 0, it has xn(t)≥ 0, yn(t)≥ 0, zn(t)≥ 0.

Proof. Consider the norm as∣∣∣∣ν∣∣∣∣
∞
= sup

t∈Dν

|ν(t)|. (10)

We have
FFMDα,ϕ

0,t x(t) = z− (y−ω)x+κ,

≥ −(|Y |−ω)x,
≥ −(sup

t∈Dy
|y|−ω)x = −(||y||∞ −ω)x. (11)

Then, ∀t ≥ 0, we have [?]:

x(t) ≥ x0 Eα [−
υ1−ϕ α((||y||∞ −ω)tα

ÃB(α)− (1−α)(||y||∞ −ω)
]. (12)

Also, we have
FFMDα,ϕ

0,t (y(t)) = 1−x2 − (η +x)y,
≥ −(η + |x|)y,
≥ −(η + sup

t∈Dx
|x|)x = −(η + ||x||∞)y, (13)

so that

y(t) ≥ y0 Eα [−
υ1−ϕ α((||x||∞ +η)tα

ÃB(α)− (1−α)(||x||∞ +η)
], ∀t ≥ 0. (14)

For the third equation of the system (8), we obtain

z(t) ≥ z0 Eα [−
υ1−ϕ α(δ )tα

ÃB(α)− (1−α)(δ )
]. (15)

Theorem 3.2. In addition to starting conditions, the fractional order finance system is distinct and restricted in R3
+.
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Proof: We prove the uniqueness of system over the interval (0,∞). Thus, it is essential to demonstrate the non-negative
region (R3

+)’s positively invariance. We have

FFMDα,ϕ
0,t x(t)|x=0,z≥0 = z+κ ≥ 0, (16)

FFMDα,ϕ
0,t y(t)|y=0,x≥0 = 1−x2 ≥ 0, (17)

FFMDα,ϕ
0,t z(t)|z=0,x≥0 = κ −x ≥ 0. (18)

If (x0,y0,z0) ∈R3
+, then (16) suggests that the hyperplane is an impassable barrier for the solution demonstrating that the

domain R3
+ is positive invariant set. Hence, we conclude that

ζ = {(x(t),y(t),z(t)) ∈ R3
+}, (19)

is the positively invariant region.

3.2 System Solutions’ Existence and Uniqueness

The linear growth and Lipschitz conditions, along with fixed-point theorems such as the Banach fixed-point theorem, are
used to demonstrate the existence and uniqueness of solutions for fractional-order systems (e.g., [49,50]). The linear
growth requirement forbids endlessly massive solutions, whereas the Lipschitz condition ensures that only minor
changes in beginning circumstances occur for modest changes, demonstrating uniqueness. These conditions aid in
determining solutions within a specified interval. We consider here the system of equations proving the existence and
uniqueness of fractional calculus, which requires the following theorem to be proved.

Theorem 3.3. Let the positive constants, ρi, ρ̃i, exist such that

a. |∆ ∗
i (ϖi, t)−∆

∗
i (ϖ

∗
i , t)|2 ≤ ρi|ϖi −ϖ

∗
i |2 ∀i, i = 1,2,3. (20)

b. |∆ ∗
i (ϖi, t)|2 ≤ ρ̃i(1+ |xi|) f or all (x, t) ∈ R3 × [0,T]. (21)

Proof. Let 
FFMDα,ϕ

0,t (x(t)) = z+(y−ω)x+κ = ∆ ∗
1 (t,x,y,z),

FFMDα,ϕ
0,t (y(t)) = 1−x2 − (η +x)y = ∆ ∗

2 (t,x,y,z),
FFMDα,ϕ

0,t (z(t)) = κ −x−δz = ∆ ∗
3 (t,x,y,z).

(22)

For this reason, we will show that

|∆ ∗
1 (t,x,y,z)−∆

∗
1 (t, x̃, ỹ, z̃)|

2 = |(y−ω)(x− x̃)|
=
[
2|y|2 +2ω

2] |x− x̃|2

=

[
2 sup

0≤t≤T
|y|2 +2ω

2
]
|x− x̃|2

=
[
2∥y∥2

∞ +2ω
2] |x− x̃|2

≤ ρ1 |(x− x̃)|2 ,

(23)

where ρ1 = 2∥y∥2
∞ +2ω2.

|∆ ∗
2 (t,x,y,z)−∆

∗
2 (t, x̃, ỹ, z̃)|

2 = |(η +x)(y− ỹ)|
=
[
2η

2 + |x|2
]
|y− ỹ|2

=

[
2η

2 +2 sup
0≤t≤T

|x|2
]
|y− ỹ|2

=
[
2η

2 +∥x∥2
∞

]
|y− ỹ|2

≤ ρ2 |(y− ỹ)|2 ,

(24)
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where ρ2 = 2η2 +∥y∥2
∞.

|∆ ∗
3 (t,x,y,z)−∆

∗
3 (t, x̃, ỹ, z̃)|

2 = |(δ )(y− ỹ)|
=
[
2δ

2] |y− ỹ|2

≤ ρ3 |(y− ỹ)|2 ,

(25)

where ρ3 = 2δ 2. After that, we obtain

|∆ ∗
1 (t,x,y,z)|2 = |z+(y−ω)x+κ|2

≤ 2|z|2 +2κ
2 +2 [|y|−ω]2 |x|2

≤ 2
(

sup
0≤t≤T

|z|2 +κ
2
)
+2

[
sup

0≤t≤T
|y|−ω

]2

|x|2

≤ 2
(
∥z∥2

∞ +κ
2)+2 [∥y∥∞ −ω]2 |x|2

≤ 2
(
∥z∥2

∞ +κ
2){1+

∥y∥∞ −ω

∥z∥2
∞ +κ2 |x|

2
}

≤ ρ̃1
(
1+ |x|2

)
,

(26)

under the condition ∥y∥∞−ω

∥z∥2
∞+κ2 < 1.

|∆ ∗
2 (t,x,y,z)|2 =

∣∣1−x2 − (η +x)y
∣∣2

≤ 2+2
∣∣x2∣∣2 +2 [η + |x|]2 |y|2

≤ 2
(

1+ sup
0≤t≤T

|x2|2
)
+2

[
η + sup

0≤t≤T
|x|

]2

|y|2

≤ 2
(
1+∥x2∥2

∞

)
+2 [η +∥x∥∞]

2 |y|2

≤ 2
(
1+∥x2∥2

∞

){
1+

η +∥x∥∞

1+∥x2∥2
∞

|y|2
}

≤ ρ̃2
(
1+ |y|2

)
,

(27)

under the condition η+∥x∥∞

1+∥x2∥2
∞

< 1.

|∆ ∗
3 (t,x,y,z)|2 = |κ −x−δz|2

≤ 2κ
2 +2 |x|2 +2δ

2 |z|2

≤ 2
(

κ
2 + sup

0≤t≤T
|x|2

)
+2δ

2 |z|2

≤ 2
(
κ

2 +∥x∥2
∞

)
+2δ

2 |z|2

≤ 2
(
κ

2 +∥x∥2
∞

){
1+

δ 2

κ2 +∥x∥2
∞

|z|2
}

≤ ρ̃3
(
1+ |z|2

)
,

(28)

under the condition δ 2

κ2+∥x∥2
∞

< 1.
Because of this, our system has a unique answer for the following situations.

max


∥y∥∞−ω

∥z∥2
∞+κ2

η+∥x∥∞

1+∥x2∥2
∞

δ 2

κ2+∥x∥2
∞

< 1. (29)

To demonstrate uniqueness in contraction mappings, these coefficients must be less than or equal to one. They must meet
the Lipschitz condition, which ensures that each iteration of a function goes closer to a unique fixed point, ”shrinking” the
interval holding the solution and preventing numerous distinct solutions from coexisting.
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3.3 Equilibrium Points

All of the system (8)’s equations can be equated to zero in order to identify the system’s equilibrium points by determining
the point of engagement at the zero-growing isoclines.

z+(y−ω)x+κ = 0,

1−x2 − (η +x)y = 0,
κ −x−δz = 0.

(30)

The following equilibrium points result from selecting ω = 3, η = 0.1, and δ = 1 as the parameters:

P1(x, y, z) = (0.6449, 0.8785, 0.3676),
P2(x, y, z) = (0.586, 0.8305, 0.3633), (31)
P3(x, y, z) = (0.6213, 0.886, 0.349).

4 Stability and Chaos Control

With an emphasis on the stability features of the selected model, this part employs a number of theorems to illustrate the
local and global stability as well as the chaos management of fractional order financial systems.

4.1 Local Asymptotical Stability

Theorem 4.1. When the reproductive number is less than 1, our system (8)’s equilibrium point, P1, is locally
asymptotically stable in the feasible region.

Proof. System (8)’s Jacobian matrix evaluated at equilibrium point is provided by

J(P∗) =

 y−ω x 1
−2x−y −x−η 0

−1 0 −δ

 . (32)

One way to express the characteristic equation is as follows:

f (ψ) =

∣∣∣∣∣∣
ψ −y+ω −x −1

2x+y ψ +η +x 0
1 0 ψ +δ

∣∣∣∣∣∣ (33)

= ψ
3 +ψ

2 (x+η + p+ω −y)+ψ (ηδ +(ω −y)(η +δ +x)+x(δ +2x+y)+1)
+(η +x)(ωδ −yδ +1)+xy(2x+δ ).

(34)

At P1 and the parameters ω = 3, η = 0.1, δ = 1, we get

f (ψ) = ψ
3 +3.8664ψ

2 +6.8450ψ +3.6224 = 0, (35)

and the corresponding eigenvalues are

ψ1 =−1.5116+1.4180ι , ψ2 =−1.5116−1.4180ι , ψ3 =−0.8433. (36)

Therefore, P1 is locally asymptotically stable in the feasible region.
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4.2 Global Stability Analysis

Theorem 4.2. When the reproductive number exceeds 1, our system (8)’s equilibrium points are globally asymptotically
stable.

Proof. Let the Lyapunov function is as follows:

M = ρ1(x−x∗−x∗ ln
x
x∗

)+ρ2(y−y∗−y∗ ln
y
y∗

)+ρ3(z− z∗− z∗ ln
z
z∗
), (37)

Following from Lemma [?], we get

FFMDα,ϕ
0,t M ≤ ρ1(1−

x∗

x
)FFMDα,ϕ

0,t x+ρ2(1−
y∗

y
)FFMDα,ϕ

0,t y+ρ3(1−
z∗

z
)FFMDα,ϕ

0,t z. (38)

Substituting derivatives’ values

FFMDα,ϕ
t M ≤ ρ1(1−

x∗

x
) [z+(y−ω)x+κ]+ρ2(1−

y∗

y
)
[
1−x2 − (x+η)y

]
+ρ3(1−

z∗

z
)(κ −x−δz). (39)

We assume that x = x−x∗, y = y−y∗, and z = z− z∗, then we get

FFMDα,ϕ
t M ≤ ρ1(1−

x∗

x
) [(z− z∗)+((y−y∗)−ω)(x−x∗)+κ]

+ ρ2(1−
y∗

y
)
[
1− (x−x∗)2 − ((x−x∗)+η)(y−y∗)

]
+ ρ3(1−

z∗

z
) [κ − (x−x∗)−δ (z− z∗)] . (40)

We have

FFMDα,ϕ
t M ≤ z− z∗

x∗

x
+(y−y∗)

(x−x∗)2

x
−ω

(x−x∗)2

x
−κ

x∗

x
+1− y∗

y

−(x−x∗)2 +(x−x∗)2 y∗

y
− (x−x∗)

(y−y∗)2

y
−η

(y−y∗)2

y

+2κ −κ
z∗

z
− (x−x∗)+(x−x∗)

z∗

z
−δ

(z− z∗)2

z
. (41)

Let ρ1 = 1, ρ2 = 1, and ρ3 = 1, then we have
FFMDα,ϕ

0,t M = U1 −U2, (42)

where

U1 = z+(y−y∗)
(x−x∗)2

x
+1+(x−x∗)2 y∗

y
+2κ +(x−x∗)

z∗

z
, (43)

and

U2 = z∗
x∗

x
+ω

(x−x∗)2

x
+κ

x∗

x
− y∗

y
+(x−x∗)2 +(x−x∗)

(y−y∗)2

y
+η

(y−y∗)2

y

+κ
z∗

z
+(x−x∗)+δ

(z− z∗)2

z
. (44)

FFMDα,ϕ
0,t M = 0 if and only if x = x∗, y = y∗, and z = z∗, and FFMDα,ϕ

0,t M < 0 if U1 < U2, have been noted. A
reproductive number bigger than one, however, results in equilibrium P∗, and the singleton set {P∗} is the greatest compact
invariant set in

{(x, y, z) ∈ ζ : FFMDα,ϕ
0,t M= 0}. (45)

The equilibrium points are therefore globally asymptotically stable in ζ if U1 < U2 according to Lasalle’s invariance
principle.
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4.3 Chaos Control

Linear feedback can be used to regulate fractal fractional order finance models, thereby stabilizing chaotic markets and
attaining market synchrony. This methodology governs factors such as interest rates, stock prices, and foreign exchange
rates, offering a straightforward, low-cost, and easy-to-implement strategy for managing financial volatility and creating
more stable, predictable, and harmonious market circumstances. While state input controllers use eigenvalues and
Jacobian system matrices to stabilize fractional chaotic systems, we will employ the linear feedback regulate technique,
which uses equilibrium points to stabilize system (8). By introducing three control parameters; φ1, φ2, and φ3, we get

FFMDα,ϕ
0,t (x(t)) = z+xy−ωx+κ −φ1(x−x∗),

FFMDα,ϕ
0,t (y(t)) = 1−ηy−x2 −xy−φ2(y−y∗),

FFMDα,ϕ
0,t (z(t)) = κ −x−δz−φ3(z− z∗),

(46)

System (8)’s Jacobian matrix determined at equilibrium point is given by

J(P∗) =

y−ω −φ1 x 1
−2x−y −x−η −φ2 0

−1 0 −δ −φ3

 . (47)

The characteristic equation can be expressed in the following way:

f (ϑ) =

∣∣∣∣∣∣
ϑ −y+ω +φ1 −x −1

2x+y ϑ +η +x+φ2 0
1 0 ϑ +δ +φ3

∣∣∣∣∣∣= 0. (48)

Let φ1 = 1 φ2 = 2 and φ3 = 3. If ω = 3, η = 0.1, δ = 1. Therefore,

–At P1, we have

f (ϑ) = ϑ
3 +9.8664ϑ

2 +37.1321ϑ +50.7110 = 0, (49)

and we get

ϑ1 = −3.3170+2.1647ι , ϑ2 = −3.3170−2.1647ι ,

ϑ3 = −3.2324.

–At P2, we have

f (ϑ) = ϑ
3 +9.8555ϑ

2 +36.808742ϑ +49.5329 = 0, (50)

and

ϑ1 = −3.3393+2.1073ι , ϑ2 = −3.33393−2.1073ι ,

ϑ3 = −3.1770.

–At P3, we have

C(ϑ) = ϑ
3 +9.8353ϑ

2 +36.8378ϑ +50.00780 = 0, (51)

and

ϑ1 = −3.3098+2.1439ι , ϑ2 = −3.3098−2.1439ι ,

ϑ3 = −3.2157.
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Fig. 1: xyz at ϕ = 0.01 Fig. 2: xyz at ϕ = 0.01

Fig. 3: xyz at κ = 1 Fig. 4: xyz at κ = 5

Fig. 5: κ = 2.5, ϕ = 0.1 Fig. 6: κ = 2.5, ϕ = 0.6

Fig. 7: Proposed system’s chaotic behaviour

Equations (50), (51), and (52) all have eigenvalues that are either negative real numbers or complex numbers with a
negative real component. As a result, the system (8)’s are asymptotically stable for every 0 < κ < 5. The simulation of the
designed system, as depicted in Figure (7), demonstrates that solutions have a greater influence at lower minimum interest
rates and are bounded in the feasible region. The suggested model’s chaos can be further controlled using a variety of
strategies, including nonlinear feedback controls, sliding type control, passive control, adaptive control, delayed response
control, and active control. These techniques seek to turn chaotic financial systems into organized states, with advantages
in speed, robustness, and complexity over linear approaches.

© 2026 NSP
Natural Sciences Publishing Cor.



Progr. Fract. Differ. Appl. 12, No. 1, 87-104 (2026) / www.naturalspublishing.com/Journals.asp 97

5 Numerical Method

A numerical algorithm for the numerical results of a new finance system employing the generalized version of the fractal-
fractional derivative with an initial condition is presented in this section. A helpful technique for fractal-fractional system
solving is the Newton polynomial, which provides better management of non-linear and chaotic dynamics, a simpler
mathematical representation, and increased accuracy through the addition of more data points. When analytical methods
are not practical, this method offers an accurate and effective numerical solution to complicated problems. The steps of
the proposed approach are described in pseudocode by the following.

–Consider the problem

FFMDα,ϕ
0,t χ̄(t) = λ (t, χ̄(t)), t ∈ [0,T],

χ̄(0) = χ̄0, (52)

where λ (t, χ̄(t)) denotes a nonlinear function.
–Let h be the step size for temporal discretization and T be the total simulation duration. The number of steps is
calculated using

N =
T
h
,

and

tk = kh, k = 0,1,2, ...,N.

Note: For the solution of the proposed model, we set h = 0.2, T = 200, and number of iterations=1000.
–Rewrite the equation (52) by means of the fractional integral utilizing definitions.
–Discrete the integral using Newton polynomial interpolation.
–To estimate δ (t,G(t)) over the interval [tk, tk+1], apply a two-step Newton polynomial. Substitute it into the integral to

perform a quantitative calculation.
–Determine the numerical scheme of Gk+1.
–G0 should be the initial condition. Gk+1 for N = 0,1,2, ...,N −1 should be calculated.

Suppose that 
FFMDα,ϕ

0,t (x(t)) = ξ1(t,x,y,z),
FFMDα,ϕ

0,t (y(t)) = ξ2(t,x,y,z),
FFMDα,ϕ

0,t (z(t)) = ξ3(t,x,y,z).
(53)

Now, let the Cauchy problem be as given in (52) where χ̄ = {x,y,z}. Once the integral has been used, the Volterra formula
is given by

χ̄
(
tς+1

)
=C10 +

1−α

AB̧(α)
t1−ϕ

ς λ
(
tς , χ̄

(
tς
))

+AB̧
ς

∑
r=2

∫ t0+1

t0
λ (γ, χ̄(γ))γ

1−ϕ
(
tς+1 − γ

)α−1 dγ. (54)

Utilizing Newton polynomial, we get

χ̄
(
tς+1

)
= χ̄0 +

1−α

AB̧(α)
t1−ϕ

ς λ
(
tς , χ̄(tς )

)
+

α

AB̧(α)Γ (α)

[
ς

∑
r=2

λ
(
tς , χ̄(tς )

)
t1−ϕ

ς−2

∫ t0+1

t0

(
tς+1 − γ

)α−1 dγ

+
ς

∑
r=2

1
∆ t

{
t1−ϕ

ς−1 λ [tς−1, χ̄
ς−1(t)]− t1−ϕ

ς−1 λ [tς−2, χ̄
ς−2(t)]

}∫ t0+1

t0

(
γ − tς−2

)(
tς+1 − γ

)α−1 dγ

+
ς

∑
r=2

1
∆ t2

{
t1−ϕ

0 λ [tr, χ̄r(t)]−2t1−ϕ

ς−1 λ [tς−1, χ̄
ς−1(t)]+ t1−ϕ

ς−2 λ [tς−2, χ̄
ς−2(t)]

}
×

∫ t0+1

t0

(
γ − tς−2

)(
γ − tς−1

)(
tς+1 − γ

)α−1 dγ

]
.

(55)
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Following several computations, we ultimately obtain

χ̄(tς+1) = χ̄0 +
1−α

AB̧(α)
t1−ϕ

ς λ [tς , χ̄(tς )]+
α(∆ t)α

AB̧(α)Γ (α +1)

ς

∑
r=2

λ [tς , χ̄(tς )]t
1−ϕ

r−2 [(1+ ς − r)α − (ς − r)α ]

+
α(∆ t)α

AB̧(α)Γ (α +2)

ς

∑
r=2

1
∆ t

{
t1−ϕ

r−1 λ
[
tς−1, χ̄

ς−1(t)
]
− t1−ϕ

r−2 λ
[
tς−2, χ̄

ς−2(t)
]}

× [(1+ ς − r)α(3+2α + ς − r)− (ς − r)α(3(1+α)+ ς − r)]

+
α(∆ t)α

AB̧(α)Γ (α +3)

ς

∑
r=2

1
2∆ t2

{
t1−ϕ
r λ [tr, χ̄r(t)]−2t1−β

r−1 λ [tς−1, χ̄
ς−1(t)]+ t1−ϕ

r−2 λ [tς−2, χ̄
ς−2(t)]

}
×
[
(1+ ς − r)α{2(ς − r)2 +(3α +10)(ς − r)+(2α +9)α +12}

− (s− r)α{2(ς − r)2 +(5α +10)(ς − r)+6α(α +3)+12}
]
.

(56)

Fig. 8: Bayesian algorithm flowchart of the system

The numerical scheme stability principle states that very few errors in the numerical solution will arise from minor
changes to the initial condition. Examine the scheme’s solutions, denoted by χi for (i = 1,2, ...,k). In this case,
mathematical induction offers a practical method:

|χi −χ i| ≤ ϖα,T∥χ0 −χ0∥∞, (57)

where ϖq,T > 0 is a constant. This is still the case for (i = 0,1,2, ...,k). The evidence needs to be confirmed for i = k+1
in order to be finished. The proof can now be concluded for sufficiently small T by employing a mathematical induction
and a large enough constant ϖα,T.

6 Result and Discussion

Appropriate analytical solutions for a number of non-integer dynamical systems are absent from numerical solutions. In
order to illustrate how fractal-fractional order affects a phenomenon’s dynamics, we thus utilized numerical methods based
on Newton polynomials to fractal-fractional operators. We used MATLAB software to solve the computational solution.
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The outcomes show how fractal-fractional operators affect the dynamical system, especially when complex features are
taken into account. Figures are used to display the numerical solution. The initial conditions are:

x0 = 0.1, y0 = 4, z0 = 0.5.

Better estimation of minimal interest rate values utilizing data [48] from different countries, such as interest rate,
investment demand, and price multiplier rate, is made possible by the financial system’s fractal fractional derivative. The
impact is displayed at various fractal and fractional order values in Figures (12-24), which also demonstrate the accuracy
and speed of convergence of the suggested operator in a fractal sense. The proposed financial model, which has the lowest
feasible rate of interest, is constructed by adding the parameter κ to this system. As shown in figures (12-24), economic
power is increased at the lowest minimum interest rate due to a greater price exponent and a rise in investment needs.
To combat the poverty rate in society as a whole increase the origin of income and develop a new financial strategy.
Additionally, consider the impact of the shifting dimensions in figures 16 and 24. Under the fractalfractional derivative
with different kernels, figures (28-40) are obtained using similar numerical schemes, demonstrating that the choice of α

and ϑ values in an economic model with stable equilibrium points is arbitrarily determined, with the goal of achieving
stable outcomes for its equilibrium points.

Significant responses are displayed by the model’s compartments, where the link between the variables either grows
or decreases. Macroeconomic behavior is demonstrated by the rise in interest rates with initial investment consumption
and the fall in price variables. In contrast to time-integer factors, complex chaotic fractional systems are more appropriate
and reliable for non-integer time-fractional factors, reflecting the true macroeconomic activity of the financial system.
According to the findings, fractal fractional analysis is superior at forecasting future economic control and minimizing
the gap between financial units. When studying steady states with non-integer-order derivatives, it yields reliable answers
for every compartment, and fractional value reduction improves the precision and dependability of solutions. By altering
the fractal dimension, memory influence can be shown with a solution limited to a viable steady state point and a higher
degree of freedom.
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Fig. 12: Proposed system simulation with various α values and ϕ = 1 with κ = 1
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Fig. 16: Proposed system simulation with various α values and ϕ = 0.6 with κ = 1
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Fig. 20: Proposed system simulation with various α values and ϕ = 1 with κ = 2
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Fig. 24: Proposed system simulation with various α values and ϕ = 0.6 with κ = 2
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Fig. 28: Proposed system simulation with various α values and ϕ = 1 with κ = 3
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Fig. 32: Proposed system simulation with various α values and ϕ = 0.6 with κ = 3
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Fig. 36: Proposed system simulation with various kernels at α = 0.7
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Fig. 40: Proposed system simulation with various kernels at α = 0.9

Variations in fractional order (α) in the proposed finance model influence memory effects and convergence rates,
with greater values potentially resulting in faster convergence but not stability. While changes in fractal dimension (ϑ)
capture the complexity and self-similarity of market activity, they also influence volatility and risk by modeling market
behavior patterns. Researchers can utilize variable-order fractional models to represent market memory and combine
fractal analysis and fractional calculus to connect market complexity to memory dynamics, thereby boosting risk
management and portfolio optimization. Future work can use tables to correlate parameter ranges to macroeconomic
outcomes such as volatility or market stability, hence improving interpretation. A sensitivity analysis can also be
performed by adjusting the fractal and fractional orders to see how they affect critical variables such as GDP or inflation.
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7 Conclusions

A fractal fractional operator comprehension of the Mittag-Leffler function was used in this work to test a novel
fractal-fractional financial model both theoretically and numerically. Through local and global stability tests, the model’s
stability is confirmed, and it guaranteed the uniqueness and positivity of solutions inside the feasible zone. Strong
agreement on the financial management of the system was demonstrated by the use of the model to control the
economy’s fundamentally low interest rate. The percentage of minimum interest rates in different nations was utilized as
a stand-in for the results, which were compared using different kernels. A number of scenarios are carried out to
investigate the effects of fractal dimension and fractional order. By incorporating memory and heterogeneity, the
fractal-fractional operator offered robustness for the study of financial system dynamics. Results indicate that the
financial market’s complexity is better expressed by the fractal-fractional model. Additionally, convergence shows that
the proposed system is stable. Using numerical data, we also examined how the essential minimum interest rate affected
price coefficients, interest rates, and investment demand over time. It demonstrates how interest rates increase in
accordance with initial conditions when investment demand as well as price exponents decline, exposing the underlying
macroeconomic dynamics of the financial system. In order to improve comprehension of financial markets, future
research will build on this by examining sophisticated mathematical models, mathematical algorithms, and variable
ordering of derivatives, as well as by implementing efficient control mechanisms.
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