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Abstract: The main objective of this paper is to study the positive Sofuand the periodic nature of the following difference aftion

n | +bXn g +CXn—s
AXn—| + BXn—k + YXn-s

Xn+1:5Xn+ 5 n:O7:I.7...7

where the initial conditiong_r, X_r4+1, X_r+2,..., Xo are arbitrary positive real numbers= max{l,k, s} is nonnegative integer and
d, a, B, vy, a b, care positive constants.
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1 Introduction thoroughly the behaviors of their solutions because some

prototypes for the development of the basic theory of the
The main objective of this paper is to investigate theglobal behavior of nonlinear difference equation come
periodic nature and global attractivity of the solutions of from the results of rational difference equations See
the difference equation [1]-[10 and the references cited therein.

X + X+ CXn_s In [11] M.R.S. Kulenovic investigated the global

Xni1= OXn+ , h=0,1,..., (1.1) stability, periodic nature and gave the solution of the
X1 + Bk + Y¥n-s following non-linear difference equation.
where the initial conditionX_,X_;11,X_r42,..., Xo are
arbitrary positive real numbersr = max{l,k,s} is Xns1 = X+ BXn-1 (1.2)
N - .

nonnegative integer antl a, b, c, a, 8, y are constants
Difference equations emerge as a natural

representation of discovered evolution phenomin becaus#. Alogeili [12] studied the stability properties and semi-

most analysis of time evolving variables are discrete.cyclical behavior of the difference equation.

Moreover several results in the theory of difference

equations have been obtained as discrete analogues and as _ Xn-1

numerical solutions of differential equations. This is X+l = a—XpXn_ 1

notably true in the case of Liapunov theory of stability.

Furthermore, it has applications in biology, ecology, Elabbasy et al. 13 investigated the global stability,

economy, physics, and so on. So, recently there has beggeriodicity character and gave the solution of some

an increasing interest in the study of qualitative analysisspecial cases of the difference equation

of scalar rational difference equations and rational syste

of difference equations. Although difference equations AXn_ | Xn_k

look simple in form, it is quite difficult to understand X1 = bXn_p + CXn—q

A+Bxp_1

(1.3)

(1.4)
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Yalcinkaya P8 has studied the following difference

equation

The linearized equation of EQ.(1.7) about the
equilibriumx s the linear difference equation

Xn—
Xni1 =0+ ’)‘(km. (1.5) o
" Yni1= Z}%yn_. (1.13)
For some related work se&H]-[ 25]. i=
Here, we recall some basic definitions and some theorem‘?heorem A 14 Assume that
that we need in the sequel.
Let| be some interval of real numbers and let p.g€ Randke {0,1,2,...}. Then
pl+af <1, (1.14)

Foiktl

is a sufficient condition for the asymptotic stability of the

be a continuously differentiable function. Then for every difference equation

set of initial conditionx_y,X ki1, ....X0 € |, the difference
equation

Xn+1 = F (Xn,Xn—1, .-, Xn—k)» N=0,1,..., (1.6)
has a unique solutiofx,} ;.

A pointx € | is called an equilibrium point of Eq.(1.7)
if
a.7)
That is,x, = X for n > 0, is a solution of Eq.(1.7), or
equivalentlyx is a fixed point off.

X=F(XX,...,X).

Definition 1.(Periodicity)

A sequencéxn}n__ is said to be periodic with period
pif Xnip=Xnforalln> —k

Definition 2.(Stability)

(i) The equilibrium poink of Eq.(1.7) is locally stable
if for every € > 0, there existsd > 0 such that for all
Xk, XKkl -, X_1,X0 € | With

X k=X 4+ X ki1 —X+...+[%—X < 9, (1.8)
we have

forall n> —k. (1.9)

(i) The equilibrium point x of Eq.(1.7) is locally
asymptotically stable if X is locally stable solution of
Eq.(1.7) and there existy > 0, such that for all
Xk, X ki1 -+, X_1, X0 € | with

[Xn—X| < &

X=X+ X1 =X+ .+ xo—X <y, (1.10)
we have
lim x, =X (1.12)
n—oo

(ii) The equilibrium pointx of Eq.(1.7) is global attractor
if for all X_y,X_k+1,..-,X_1, X0 € |, we have

lim x5 =X
n—oo

(1.12)

(iv) The equilibrium point X of Eq.(1.7) is globally
asymptotically stable ik is locally stable, and&is also a
global attractor of Eq.(1.7).

(v) The equilibrium poinx of Eq.(1.7) is unstable if
X is not locally stable.

X1+ PXn+ k=0, n=0,1,2,..., (1.15)

Remark.Theorem A can be easily extended to a general
linear equations of the form

Xnik + PXnik-1+ -+ pPn=0, n=0,1,.... (4)

whereps, p2,..., px € Randk € {1,2,...}. Then Eq.(4) is
asymptotically stable provided that

k
i;|I0i|<1-

Consider the following equation

Xnt1 = 0(Xn, Xn—1,--Xp—k) N=0,1,2..., (1.16)

The following theorem will be useful for the proof of our
results in this paper.

Theorem B [15] : Let[a, 8] be an interval of real numbers
and assume that

g: [, B = [a, B],

is a continuous function satisfying the following
conditions :

(a) For each integer i with ¥ i < k+ 1;the funtion
d(z1,z,....,Zs1) is weakly monotonic inz for fixed
Zl,Z]_,....,Zif]_,ZjJrl...,sz,_l

(b) If (®,¥) € [a,B] x [a,B] is a solution of the
system

Y=g, ¥,....,Hy1) and @ =g(d1, D, ...... , D),

(1.17)
then® = W where for eachi= 1,2, ... k+ 1, we set
e if gis non-decreasing in -~
D= {W if gis non-inecreasing in} and H =

[y

Then Eq.(1.17) has a unique equilibrigra [a, ] and
every solution of Eq.(1.17) convergesxo

In this article we proceed as follows. In section 2 , we
investigated that when,

(a+B+y)(a+b+c)>

|2a(b+c) —2a(B+Y)|.|2y(a+b) —2c(a + )],
max{ 12B(a+c)—2b(a+y)| }

if gis non-decreasing in
if gis non-inecreasing in
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2 Local Stability of the Equilibrium Point of

Eq.(1.1) and so
) . . [[(aB—bA) + (aC—cA)] (1-9)|
In this section we study the local stability character of the +|[—(aB—bA) + (bC— cA)] (1 5)|
equilibrium point of.(1.1). The equilibrium points of 4 |[~(aC—cA) — (bC—cB)] (1 - 5)|
Eq.(1.1) are given by the relation <[(A+B+C)(a+b+0)](1- ), @7
R = gxy DA BRA X (2.1)  dividing numerator and denominator by — &)gives,
axX-+ BX+ yx
—_ . L (8B —bA) + (aC — CA)| + | (aB— bA) + (bC — cB)|
If a< 1,then the equilibrium points of (1.1) is given by (e CA) — (bC - B)| < (A+BLC)atba0) (25)
- a+b+c 22 s H
Let f:(0,0)* —s (0,) be a continuously differentiable o= (@B —bA) +(aC—cA) (2.9)
function defined by ®= —(aB—DbA) + (bC—cB)
= —(aC—cA) — (bC—cB).
f(u,v,wt) =dou+ w. (2.3) _ _
av+pw+yt We consider the following cases.
Theref t‘ atb+c - (%)éplﬁo,(pz>0,andq03>0|nthis case we see from
erefore atx = .(2.8) that,
@By +28
at
{5if,-o=m
{ﬂ} _ (@B o) (aB —ca) _ [(aB—bar) + (ay—ca))(1-8) (@B —ba) + (ay—ca) — (aB —ba) + (by—cp)
N (@+B+y)?= (@+B+y)@+b+c) " — (ay—ca) — (by—cB) < (a+b+c)(a+B+y)
{ﬁ} __(aB—ba)+(by—cB) _[~(af—ba)+(by—ch)l(1-8) (2.10)
aw [, (a+B+y2x (a+B+y(atbtc) b
(2.4) =
{ﬂ} __(ay—ca)—(by—cp) _ [~(ay—ca)—(by-chI(1-5) _
ot J, (a+B+y=x (a+B+y(atbtc) o
Then the linearized equation of Eq.(1.1) abouts (a_|_ b+ c)(a 4 B 4 V) > 07 (2_11)
n+1 3Yn 2Yn—| 1¥Yn-| 0. nfs:o- .
Yo A oY That is always true.
(2) . > 0, @ > 0,andg; < 0.1t follows from (2.8) that
whose characteristic equation is
A% 0aA%+NoA2 4+ mA + 1o =0. (2.5) (@B —ba) + (ay—ca) — (a8 —ba) + (by—cB)
ay—ca by—cB) < (a+b+c)(a
Theorem 1 Assume that +@y )+ (by=ch) < (a+b+o) +B-?2V.)12)
(a+B+y)(a+b+c)> o
] 120(b+0) = 2a(B+ )| [2y(a+b) - 2c(a + B,
|2B(a+c) —2b(a+y)|
Then the positive equilibrium  2y(a+b) —2c(a+B) < (a+b+c)(a+B+y). (2.13)
o a+b+c .
point X = of Eqg.(1.1) is locally

(a+B+y)(1-9) So, is satisfied by assumption.
asymptotically stable B) o> 0, <0, > 0 we see from (2.8) that

Proof.lt follows by Theorem A that, (2.5) is
asymptotically stable if all roots of (2.5) lie inside the

open disdA | < 1that is, if (aB —ba) + (ay—ca) + (aB — ba) — (by—cB)
—(ay—ca)—(by—cB) < (a+b+c)(a+p+y)
8+ [(anbAH(aCch)}(ler)’ (2.14)
(A+B+C)(a+b+c)

‘[—<aB—bA>+<bc—cB>1<1—6>’ &
(A+B+C)(a+b-+c)
. ‘ [(2C —cA) — (BC—cB)| (1 8)
(A+B+C)(a+b+c)

‘<l, (2.6) 2B(a+c)—2b(a+y) < (a+b+c)(a+B+y). (2.15)

(@© 2017 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

180 %N S

A. Khalig: On the solution and periodic...

That is satisfied by assumption.
(4) @ >0, <0, < 0we see from (2.8) that

(aB —ba) +

+(ay—ca)+

(ay—ca)+(aB —ba) —
(by—cB) <

(by—cB)
(@+b+c)(a+B+y)
(2.16)

2a(f+y)—2a(b+c) < (a+b+c)(a+B+y). (2.17)

That is satisfied by assumption.

(5) @ <0, > 0,¢; > 0 we see from (2.8) that

— (aB—ba)
— (ay—ca)—

(ay—ca) — (aB —ba) + (by—cB)
(by—cB) < (a+b+c)(a+B+Yy)
(2.18)

2a(b+c)—2a(f+y) < (a+b+c)(a+B+y). (2.19)

That is satisfied by assumption.

(6) o <0, > 0,3 < 0 we see from (2.8) that

—(aB —ba) -
+ (ay—ca) +

(ay—ca) — (aB —ba) + (by—cB)
(by—cB) < (a+b+c)(a+B+Yy)
(2.20)

2b(a+y)—2B(a+c)< (a+b+c)(a+B+y). (2.21)

That is satisfied by assumption.

(M) @ <0, <0, > 0 we see from (2.8) that

—(aB —ba) — (ay—ca) + (8 —ba) — (by —cp)
—(ay—ca)—(by—cB) < (at+b+c)(a+B+Y)
(2.22)

2c(a+pB)—2y(a+b)<(a+b+c)(a+B+y). (2.23)

That is satisfied by assumption
(8) o <0, < 0,3 < 0 we see from (2.8) that

—(aB—ba) — (ay—ca)+ (af —ba) — (by—cp)
+(ay—ca)+ (by—cB) < (a+b+c)(a+B+Yy)
(2.24)
&
(a+b+c)(a+B+y) >0 (2.25)

which is always true. This completes the proof.

3 Existence of Periodic Solutions

This section deals with the study of existence of periodic
solutions of Eq.(1.1).

Theorem 2Eq.(1.1) has positive prime period two
solutions <

(a—b+c)(a—B+y)(1+9)+4(dB(a+c)+b(a+y)) >0
,a+y>f,a+c>b ,l—oddks —even. (3.1)

Proof.Let us suppose that there exists a prime period two
solution

RPN o No s Mo Tt (3.2)

of Eq.(1.1). We will show that Conditiof3.1) satisfied.
We get from Eq. (1.1) (wheh—oddk,s, —even) that,

ag+ (b+c)p ag+d
= 5q+ag+gﬁ+v)> Tt
whered =b+c, y=p+y
Then
ap®+ upq= dapq+ Sug? 4 ap -+ da, (3.4)
and
ag? + upq= dapq+ dup®+aq+dp. (3.5)

Subtracting Eq.(3.4) from Eq. (3.5) we get,

a(p® —o?) = Su(q? — p?) +a(p—q) +d(q— p).
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Since p # g, we see that,

(a—d)
(a+od)

Now, adding Eq.(3.4) and Eq.(3.5) we get,

p+qg= (3.6)

a(p?+0?) +2upg = 25apq+ Su(p?+q?) + (a+d)(p+0q)
(3.7)
or

(a—3u)(p*—?)+2(u—da)pq= (a+d)(p+0) (3.8)
It follows from Eq.(3.6)Eq.(3.8) and the relationp? +
o? = (p+q)2—2pq forall p,qe R, that

(ad+adu)(a—d)
p—a)(l+d)(a+ou)?

pg= ( (3.9)

Now,it is clear from Eq.(3.6) and Eq.(3.9) that and

g are the two positive distinct roots of the quadratic

equation

(ad+adu)(a—d)

f_(£t§g>y+<w—aﬁu+6Xa+mn):Q
(3.10)

)

(a+5d)y2—(a—d)y+ ( (ad+adu)(@—d) )

(H—a)(1+0)(a+6u)

(3.10)
and so
(a—d)?— 4(‘2'23‘?;‘1)16‘(;) ) (3.11)
thus
(a—d)(a—pu)(1+9)+4(ad+adu) >0. (3.12)

So, the inequality () satisfied.
Again suppose that inequality .(3 holds. We will

prove that Eq.(1.1) has a prime period two solutions.

suppose that

a—d+¢&

p= m, (3.13)
B a—-d-¢
4= 2(a+ou)
B 4(ad+adu)(a—d)
where§ = [ (a—d)2— TECIE
From inequality (31)
(a—d)(a—p)(1+96)+4(ad+adu) >0, (3.14)

which is equivalent to
4(ad+adyu)(a—d)

a—d)?> (3.15)
S A o) ey
Thereforep andq are distinct real numbers.
Set
X7| = pa X7|+l = q7 7X7k = q7 X*kJrl = pa
X_s = 0, X-sy1=0, and xp=q. (3.16)
We will prove that,
Xp=X_1=p and Xxp=X=qQq. (3.17)
From Eq.(1.1) that
B ax_|+bx k+exs ap+bg+cg ap-+dg
=00t By T apiBatya 2 apig
(3.18)

(asa) et an)

:5(;;?’;‘3{)%0(( a—d+é )+“(a—d—6)>’

2(a+du) 2(a+9o
(3.19)
dividing the denominator and numerator by
2(a+du) gives
. — da—0d—9d¢& (a—d){(a+d)+¢&}
YT 2(a+op) (atp)a—d)+(a—pi

(3.20)

Multiplying the denominator and numerator byor +
W) (@a—d) — (a— )& }we get,

 da—5d- 38
M= et on)
(a—d)[(a+d)+&][(a+p)(a—d)—(a—p)é]
[(a+w)(a—d)+ (a—wEla+u)a—d—(a— i
_ da—5d—5¢
T 2(a+op)
(a—d){(a+)(@ — &)+ E[(a+ p)(a—d) - (a— p)(a+d) — (a— A}
@ a0~ (a—p)Ee

+

_6a-3d-58¢  (a—d){(a+p)(@—d?) +2¢(au—ad)—x}
2(a+op) (a+p?(a—d)?—(a—p?)A '
 Ba—5d—5¢
~ 2(a+6u)

(a—d){2(a—d)[ad+pua—2(dau+ad)/(1+95)]+2&(au —ad)}
4(a—d)[au(a—d)+(a—p)(@du+ad)/(1+9)

+ (3.21)
4(ad+adu)(a—d)
(1+9)

A =(a—d)?2—4(ad+adu)(a—d)/(u—a)(1+9)

Multiply the denominator and numerator by
(1+9),we get

wherex = (a —d)(a—d)?+ and

 sa—3d—5¢
X1= Zarep) T
(a—d)[(ad+pa)(1+0)—2(adu+ad)|+&(1+93) (au—ad)
(a—d)(1+9)(a—d)[a2+p2+2a p—a2—pu2+2a u|—4(a—d)(ad+adu)’
(3.22)
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_da—50-3¢
~2(a+dp)

2(a—d)(ad —ap){(a-d)(6-1) - §(1+0)}
4(a—d)[ap(1+06)(a—d)—(@du+ad)(a — )]
_ga-5d-oF [(@—d)(3—1)— &(1+0))(ad —au)
©2(a+du) " 2ap(a-d+ad—5d)— (a2d— adu+adau —adu?))|
_da-6d—38¢  [(a—d)(d—1)—E(1+0)|(ad—an)
~2(a+dp) 2(a+pd)(ap —ad) :

(3.23)

Dividing numerator and denominator byd —apu) we
get,

~da—-0d—3&+(a—d)(1-0)+&(1+9d)  adie
X1 = 2(a + o) = 2(a+ne) — P
(3.24)
Similarly we can prove that,
X2 = (. (3.25)
Then it follows by induction that
Xon=0q and Xpi1=p forall n>-1. (3.26)

Thus Eq.(1.1) has the positive prime period two solution

"'7p7q7p7q7""

where p and q are the distinct roots of the quadratic
equation Eq.(3.10) and the proof is complete.

The following Theorems can be proved similarly.
Theorem 3Eq.(1.1) hasa prime period two solutions <

(b—a—c)(B—a—y)(1-9)+4(B(a+c)+dob(a+y)) >0,
k—odd,l,s—even. (3.27)

Theorem 4Eq.(1.1) hasa prime period two solutions <

(c—a—b)(y—a—PB)(1—08)+4(y(a+b)+dc(a+B)) >0
, ILk—even s—odd. (3.28)

Theorem 5Eq.(1.1) hasa prime period two solutions <

(b+c—a)(B+y—a)(l-9d)+4@B+y)+da(b+c) >0
, k,s—odd,l —even. (3.29)

Theorem 6Eq.(1.1) hasa prime period two solutions <

(a+b—c)(a+B—y)(1-9)+4(c(a+PB)+dy(a+b)) >0
, I,t—even,s k—odd. (3.30)

Theorem 7Eq.(1.1) hasa prime period two solutions <

(at+c—b)(a+y—B)(1—38)+4b(a+y)+dB(a+c) >0
, k—even,s| —odd. (3.31)

4 Global Attractivity of the Equilibrium Point of
Eq.(1.1)

In this section we investigate the global attractivity
character of solutions of Eq.(1.1).

Theorem 8The equilibrium point X of Eq.(1.1) is global
attractor.of Eq.(1.1) < one of the following conditions
holds:

a_b_c
1)—>—->-, c>a+b
()a—B—y
a_c¢c_b
2)—>->—, b>a+c
()G_V_B
@225 coayp (4.1)
B-a -~y '
b_c_ a
4h)—>->—  a>bh+c
()B V2
c_b_a
5->=->—, a>b+c
()V R
c_a_b
6)->—>—, b>a+c
()V_G_B

Proof.Let {xn}n__5 be a solution of Eq(1.1)also let be

a function defined by Eq.(2.3) Assume that Eq.(4.1) is true
then, it is easy to see that the functidifu, v,w,t) is non-
decreasing iru,v.and non increasing ibh But not clear
what is happening withv so we consider two cases.

Case 1 Assume thatf (u,v,w,t) is nondecreasing in
w. Suppose that®, ¥) is a solution of the system

®=f(d,0,W,®) and Y=Y, W o W). (4.2)
We see from Eq.(1.1), that
a® +bd+cy¥ a¥+b¥+co
O=00+—F— Y=0W4— ———
aP+ B+ yW a¥+BY +yo
(4.3)
So,
a®+bd+cy a¥+b¥+co
»1-0)=——F——, Y1-0)=—— ——
( ) a®+ LD+ YW’ ( ) aLIJ+BLIJ(+y)®’
4.4
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Then,
2 —
(@+B)(1-3W?+y(1-d)d¥ = (a+bW+co, lim supk < afy+bay+caB _ M (5.2)
(@+B)(1-3)P*+y(1-3)d¥W = (a+b)d+c¥ seo (1-3)aBy
(4.5) So, the solution is bounded.
by Subtracting' we get NOW, we will show thal m >0 such that
Xn > m,foralln>1
(W—o){(a+y)(1-0)(P+W)+(c—a—b)} =0 (4.6)
Transformation,
under conditiorc > a+ b, andd < 1, Thus 1
Y=0. Yn
From Theorem B it follows that is a global attractor will change Eq.(1.1) to the following form
of Eq.(1.1) and hence, the proof is completed.
Case 2 Assume thatf (u,v,w,t) is nonincreasing in - abc+ Bac+ yab " 54
w. Suppose that®, W) is a solution of the system e (5.4)
d=f(P,o, YY) and Y=Y ¥V b &) (4.7) So, we obtain
We see from Eq.(1.1), that . 1 y 1 abc o torallne 1
5D+ ad + by +c¥ W5y a¥ +bod +co """y~ T abctpPact+yab =
- ad+pY W T ay +Bd+yd’ (5.5)
(4.8)
So, from Eq.(5.2) and Eq.(5.5) we see that,
a® + by +cy a¥+bd+co m<x, <M, foralln>1 (5.6)
P(1-0)=—————— WYI1-0)=—— <X <M, >
( ) ad+pY +yy ( ) aW+Bs(4L—1y9?
Then, . Hence, every solution of Eq.(1.1) is bounded and
persists.

a(1-0)®*+ (B+y)(1-0)doW = (b+c)¥W+ad,

a(l-0) W2+ (B+y)(1-8)o¥W= (b+C)®+a¥ _
(4.10) 6 Numerical Examples

subtracting, we get In order to verify our results of this paper, we consider
some numerical examples as follows.
Example 1. We suppose,

=1, k=2 5s=3, X3=2, X2=3, X_.1=8, Xp=
(W-0){a(1-0)(@+W)+(@-b-0}=0 (411) 55 06 a-7 b3 c—9. a—38 f—02 y—1

under conditiora > b+ ¢, andd < 1,Thus (See Fig. 1) _ .
Example 2.(See Fig. 2),sincd =2, k=3,s=4, X 4=
Y=0. 02, x3=41,%X =9 x1=10,%=0.1,6=05a=
From Theorem B it follows that is a global attractor %)?énti;ez 3C :ngaaFi:géL% BS;(?QZ’ Vf 2|'< )
of Eq.(1.1) and hence, the proof is completed. ' - T o RESHST S
a.(.1) prootis comp X3=12 Xp—=7 X1=8 ¥ =3 a=01 b=
0.2, c=05, a =06, =02y=03
5 Boundedness of Solutions of (1.1) Example 4. Fig. 4. shows the solutions
whend =01, a=09 b=0.1c=003 a=2(6=
In this section we study the boundedness of solution 0f0.2,y = 0.1.2, | = 2, k=4,s=6, X = QX5 =
Eq.(1.1) P,Xo4=QX3=PpP,X2=0, X-1=p, X0=0Q.
Since
4(ad+adu)(a—d)
B a%n_1 -+ bXn_+ CXn_s a.b.c —d)+ —d)2—
Xn+175xn+—axn7|+ﬁxn7k+yxnis§5xn+g+p+y ,forallr(\52]1-.) B (a—d) \/(a d) (U—a)(1+0)
' P.a= 2(a+0ou)
By comparison, one can see that
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n-| n-k “n-g’ n-l n-k n-| n-k “n-g’ n=l n-k

plolofxml=6xn+((ax +bx _ +ox  )I(Ax _+Bx +anis)) plolofxml=6xn+((ax +hx _ +ox _ )I(Ax _+BX +anis))
T T T T
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n

Fig. 1: This figure shows the behavior of solution of Eq.(1.1) Fig. 4: This figure shows the periodic solution of Eq. (1.1) when
when,| =1, k=2,s=3, X3=2, X 2=3, X_1=8, Xg= X_1=Pp, X =(q
5,6=06,a=7,b=3,¢c=9 A=38 B=02C=1.
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