Math. Sci. Lett6, No. 3, 311-317 (2017) £ SD 31

Mathematical Sciences Letters
An International Journal

http://dx.doi.org/10.18576/msl/060314

Symmetry Reductions and New Exact Non-Traveling
Wave Solutions of b -Family Equations

M. H. M. Moussa and Zidan M. Abd Al-Halim*

Department of Mathematics, Faculty of Education, Ain Shamwersity, Roxy, Hiliopolis, Cairo, Egypt.

Received: 29 Nov. 2015, Revised: 10 Aug. 2017, Accepted: @5 K017
Published online: 1 Sep. 2017

Abstract: In this work, b-family equations has been analyzed via sytnymaethod.We obtained similarity reductions fefamily
equations. These similarity reductions are ordinary thiféial equations (ODESs) of the third order. Some of thes€E©bas been
solved via Exp-function method. Finally, we arrive at sore@/rsimilarity solutions for the equation under considerati
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1 Introduction 2 Symmetry method

We briefly outlined Steinberg similarity method of
finding explicit solutions of both linear and non-linear
partial differential equations2p]. The method based on
finding the symmetries of the differential equation as
follows:
Ut — Uyt + (04 1)Uty = buiUs + Ulhecx, 1) Assume that, the differential operatocan be written

in the following form

we consider the following-family equations

where b is a dimensionless constant. Eq.(1) has been

investigated in the literaturel]-[11]. The quadratic terms _ dPu

in Eq.(1) represent the competition, or balance, in fluid (u) = atr (), (2)
convection between nonlinear transport and amplification
due tob-dimensional stretchindlp, 13]. Recently, a study whereu = u(x.t) andH may depend om,t,u and any

of soliton equations, it was found that for aby# —1  derivative ofu as long the derivative af does not contain
Eq.(1) was included in the family of shallow water more thanp — 1,t derivatives. Consider the symmetry
equations at quadratic order accuracy that arepperator called infinitesimal symmetry, which being

asymptotically equivalent under Kodama transformationsquasi-linear partial differential operator of first ordeash
[14]. Degasperis and Procedd][showed that the family  the form

of equations (1) cannot be integrable unldss- 2 or N

b=3 hy using the method of asymptotic |ntegrab|llw. S(u) :A(x,t,u)@+ B (X’tju)ﬂJrC(X’t’u)' 3)
The preceding two values d&f are corresponding to two ot i; O%i

important equations the Camassa—Holm (CH) equation

and Degasperis—Procesi (DP) equation respectively. The . . o

CH and the DP equations are bi-Hamiltonian and have an  Define the Frecht derivative af{u) by

associated isospectral problem, therefore they are both d

formally integrable 1516,17,18]. Moreover, both F(L,u,v) = —L(u+e€v) |¢=0 . 4)
equations admit peaked solitary wave solutions and de

present similarities although they are truly differeb®[  With these definitions in the mind we need to follow the
20,21]. following steps
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(i) ComputeF (L, u,v)
(i) ComputeF (L, u, S(u))

(iii) SubstitutingH (u) for (%) in F(L,u,S(u))

(iv) Set this expression to zero and perform a polynomial

expansion.
(v) Solve the resulting partial differential equations.d@n

On solving system of Eg8) we see that, the
infinitesimalsA, B andC satisfying these equations are

A=cit+cy,
B= Cs, (9)
C =y,

this system of partial differential equations is solved for herec, ¢, andcs are the integration constants. In order
the coefficients oB(u), equation under study can be used t study the group theoretic structure, the vector field

to obtain the functional form of the solutions.

3 b-family equations

b-family equations can be represented by the form

L(u) = Uk + U + (b+ 1)uux — buyUy — Ul = 0, (5)

whereu = u(x,t), b is a dimensionless constant.

3.1 Determination of the symmetries

In order to find the symmetries of Eq.(5) we set

S(u) = A(x,t,u)u +B (X t,u)uc+C(x,t,u). (6)
Calculating the Frechet derivati#e(L, u, ) of L(u) in the
direction of ¥, given by Eq(4), and replacing? in F by
S(u), we get

F(L,u,S(u)) = [S(u)]eex — [S(W)];
—(b+ 1)ue[S(u)] — (b+ 1)u[S(u)], + bux[S(u)]x
“Fbux[S(U) s + Usooo[S(U)] + U[S(U) s = O.

()

Substituting the values of different derivativeswofin F,
we get a polynomial expansion i, Uy, UyU, Uy, ...,etc.
On making use of E@5) in the polynomial expression for

operatolV is written as

V = x1(C1) + X2(C2) + X3(C3), (10)
where
xi(c1) =t% +u,
X2(C2) = &, (11)
Xa(cs) = Z.

The commutator relations are given in table 1.

It is clear that the vector fieldf in Eq.(10) constitutes a
finite dimensional Lie algebra.

Furthermore, from the symmetries given in Eq.(9) the
following possibilities exist for the solution of Eq.(1)
1.c1#0,c0 #0,c3 #0.

2.017é 0,c, =0,c3 75 0.

3.C;]_7é O,Cz 75 0 ,C3 = 0.

4.¢c1=0,c 75 0,c3 75 0.

Table 1. commutator relations.

XioXil X1 X2 X3
X1 0 -x2 O
X2 X2 0 0

Xs 0 0 0

Wherei = 1,23 andj = 1,2,3. In order to obtain the
invariant transformation, we write the characteristic
equation in the form
a dx B du
A(xt,u)  B(xt,u)  C(xt,u)’

To get the similarity variables we integrate the first two
terms, to get the similarity solution for the reduced
ordinary differential equation, we integrate the first and

(12)

F, rearranging terms of various powers of derivatives of the third ratios for the four cases as follows.

and equating them to zero, we arrive at the following

equations:

Ax:Au:Bu:Cuu:O,

2Bx‘|'C><xu = 07

Bxx+2Cxu = 07

be+bc:u_ bA[ = 07

B: +uBx+C—UA =0,

Cut — Gt + UCx — (b+ 1)uCy = 0,

2By + bCy + 3uCyy + 3uBux + Gy = 0,
u(b+ 1)(A¢ + Bx) — Bt + By + 2Cxu
+bCux — (b+ 1)C+ u(3Cwu + Bxxx) = 0.

(8)

ase (1)
Corresponding to the choiag # 0,c, #0 andcz #0
we obtain the following invarianf and the form ofu :

exp| 2
g(xt) = @ ; s
u(x,t) n
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Substituting Eq.13) into Eq(1), we have the following
ordinary differential equation of third order

(&) (1= (&)m) e —(2) e
+4(%)252f7” -3 (%)352,7”// _ (%)352,7/2
12 e - (2) e

+<2(g—;)2—1>£n/_n=o.

In order to solve Eq.(14), we sat(é) = In(&), then
Eq.(14) can be transformed to the ODE

()7 (8) nn+(8)"n-0(2)

3 . . .
~(2) b+1n +2 b+ -n-n=o,

(14)

(15)

where(-) denotes to the differentiation

Case (2)

Corresponding to the choiag # 0,c, =0 andcz # 0,
Eq.(9) becomes

A= cit,
B =cs, (16)
C=cu,

and we obtain the following invariat and the form ofu

exp[ﬂx}

Ext)=—2d (g

Consequently, the invariardt and the form ofu are as
under

&(x,t) =X,
u(x,t) = A (20)
C2
(++2)
C1
From Eq(20) in Eq.(1) yields
nn”+bn'n"—n"—(b+)nn'+n=0 (21)

Now, we are going to use Exp-function metha8, 24] for
solving Eq.(21). In view of the Exp-funcation method, we
suppose that the solution of Eq. (21) can be written in the
form

d
n_z Can exp(né)

né)=——"m, (22)

> bmexpmé)
m==p

where c,d,p and q are positive integers which are

unknown to be determined latex; andby, are unknown

constants. Eqg. (22) can be re-written in an alternative

form as follows

(&) = acexp(cé) +...+a_qgexp(—dé)
S = b exp(pE) ... + b_gexp(— &)

In order to determine values afand p, we balance the
linear term of the highest order in Eq.(21) with the highest
order nonlinear term” andnn”’ we have

"__ crexp(c+3p)&]+ ...
T = T expapE]+ .. (24)

(23)

m CseXp[(20+ 7p) E] + ...
 caexp9pé] ...

wherec; are coefficients of Exp-function for simplicity.
By balancing highest order of Exp-function in Egs. (24)

nn ; (25)

As doing in case (1), we arrive at the same ODE in the firstand (25) providesc + 8p = 2c + 7p, which leads to

case, which reads
(—)Zn - (2—;)3nh'+ (—)Zn —b(g_;)3,'7,'7
2
N (%)3(“1)"7 +&(b+1nn-n-n=0
Case (3)

Corresponding to the choiag # 0,¢c, #0 andcz =0,
hence the symmetries takes the form

(18)

(19)

p=c. (26)

Proceeding the same manner as illustrated above, we can
determine values af andq . Balancing the linear term of
lowest order in Eq.(21)

y_ e +diexpg—(d+3q)¢]

o dexg—4qE] 7)
vt daexpl— (2d 4 70) €]
= djexp_o0g] (28)

whered; are determined coefficients only for simplicity,
we have —(d +8q) = —(2d+ 7q), which leads to the
result

g=d. (29)
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We can freely choose the valuesadndd. For simplicity,
we setp=c=1andd = q=1, Eq.(23) can be expressed
as

)= ajexp(§) +ap+a 1exp—¢&)
&)= brexp&) 1 bot brexp &)

Substituting Eq.(30) into Eq.(21). Equating to zero the
coefficients of all powers okxp(né) yields a set of
algebraic equations fa,,a1,a 1,bg,b1,b_1,k,| andcg,
solving this system of algebraic equations with the aid of
Maple, we have the following four solutions

(30)

a_]_:b]_:O,b,l:bfl,aozao,bo:bo,b:b,a]_:
ao:b,1:b1:07m1:&17b0:bo7b:b7a1:a1.
EL]_:a]_:b,12b0207ao:ao7b:b7b1:b1.
a:|_:b,]_ZO,EL:L:c’:':\_]_,b():b(),b]_:bl,b:b7

_ aab
a = p, -

Aoy
b

(1)

On making use of Egs.(31) and (30) with Eq.(20) we

obtain the next exact solutions for Eq.(1) (see figures

(1-5))
b(x.t) = apghoexpX] + agh_1 (32)
(b_1bp + b2, exp—x]) (H— %)
C1
Ua(x.t) = aj expx| +a_1exg—x 7 (33)

C
bo (t + =2
C1

)

we can obtain special two solutions from relation (33) as

follows, if a_1 = a; yields

2a; cosh(x)
C2 ’

bo(t+—

0( + Cl)

and in Eq.(33) ifa_; = —a3, the solution takes the form

us(xt) = (34)

Ua(x,t) = ZE‘L”TX) (35)
bo (t + C_i
Us(x,t) = &q:‘]. (36)
by (t + C—i)
Ue(X,t) _ aleoexp[—x] +a_1by 37)

(boby expix] + b2) (t + %)

1
More solutions for Eq.(1) can be obtained by choosing
different values foc andd.

Case (4)

Corresponding to the choiee = 0,c, #0 andcz #0,
then the symmetries can be written as

A= C2,
B= Cs, (38)
C=0.

As listed above, we have the following form of the
invarianté andu

_t_ 2
&(x,t) =t o X (39)
ux,t)=n(é).
Substituting Eq.(39) into Eq.(1) provides
2 3 3
(%) n///_(g_g) nnm_b(%) n/n// (40)

+(2) b+ 1)nn —n'=o0.

In EQ.(39), set b =1 and integrating that equation,
therefore Eq.(40) becomes

3 " C2 2
( ) nn +(C—>n -n=0, (41)
3

which has the following solution

C2
C3

2
" C2
) 1 ‘(c—s
ne)= cmeE] +C5exr>[—%£] , (42
() Co

wherec, andcs are the integration constants. Combining
Eq.(42) with EQq.(39), we obtain the following exact
solutions of Eq.(1) (see figure (6))

u(x,t) = c4exp[%t — x} + C5exp[— (%t — xﬂ , (43)
Co C2
settingc, = ¢s, leads to (see figure (7))
C3
u(x,t) = 2cs cosh(c—t - x) . (44)
2

On the other hand, if we takey = —cs in EQ.(42), the
solution can be given as (see figure (8))

u(x,t) = Zc4sinh(z—zt - x) . (45)

By back substitutions we find that the above three
solutions ( Eq.(43), Eq.(44) and Eq.(45) ) are true for any
b.

4 Figures
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