
Appl. Math. Inf. Sci. 20, No. 6, 1567-1588 (2026) 1567

Applied Mathematics & Information Sciences
An International Journal

http://dx.doi.org/10.18576/amis/200608

An Inverse Power Lifetime Model with Decreasing and
Unimodal Hazard Rates: Applications to Flood and
Engineering Data

Ramlah H. Albayyat1, Uzma Yasmeen2,3, Hazar A. Khogeer4,∗, Yousef Alharbi5, Mohammed Elgarhy6,7, Sule Omeiza
Bashiru8, Mohamed Said Mohamed9,10, and Ahmed M. Gemeay11

1Department of Mathematics, College of Science, Northern Border University, Arar, Saudi Arabia
2Institute of Molecular Biology and Biotechnology (IMBB), University of Lahore, Pakistan.
3Department of Mathematics & statistics, Brock University, saint catherines ontario, Canada
4Department of Mathematics, College of Science, Umm Al-Qura University, Makkah, Saudi Arabia
5Department of Mathematics, College of Science, Qassim University, Buraydah 51452, Saudi Arabia
6Faculty of Computers and Information Systems, Egyptian Chinese University, Nasr City, Egypt
7Department of Computer Engineering, Biruni University, 34010, Istanbul, Turkey
8Department of Mathematics and Statistics, Confluence University of Science and Technology, Osara, Kogi State, Nigeria
9Department of Mathematics, College of Science and Humanities, Prince Sattam bin Abdulaziz University, Hawtat Bani Tamim 16511,
Saudi Arabia
10Mathematics Department, Faculty of Education, Ain Shams University, Cairo, 11341, Egypt
11Department of Mathematics, Faculty of Science, Tanta University, Tanta 31527, Egypt

Received: 2 Jun 2026, Revised: 5 Sep. 2026, Accepted: 17 Oct. 2026
Published online: 1 Nov. 2026

Abstract: Decreasing and inverted bathtub-shaped hazard rates arise in lifetime data and require models that can describe both
patterns. This paper introduces the inverse power Garhy distribution (IPGD), a two-parameter model obtained through an inverse
power transformation of the Garhy distribution. We derive its moments, incomplete moments, survival function, and Mills ratio. The
parameters are estimated using fifteen classical methods, and a simulation study examines their performance across different sample
sizes. Applications to flood and engineering datasets show that the IPGD provides a better fit than the Garhy distribution and several
competing models considered in the study. These results support its use in modeling data from environmental and engineering studies.

Keywords: Inverse power transformation, lifetime distribution, hazard rate, classical parameter estimation, flood data, engineering
applications.

1 Introduction

Probability distributions are useful for describing real-life
phenomena. They are used in engineering to model
machine and component failure times. They are applied in
environmental studies to describe rainfall, flood levels,
and extreme events. They are used in medicine to study
survival times and treatment outcomes. These examples
show that probability models are needed to study
uncertainty and to make decisions under risk.

Although many probability distributions have been
proposed in the literature, there is still a need to develop

new ones because real-world data often exhibit
characteristics that cannot be adequately described by
existing models. As a result, many flexible classes of
probability distributions have been developed to model
complex data.

Mixture distributions are an important class of
probability distributions. They are obtained by combining
two or more component distributions to model complex
data. They have been widely used in engineering, finance,
environmental studies, and many other fields. Examples
include the xgamma distribution [1], Shukla distribution
[2], the new exponential gamma distribution [3],
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Chris-Jerry distribution [4], Komal distribution [5],
EX-Lindley distribution [6], Lindley modified Lindley
distribution [7], and the Obulezi distribution [8].

Among these models, the Garhy distribution proposed
by [9] has attracted research interest because of its simple
form and useful statistical properties. Ref. [9] applied the
distribution to two real-life datasets, where it
outperformed several existing mixture distributions. The
Garhy distribution has also been studied in recent works.
For example, [10] proposed the Half-Logistic Garhy
distribution, while [11] studied the stress–strength
reliability parameter of the Garhy distribution under
different record sampling schemes using both classical
and Bayesian estimation methods. These studies show the
continued interest in the Garhy distribution and its
potential for further development.

The classical Garhy distribution has a limitation. Its
hazard rate is strictly increasing, which limits its
application to data with other hazard rate patterns. This
limitation motivates the development of new extensions
that can accommodate additional hazard rate shapes.

One useful approach for extending existing
distributions is the inverse power transformation. This
method introduces an additional parameter and increases
the flexibility of the baseline distribution. It has been used
to develop several flexible lifetime distributions.
Examples include the inverse power Akshaya distribution
[12], the inverse-power logistic-exponential distribution
[13], the inverse power half-logistic distribution [14], the
inverse power Perk distribution [15], the inverse power
novel two-parameter quadratic exponential distribution
[16], and the inverse power induced Bilal distribution
[17]. These studies show that the inverse power
transformation is an effective method for developing
flexible probability distributions.

Motivated by these studies, this paper proposes a new
extension of the Garhy distribution using the inverse
power transformation. The resulting model is called the
Inverse Power Garhy distribution (IPGD). The proposed
distribution introduces one additional parameter, which
increases its flexibility. It can accommodate decreasing
and non-monotonic hazard rate shapes that are not
supported by the classical Garhy distribution. Several
statistical properties of the proposed distribution are
derived, its parameters are estimated using fifteen
classical estimation methods, and its performance is
evaluated through simulation studies and applications to
environmental and engineering datasets.

Motivation and Contributions

The main motivations and contributions of this study
are summarized as follows:

–To develop a new extension of the Garhy distribution
using the inverse power transformation.

–To introduce a more flexible distribution that can
accommodate a wider range of hazard rate shapes
than the classical Garhy distribution.

–To derive important statistical properties of the
proposed distribution, including the moments,
survival function, incomplete moments, and harmonic
mean.

–To estimate the model parameters using fifteen
classical estimation methods and evaluate their
performance through a simulation study.

–To demonstrate the usefulness of the proposed
distribution using real-life environmental and
engineering datasets.

–To compare the performance of the proposed
distribution with the Garhy distribution and other
competing models.

The organization of the remaining sections of this study is
illustrated in Figure 1.

2 Formulation of the Inverse Power Garhy
Distribution

In this section, we construct the Inverse Power Garhy
Distribution (IPGD) as a transformation of the Garhy
distribution [9] and derive its reliability and survival
characteristics. Let Y be a random variable following the
Garhy distribution with cumulative distribution function
(CDF)

F(y;κ) = 1−
(

3κ2y2

κ3 +6
+(κy+1)

)
e−κy,

y > 0, κ > 0.
(1)

Using the transformation X = Y−1/φ , we obtain the
inverse power Garhy distribution (IPGD). The CDF of X
is obtained as

F(x;κ,φ) = e−κx−φ

[
κx−2φ

(
3κ

κ3 +6
+ xφ

)
+1
]
,

x > 0, κ > 0, φ > 0.
(2)

Differentiating the CDF (2) with respect to x, the
probability density function is obtained as

f (x;κ,φ) =
κ3φx−3φ−1e−κx−φ (

κ2xφ +3
)

κ3 +6
, x > 0. (3)

The survival (reliability) function is defined as

F̄(x;κ,φ) =

1− e−κx−φ

[
κx−2φ

(
3κ

κ3 +6
+ xφ

)
+1
]
.

The hazard rate function is defined by

h(x;κ,φ) =
f (x;κ,φ)

F̄(x;κ,φ)

=

κ3φx−3φ−1e−κx−φ
(κ2xφ+3)

κ3+6

1− e−κx−φ

[
κx−2φ

(
3κ

κ3+6 + xφ

)
+1
] .
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Fig. 1: Flowchart of the Remaining Sections of the Study.

The reversed hazard rate function is defined as

τ(x;κ,φ) =
f (x;κ,φ)

F(x;κ,φ)

=

κ3φx−3φ−1e−κx−φ
(κ2xφ+3)

κ3+6

e−κx−φ

[
κx−2φ

(
3κ

κ3+6 + xφ

)
+1
] .

The cumulative hazard function is given by

H(x;κ,φ) =− ln [F̄(x;κ,φ)]

=− ln

[
1− e−κx−φ

(
κx−2φ

(
3κ

κ3 +6
+ xφ

)
+1
)]

.

The odds function and the Mills ratio are defined as
follows

OX (x;κ,φ) =
F(x;κ,φ)

F̄(x;κ,φ)

=
e−κx−φ

[
κx−2φ

(
3κ

κ3+6 + xφ

)
+1
]

1− e−κx−φ

[
κx−2φ

(
3κ

κ3+6 + xφ

)
+1
] ,

and

M(x;κ,φ) =
F̄(x;κ,φ)

f (x;κ,φ)

=
1− e−κx−φ

[
κx−2φ

(
3κ

κ3+6 + xφ

)
+1
]

κ3φx−3φ−1e−κx−φ (κ2xφ+3)
κ3+6

.

Figure 2 presents the two-dimensional and
three-dimensional plots of the probability density
function of the IPGD for selected parameter values. The
density function is positively skewed and unimodal,
depending on the parameter values. These shapes show
that the proposed distribution is flexible and suitable for
modelling positively skewed lifetime data.

Figure 3 shows the hazard rate function of the IPGD
for selected parameter values. The hazard rate can take

either a decreasing or an inverted bathtub shape,
depending on the parameter values. This shows that the
proposed distribution is flexible and can model different
lifetime behaviours.

3 Statistical Properties

In this section, some important statistical properties of the
IPGD are presented.

3.1 Mode

In this subsection, the following theorem provides the
mode of the IPGD.

Theorem 1. Let X be a random variable following the
IPGD with PDF (3), then, the mode of the IPGD is given
by

xm =


κ3φ −3(3φ +1)

+

√
[κ3φ −3(3φ +1)]2 +12κ3φ(2φ +1)

2κ2(2φ +1)


1
φ

.

(4)

Proof. The mode is obtained by maximizing the PDF.
Taking the natural logarithm yields

ln( f (x)) = ln
(

κ3φ

κ3 +6

)
− (3φ +1) ln(x)

−κx−φ + ln(κ2xφ +3).

Differentiating with respect to x, we obtain

d
dx

ln( f (x)) =−3φ +1
x

+κφx−φ−1 +
κ2φxφ−1

κ2xφ +3
.

The critical point satisfies d
dx ln( f (x)) = 0, which implies

−3φ +1
x

+κφx−φ−1 +
κ2φxφ−1

κ2xφ +3
= 0.
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Fig. 2: 2D Plots of PDF and 3D Plots of PDF at κ = 1.5 for the IPGD.
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Fig. 3: 2D Plots of HRF and 3D Plots of HRF at κ = 1.5 for the IPGD.

Multiplying both sides by x gives

−(3φ +1)+κφx−φ +
κ2φxφ

κ2xφ +3
= 0.

Let y = xφ . Then the above equation becomes

−(3φ +1)+
κφ

y
+

κ2φy
κ2y+3

= 0.

Multiplying by y(κ2y+3), we get

−(3φ +1)y(κ2y+3)+κφ(κ2y+3)+κ
2
φy2 = 0.

After expansion and simplification, the above expression
reduces to

κ
2(2φ +1)y2 +

[
3(3φ +1)−κ

3
φ

]
y−3κφ = 0.

By using the quadratic formula, we have

y =

κ3φ −3(3φ +1)

±
√
[κ3φ −3(3φ +1)]2 +12κ3φ(2φ +1)

2κ2(2φ +1)
.
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Finally, recalling that y = xφ , the mode of the IPGD is
given by

xm = (ym)
1/φ

=


κ3φ −3(3φ +1)

+

√
[κ3φ −3(3φ +1)]2 +12κ3φ(2φ +1)

2κ2(2φ +1)


1/φ

.

This completes the proof.

3.2 Ordinary Moments

In this subsection, we derive an explicit expression for the
rth ordinary moment of the IPGD.

Theorem 2. Let X be a random variable following the
IPGD with PDF (3), then, the rth ordinary moment of X
is given by

µ
′
r = E(X r)

=
κr/φ

((
κ3 +6

)
φ −3r

)
Γ

(
2− r

φ

)
(κ3 +6)φ

, r < 2φ .
(5)

Proof. By definition, the rth ordinary moment is

µ
′
r = E(X r) =

∫
∞

0
xr f (x)dx.

Substituting the PDF (3) of the IPGD, we obtain

µ
′
r =

κ3φ

κ3 +6

∫
∞

0
xr−3φ−1e−κx−φ (

κ
2xφ +3

)
dx

=
κ3φ

κ3 +6

[
κ

2
∫

∞

0
xr−2φ−1e−κx−φ

dx

+3
∫

∞

0
xr−3φ−1e−κx−φ

dx

]
.

To evaluate these integrals, consider the transformation t =
κx−φ , then

µ
′
r =

κ3φ

κ3 +6

[
κ

2
(

1
φ

κ
r
φ
−2
∫

∞

0
t1− r

φ e−tdt
)

+3
(

1
φ

κ
(r−3φ)/φ

∫
∞

0
t2−r/φ e−tdt

)]
.

Then,

µ
′
r =

κ3φ

κ3 +6

[
κ

2
(

1
φ

κ
r/φ−2

Γ

(
2− r

φ

))

+3
(

1
φ

κ
r/φ−3

Γ

(
3− r

φ

))]
.

After simplification, we obtain

µ
′
r =

κr/φ
((

κ3 +6
)

φ −3r
)

Γ

(
2− r

φ

)
(κ3 +6)φ

, r < 2φ .

This completes the proof.

Corollary 1. The mean of the IPGD is obtained by setting
r = 1 in the previous theorem, yielding

µ = E(X) =
κ1/φ

((
κ3 +6

)
φ −3

)
Γ

(
2− 1

φ

)
(κ3 +6)φ

.

Similarly, the second ordinary moment is

E(X2) =
κ2/φ

((
κ3 +6

)
φ −6

)
Γ

(
2− 2

φ

)
(κ3 +6)φ

.

Therefore, the variance of X is given by

Var(X) =
κ2/φ

((
κ3 +6

)
φ −6

)
Γ

(
2− 2

φ

)
(κ3 +6)φ

−

κ1/φ
((

κ3 +6
)

φ −3
)

Γ

(
2− 1

φ

)
(κ3 +6)φ

2

.

Figure 4 shows the three-dimensional plots of the
mean, variance, skewness, and kurtosis of the IPGD. The
plots illustrate the effect of the model parameters on these
measures.

3.3 Incomplete Moments

Incomplete moments play an important role in reliability
analysis, income inequality measures, mean residual life
functions, and actuarial applications. In this subsection,
explicit expressions for the lower and upper incomplete
moments of the IPGD are derived.

Theorem 3. Let X be a random variable following the
IPGD with PDF (3), then, the sth lower incomplete
moment of X, is given by

ms(t) =
κ

s
φ

κ3 +6

[
κ

3
Γ

(
2− s

φ
,κt−φ

)

+3Γ

(
3− s

φ
,κt−φ

)]
,

(6)

where Γ (s,z) denotes the upper incomplete gamma
function.
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Fig. 4: 3D plots of the mean, the variance, the skewness, and the kurtosis for the IPGD

Proof. By definition,

ms(t) =
∫ t

0
xs f (x)dx.

Substituting the PDF (3) of the IPGD yields

ms(t) =
κ3φ

κ3 +6

∫ t

0
xs−3φ−1e−κx−φ (

κ
2xφ +3

)
dx

=
κ3φ

κ3 +6

[
κ

2
∫ t

0
xs−2φ−1e−κx−φ

dx

+3
∫ t

0
xs−3φ−1e−κx−φ

dx

]
.

To evaluate these integrals, consider the transformation
u = κx−φ , then

ms(t) =
κ3φ

κ3 +6

[
κ

2 1
φ

κ
s
φ
−2
∫

∞

κt−φ

u1− s
φ e−udu

+3
1
φ

κ
s
φ
−3
∫

∞

κt−φ

u2− s
φ e−udu

]
.

After some simplifications, we obtain

ms(t) =
κ

s
φ

κ3 +6

[
κ

3
Γ

(
2− s

φ
,κt−φ

)

+3Γ

(
3− s

φ
,κt−φ

)]
.

This completes the proof.

Theorem 4. The sth upper incomplete moment of the
IPGD, is given by

Ms(t) =
κs/φ

κ3 +6

[
κ

3
γ

(
2− s

φ
,κt−φ

)

+3γ

(
3− s

φ
,κt−φ

)]
,

(7)

where γ(s,z) denotes the lower incomplete gamma
function.

Proof. By definition,

Ms(t) =
∫

∞

t
xs f (x)dx.

Substituting the density function yields

Ms(t) =
κ3φ

κ3 +6

[
κ

2
∫

∞

t
xs−2φ−1e−κx−φ

dx

+3
∫

∞

t
xs−3φ−1e−κx−φ

dx

]
.

Following the derivation of the lower incomplete
moments, we get

Ms(t) =
κ

s
φ

κ3 +6

[
κ

3
γ

(
2− s

φ
,κt−φ

)

+3γ

(
3− s

φ
,κt−φ

)]
.

Hence, the desired result follows.

3.4 Inverse Moments and Harmonic Mean

Inverse moments are useful in reliability theory, actuarial
science, and survival analysis. In this subsection, explicit
expressions for the inverse moments and the harmonic
mean of the IPGD are derived.

Theorem 5. Let X be a random variable following the
IPGD with PDF (3), then, the sth inverse moment of X is
given by

E(X−s) =
κ−s/φ

κ3 +6

[
κ

3
Γ

(
s
φ
+2
)
+3Γ

(
s
φ
+3
)]

,

s > 0.
(8)

Proof. By definition, the sth inverse moment is

E(X−s) =
∫

∞

0
x−s f (x)dx.
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Substituting the PDF of the IPGD, we obtain

E(X−s) =
κ3φ

κ3 +6

∫
∞

0
x−s−3φ−1e−κx−φ (

κ
2xφ +3

)
dx

=
κ3φ

κ3 +6

[
κ

2
∫

∞

0
x−s−2φ−1e−κx−φ

dx

+3
∫

∞

0
x−s−3φ−1e−κx−φ

dx

]
.

Consider the transformation u = κx−φ , then

E(X−s) =
κ3φ

κ3 +6

[
κ

2 1
φ

κ
−s/φ−2

∫
∞

0
us/φ+1e−udu

+3
1
φ

κ
−s/φ−3

∫
∞

0
us/φ+2e−udu

]
.

Then

E(X−s) =
κ3φ

κ3 +6

[
κ

2
(

1
φ

κ
−s/φ−2

Γ

(
s
φ
+2
))

+3
(

1
φ

κ
−s/φ−3

Γ

(
s
φ
+3
))]

.

After simplification, we obtain

E(X−s) =
κ−s/φ

κ3 +6

[
κ

3
Γ

(
s
φ
+2
)
+3Γ

(
s
φ
+3
)]

.

This completes the proof.

Corollary 2. The first inverse moment of the IPGD is
obtained by setting s = 1 in Equation (8) of the previous
theorem. Thus,

E(X−1) =
κ−1/φ

κ3 +6

[
κ

3
Γ

(
2+

1
φ

)
+3Γ

(
3+

1
φ

)]
.

Corollary 3. The harmonic mean of a positive random
variable X is defined by

H =
1

E(X−1)

=

[
κ−1/φ

κ3 +6

(
κ

3
Γ

(
2+

1
φ

)
+3Γ

(
3+

1
φ

))]−1

.

Therefore, the harmonic mean of the IPGD is

H =
(κ3 +6)κ1/φ

κ3Γ

(
2+ 1

φ

)
+3Γ

(
3+ 1

φ

) .

4 Estimation methods

The fifteen estimation methods used to estimate the
parameters of the proposed distribution are presented in
this section.

4.1 Method of maximum likelihood

Maximum likelihood estimation has also been used in
related studies [18,19,20].

The log-likelihood function of the IPGD is given by:

ℓ(κ,φ) = 3n logκ +n logφ − (3φ +1)
n

∑
i=1

logxi

−κ

n

∑
i=1

x−φ

i +
n

∑
i=1

log(κ2xφ

i +3)

−n log(κ3 +6).

The maximum likelihood estimates are obtained by
numerically maximizing the log-likelihood function.

4.2 Method of Anderson-Darling

The parameter estimates of the proposed distribution
using this method are obtained by minimizing the
following function:

AD =−n− 1
n

n

∑
i=1

(2i−1)

[
log

(
e−κx−φ

i:n

×

(
κx−2φ

i:n

(
3κ

κ3 +6
+ xφ

i:n

)
+1

))

+ log

(
1− e−κx−φ

n−i+1:n

×

(
κx−2φ

n−i+1:n

(
3κ

κ3 +6
+ xφ

n−i+1:n

)
+1

))]
.

4.3 Method of Cramer von Mises

The parameter estimates of the proposed distribution
using this method are obtained by minimizing the
following function:

CV M =
1

12n
+

n

∑
i=1

[
e−κx−φ

i:n

×

(
κx−2φ

i:n

(
3κ

κ3 +6
+ xφ

i:n

)
+1

)
− 2i−1

2n

]2

.

© 2026 NSP
Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp


1574 R. H. Albayyat et al.: An inverse power lifetime model with decreasing and unimodal...

4.4 Method of maximum product of spacings

The parameter estimates of the proposed distribution
using this method are obtained by maximizing the
following function:

MPS =
1

n+1

n+1

∑
i=1

log Ii(xi),

where,

Ii(xi) = F(xi:n)−F(xi−1:n)

= e−κx−φ

i:n

(
κx−2φ

i:n

(
3κ

κ3 +6
+ xφ

i:n

)
+1

)

− e−κx−φ

i−1:n

(
κx−2φ

i−1:n

(
3κ

κ3 +6
+ xφ

i−1:n

)
+1

)
,

F(x0:n) = 0 and F(xn+1:n) = 1.

4.5 Method of least squares

The parameter estimates of the proposed distribution
using this method are obtained by minimizing the
following function:

LS =
n

∑
i=1

[
e−κx−φ

i:n

×

(
κx−2φ

i:n

(
3κ

κ3 +6
+ xφ

i:n

)
+1

)
− i

n+1

]2

.

4.6 Method of right tail Anderson Darling

The parameter estimates of the proposed distribution
using this method are obtained by minimizing the
following function:

RTAD =
n
2
−2

n

∑
i=1

(
e−κx−φ

i:n

×

(
κx−2φ

i:n

(
3κ

κ3 +6
+ xφ

i:n

)
+1

))

− 1
n

n

∑
i=1

(2i−1) log

(
1− e−κx−φ

i:n

×

(
κx−2φ

i:n

(
3κ

κ3 +6
+ xφ

i:n

)
+1

))
.

4.7 Method of weighted least squares

The parameter estimates of the proposed distribution
using this method are obtained by minimizing the
following function:

WLS =
n

∑
i=1

(n+1)2(n+2)
i(n− i+1)

[
e−κx−φ

i:n

×

(
κx−2φ

i:n

(
3κ

κ3 +6
+ xφ

i:n

)
+1

)
− i

n+1

]2

.

4.8 Method of left tail Anderson Darling

The parameter estimates of the proposed distribution
using this method are obtained by minimizing the
following function:

LTAD =−3
2

n+2
n

∑
i=1

(
e−κx−φ

i:n

×

(
κx−2φ

i:n

(
3κ

κ3 +6
+ xφ

i:n

)
+1

))

− 1
n

n

∑
i=1

(2i−1) log

(
e−κx−φ

i:n

×

(
κx−2φ

i:n

(
3κ

κ3 +6
+ xφ

i:n

)
+1

))
.

4.9 Method of minimum spacing absolute
distance

The parameter estimates of the proposed distribution
using this method are obtained by minimizing the
following function:

MSAD =
n+1

∑
i=1

∣∣∣∣Ii −
1

n+1

∣∣∣∣ .

4.10 Method of minimum spacing absolute-log
distance

The parameter estimates of the proposed distribution
using this method are obtained by minimizing the
following function:

MSALD =
n+1

∑
i=1

∣∣∣∣log Ii − log
1

n+1

∣∣∣∣ .
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4.11 Method of Anderson Darling left tail
second order

The parameter estimates of the proposed distribution
using this method are obtained by minimizing the
following function:

ADLT SO = 2
n

∑
i=1

log

(
e−κx−φ

i:n

×

(
κx−2φ

i:n

(
3κ

κ3 +6
+ xφ

i:n

)
+1

))

+
1
n

n

∑
i=1

(2i−1)

e−κx−φ

i:n

(
κx−2φ

i:n

(
3κ

κ3+6 + xφ

i:n

)
+1

) .

4.12 Kolmogorov Method

The parameter estimates of the proposed distribution
using this method are obtained by minimizing the
following function:

KM = MAX
1≤i≤n

[
i
n
− e−κx−φ

i:n

×

(
κx−2φ

i:n

(
3κ

κ3 +6
+ xφ

i:n

)
+1

)
,

e−κx−φ

i:n

(
κx−2φ

i:n

(
3κ

κ3 +6
+ xφ

i:n

)
+1

)
− i−1

n

]
.

4.13 Method of minimum spacing square
distance

The parameter estimates of the proposed distribution
using this method are obtained by minimizing the
following function:

MSSD =
n+1

∑
i=1

(
Ii −

1
n+1

)2

.

4.14 Method of minimum spacing square-log
distance

The parameter estimates of the proposed distribution
using this method are obtained by minimizing the
following function:

MSSLD =
n+1

∑
i=1

(
log Ii − log

1
n+1

)2

.

4.15 Method of minimum spacing Linex
distance

The parameter estimates of the proposed distribution
using this method are obtained by minimizing the
following function:

MSLD =
n+1

∑
i=1

[
eIi− 1

n+1 −
(

Ii −
1

n+1

)
−1
]
.

5 Numerical simulation

We performed a comprehensive Monte Carlo simulation
analysis to evaluate the estimators of the IPGD, its
flexibility, and its usefulness across various sample sizes.
All calculations were performed according to the settings
provided by the R software environment. In the
simulation we performed, we used the following exact
metrics, outlined as follows:

–Average bias (BIAS):

|Bias(ĴJJ)|= 1
L

L

∑
i=1

|ĴJJ−JJJ|.

–Mean squared errors (MSE):

MSE =
1
L

L

∑
i=1

(ĴJJ−JJJ)2.

–Mean relative errors (MRE):

MRE =
1
L

L

∑
i=1

|ĴJJ−JJJ|/JJJ.

–Average absolute difference (Dabs):

Dabs =
1

nL

L

∑
i=1

n

∑
j=1

|F(xi j;JJJ)−F(xi j;ĴJJ)|.

–Maximum absolute difference (Dmax):

Dmax =
1
L

L

∑
i=1

max
j=1,...,n

|F(xi j;JJJ)−F(xi j; ĴJJ)|.

–Average scaled absolute error (ASAE):

ASAE =
1
n

n

∑
i=1

|xi − x̂i|
xn − x1

,

where JJJ = (φ , κ), L is the number of simulation
replications, and n is the sample size.
Tables 1 to 5 present the Monte Carlo simulation

results for the IPGD across different sample sizes, with
L = 1,000 simulation replications for each setting. The
results generally show lower values of the evaluation
measures as the sample size increases, suggesting
improved estimation performance. The simulation
rankings in Table 6 indicate that MLE achieves the
smallest overall rank, followed by MPSE.

© 2026 NSP
Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp


1576 R. H. Albayyat et al.: An inverse power lifetime model with decreasing and unimodal...

Ta
bl

e
1:

R
es

ul
ts

of
si

m
ul

at
io

n
m

ea
su

re
s

w
he

n
φ
=

0.
2,

κ
=

0.
3.

n
E

st
.

M
L

E
A

D
E

C
V

M
E

M
PS

E
O

L
SE

R
TA

D
E

W
L

SE
LT

A
D

E
M

SA
D

E
M

SA
L

D
E

A
D

SO
E

K
E

M
SS

D
E

M
SS

L
D

E
M

SL
N

D
E

20
B

IA
S(

φ̂
)

0.
20

80
6{

4}
0.

21
58

8{
5}

0.
27

14
7{

10
}

0.
19

93
7{

2}
0.

26
40

1{
8}

0.
27

53
5{

12
}

0.
20

36
7{

3}
0.

24
09

0{
6}

0.
27

31
2{

11
}

0.
26

30
8{

7}
0.

28
20

1{
13

}
0.

26
84

2{
9}

0.
35

58
0{

15
}

0.
19

31
2{

1}
0.

30
16

3{
14

}

20
B

IA
S(

κ̂
)

0.
21

12
1{

6}
0.

20
30

3{
4}

0.
24

08
8{

13
}

0.
18

41
8{

2}
0.

17
77

1{
1}

0.
23

59
2{

11
}

0.
21

87
8{

7}
0.

20
64

3{
5}

0.
22

00
6{

9}
0.

23
33

4{
10

}
0.

23
77

9{
12

}
0.

24
39

2{
14

}
0.

21
97

2{
8}

0.
19

88
0{

3}
0.

25
09

3{
15

}

20
M

SE
(φ̂

)
0.

07
74

6{
4}

0.
08

24
6{

5}
0.

13
80

8{
13

}
0.

05
91

4{
2}

0.
09

66
2{

6}
0.

13
30

6{
11

}
0.

06
81

5{
3}

0.
09

86
7{

7}
0.

10
82

4{
8.

5}
0.

10
82

4{
8.

5}
0.

14
04

8{
14

}
0.

12
64

5{
10

}
0.

17
83

2{
15

}
0.

05
89

5{
1}

0.
13

67
9{

12
}

20
M

SE
(κ̂

)
0.

07
12

0{
5}

0.
06

29
9{

3}
0.

09
14

5{
13

}
0.

04
92

9{
2}

0.
04

87
3{

1}
0.

09
35

3{
14

}
0.

08
58

2{
10

}
0.

07
76

1{
7}

0.
07

98
0{

8}
0.

08
32

6{
9}

0.
09

01
7{

11
}

0.
09

08
0{

12
}

0.
07

66
9{

6}
0.

06
86

1{
4}

0.
10

14
7{

15
}

20
M

R
E

(φ̂
)

0.
13

87
1{

4}
0.

14
39

2{
5}

0.
18

09
8{

10
}

0.
13

29
1{

2}
0.

17
60

1{
8}

0.
18

35
7{

12
}

0.
13

57
8{

3}
0.

16
06

0{
6}

0.
18

20
8{

11
}

0.
17

53
9{

7}
0.

18
80

1{
13

}
0.

17
89

5{
9}

0.
23

72
0{

15
}

0.
12

87
5{

1}
0.

20
10

9{
14

}

20
M

R
E

(κ̂
)

0.
10

56
0{

6}
0.

10
15

1{
4}

0.
12

04
4{

13
}

0.
09

20
9{

2}
0.

08
88

6{
1}

0.
11

79
6{

11
}

0.
10

93
9{

7}
0.

10
32

1{
5}

0.
11

00
3{

9}
0.

11
66

7{
10

}
0.

11
89

0{
12

}
0.

12
19

6{
14

}
0.

10
98

6{
8}

0.
09

94
0{

3}
0.

12
54

6{
15

}

20
D

ab
s

0.
05

66
8{

1}
0.

05
82

0{
3}

0.
06

54
7{

9}
0.

05
83

0{
4}

0.
05

79
2{

2}
0.

06
63

7{
11

}
0.

06
10

8{
7}

0.
05

91
6{

6}
0.

06
59

6{
10

}
0.

07
41

5{
13

}
0.

06
76

5{
12

}
0.

06
44

8{
8}

0.
07

49
0{

14
}

0.
05

86
2{

5}
0.

08
12

7{
15

}

20
D

m
ax

0.
09

11
5{

1}
0.

09
20

1{
4}

0.
10

74
7{

10
}

0.
09

16
7{

3}
0.

09
36

2{
5}

0.
10

78
1{

12
}

0.
09

68
0{

7}
0.

09
48

3{
6}

0.
10

61
9{

8}
0.

11
51

6{
13

}
0.

10
77

3{
11

}
0.

10
67

5{
9}

0.
12

15
6{

14
}

0.
09

14
1{

2}
0.

12
64

5{
15

}

20
A

SA
E

0.
04

69
6{

4}
0.

04
65

5{
3}

0.
04

86
3{

6}
0.

04
95

7{
7}

0.
04

76
4{

5}
0.

04
48

7{
1}

0.
04

55
4{

2}
0.

05
42

6{
10

}
0.

05
56

3{
11

}
0.

05
56

5{
12

}
0.

07
12

0{
15

}
0.

05
20

1{
8}

0.
06

53
9{

14
}

0.
05

29
5{

9}
0.

06
25

7{
13

}

20
∑

R
an

ks
35

{3
}

36
{4

}
97

{1
2}

26
{1

}
37

{5
}

95
{1

1}
49

{6
}

58
{7

}
85

.5
{8

}
89

.5
{9

}
11

3{
14

}
93

{1
0}

10
9{

13
}

29
{2

}
12

8{
15

}

70
B

IA
S(

φ̂
)

0.
12

57
8{

1}
0.

14
04

4{
4}

0.
17

06
0{

10
}

0.
14

93
6{

6}
0.

15
19

7{
7}

0.
18

32
0{

12
}

0.
13

36
4{

3}
0.

17
00

1{
9}

0.
17

75
1{

11
}

0.
14

21
4{

5}
0.

18
75

7{
14

}
0.

15
94

6{
8}

0.
18

74
8{

13
}

0.
12

80
1{

2}
0.

22
32

3{
15

}

70
B

IA
S(

κ̂
)

0.
13

97
9{

5}
0.

14
10

2{
6}

0.
15

44
8{

9}
0.

13
00

1{
1}

0.
14

11
7{

7}
0.

15
29

8{
8}

0.
13

48
4{

3}
0.

16
68

8{
14

}
0.

15
51

8{
10

}
0.

13
95

4{
4}

0.
16

71
5{

15
}

0.
13

43
8{

2}
0.

15
91

4{
13

}
0.

15
90

5{
12

}
0.

15
86

4{
11

}

70
M

SE
(φ̂

)
0.

02
51

1{
1}

0.
03

19
2{

4}
0.

04
79

3{
9}

0.
03

22
9{

5}
0.

03
51

5{
7}

0.
05

11
5{

11
}

0.
02

76
3{

3}
0.

04
91

9{
10

}
0.

05
53

9{
13

}
0.

03
28

8{
6}

0.
06

49
9{

14
}

0.
04

13
4{

8}
0.

05
28

2{
12

}
0.

02
54

9{
2}

0.
08

59
2{

15
}

70
M

SE
(κ̂

)
0.

02
88

3{
4}

0.
03

25
5{

7}
0.

04
12

4{
11

}
0.

02
52

9{
1}

0.
02

84
2{

2}
0.

03
77

6{
8}

0.
02

92
0{

5}
0.

04
31

3{
13

}
0.

03
81

7{
9}

0.
02

97
7{

6}
0.

04
68

9{
15

}
0.

02
84

4{
3}

0.
04

47
6{

14
}

0.
04

04
6{

10
}

0.
04

18
7{

12
}

70
M

R
E

(φ̂
)

0.
08

38
5{

1}
0.

09
36

3{
4}

0.
11

37
3{

10
}

0.
09

95
7{

6}
0.

10
13

1{
7}

0.
12

21
3{

12
}

0.
08

90
9{

3}
0.

11
33

4{
9}

0.
11

83
4{

11
}

0.
09

47
6{

5}
0.

12
50

5{
14

}
0.

10
63

0{
8}

0.
12

49
9{

13
}

0.
08

53
4{

2}
0.

14
88

2{
15

}

70
M

R
E

(κ̂
)

0.
06

99
0{

5}
0.

07
05

1{
6}

0.
07

72
4{

9}
0.

06
50

1{
1}

0.
07

05
9{

7}
0.

07
64

9{
8}

0.
06

74
2{

3}
0.

08
34

4{
14

}
0.

07
75

9{
10

}
0.

06
97

7{
4}

0.
08

35
8{

15
}

0.
06

71
9{

2}
0.

07
95

7{
13

}
0.

07
95

3{
12

}
0.

07
93

2{
11

}

70
D

ab
s

0.
03

85
7{

2}
0.

04
08

9{
5}

0.
04

36
8{

9}
0.

04
10

0{
6}

0.
04

05
8{

4}
0.

04
44

5{
10

}
0.

03
81

7{
1}

0.
04

55
9{

11
}

0.
04

65
2{

12
}

0.
04

18
8{

7}
0.

04
74

8{
13

}
0.

03
90

7{
3}

0.
04

87
5{

14
}

0.
04

34
6{

8}
0.

05
12

1{
15

}

70
D

m
ax

0.
06

11
8{

1}
0.

06
52

5{
4}

0.
07

13
4{

9}
0.

06
52

7{
5}

0.
06

61
2{

6}
0.

07
29

6{
10

}
0.

06
13

2{
2}

0.
07

34
2{

11
}

0.
07

50
9{

12
}

0.
06

62
2{

7}
0.

07
63

7{
13

}
0.

06
45

3{
3}

0.
07

81
2{

14
}

0.
06

87
6{

8}
0.

08
34

4{
15

}

70
A

SA
E

0.
02

98
6{

10
}

0.
02

78
0{

4}
0.

02
98

2{
9}

0.
02

71
2{

2}
0.

02
89

5{
7}

0.
02

40
1{

1}
0.

02
74

0{
3}

0.
03

10
2{

11
}

0.
03

37
3{

12
}

0.
02

97
1{

8}
0.

04
09

2{
15

}
0.

02
88

2{
5}

0.
03

76
4{

14
}

0.
02

88
7{

6}
0.

03
54

2{
13

}

70
∑

R
an

ks
30

{2
}

44
{5

}
85

{1
0}

33
{3

}
54

{7
}

80
{9

}
26

{1
}

10
2{

12
}

10
0{

11
}

52
{6

}
12

8{
15

}
42

{4
}

12
0{

13
}

62
{8

}
12

2{
14

}

13
0

B
IA

S(
φ̂

)
0.

09
35

3{
2}

0.
09

61
6{

3}
0.

11
07

9{
7}

0.
09

75
9{

4}
0.

10
09

5{
5}

0.
13

07
1{

12
}

0.
08

89
1{

1}
0.

12
16

7{
10

}
0.

11
84

7{
9}

0.
11

11
2{

8}
0.

13
70

5{
14

}
0.

12
57

6{
11

}
0.

15
04

0{
15

}
0.

10
89

5{
6}

0.
13

12
8{

13
}

13
0

B
IA

S(
κ̂

)
0.

08
80

3{
2}

0.
09

13
1{

4}
0.

10
00

3{
10

}
0.

09
03

5{
3}

0.
09

80
8{

7}
0.

08
70

1{
1}

0.
09

22
9{

5}
0.

09
88

9{
8}

0.
12

11
5{

14
}

0.
10

03
0{

11
}

0.
10

10
8{

12
}

0.
09

25
3{

6}
0.

11
81

4{
13

}
0.

09
93

9{
9}

0.
12

46
7{

15
}

13
0

M
SE

(φ̂
)

0.
01

43
9{

2}
0.

01
41

8{
1}

0.
02

08
4{

8}
0.

01
52

7{
4}

0.
01

64
7{

5}
0.

02
95

8{
14

}
0.

01
46

2{
3}

0.
02

33
8{

11
}

0.
02

31
3{

9}
0.

01
86

4{
7}

0.
02

76
8{

13
}

0.
02

32
2{

10
}

0.
03

98
1{

15
}

0.
01

76
8{

6}
0.

02
71

5{
12

}

13
0

M
SE

(κ̂
)

0.
01

23
2{

1}
0.

01
24

9{
2}

0.
01

49
9{

8}
0.

01
26

1{
3.

5}
0.

01
43

5{
7}

0.
01

26
1{

3.
5}

0.
01

32
2{

5}
0.

01
58

8{
10

}
0.

02
24

6{
14

}
0.

01
55

5{
9}

0.
01

60
1{

11
}

0.
01

36
7{

6}
0.

02
23

1{
13

}
0.

01
75

7{
12

}
0.

02
25

6{
15

}

13
0

M
R

E
(φ̂

)
0.

06
23

5{
2}

0.
06

41
1{

3}
0.

07
38

6{
7}

0.
06

50
6{

4}
0.

06
73

0{
5}

0.
08

71
4{

12
}

0.
05

92
8{

1}
0.

08
11

1{
10

}
0.

07
89

8{
9}

0.
07

40
8{

8}
0.

09
13

7{
14

}
0.

08
38

4{
11

}
0.

10
02

7{
15

}
0.

07
26

3{
6}

0.
08

75
2{

13
}

13
0

M
R

E
(κ̂

)
0.

04
40

2{
2}

0.
04

56
6{

4}
0.

05
00

1{
10

}
0.

04
51

7{
3}

0.
04

90
4{

7}
0.

04
35

1{
1}

0.
04

61
4{

5}
0.

04
94

4{
8}

0.
06

05
7{

14
}

0.
05

01
5{

11
}

0.
05

05
4{

12
}

0.
04

62
7{

6}
0.

05
90

7{
13

}
0.

04
96

9{
9}

0.
06

23
3{

15
}

13
0

D
ab

s
0.

02
46

3{
1}

0.
02

62
2{

3}
0.

02
82

6{
7}

0.
02

69
7{

4}
0.

02
84

8{
8}

0.
02

77
8{

5}
0.

02
60

8{
2}

0.
02

86
9{

9}
0.

03
39

2{
13

}
0.

03
03

5{
11

}
0.

03
12

3{
12

}
0.

02
79

2{
6}

0.
03

61
1{

14
}

0.
02

88
8{

10
}

0.
03

63
6{

15
}

13
0

D
m

ax
0.

04
03

7{
1}

0.
04

34
0{

4}
0.

04
62

1{
6}

0.
04

32
3{

3}
0.

04
62

3{
7}

0.
04

61
0{

5}
0.

04
18

6{
2}

0.
04

72
6{

10
}

0.
05

50
8{

13
}

0.
04

83
4{

11
}

0.
05

09
2{

12
}

0.
04

68
1{

9}
0.

05
94

6{
15

}
0.

04
66

9{
8}

0.
05

74
8{

14
}

13
0

A
SA

E
0.

01
61

6{
4}

0.
01

59
3{

2}
0.

01
67

3{
6}

0.
01

61
4{

3}
0.

01
62

3{
5}

0.
01

51
8{

1}
0.

01
68

3{
7}

0.
01

82
9{

9}
0.

01
87

2{
11

}
0.

01
88

2{
12

}
0.

02
19

4{
14

}
0.

01
85

0{
10

}
0.

02
37

4{
15

}
0.

01
79

9{
8}

0.
02

13
6{

13
}

13
0

∑
R

an
ks

17
{1

}
26

{2
}

69
{7

}
31

.5
{4

}
56

{6
}

54
.5
{5

}
31

{3
}

85
{1

0}
10

6{
12

}
88

{1
1}

11
4{

13
}

75
{9

}
12

8{
15

}
74

{8
}

12
5{

14
}

20
0

B
IA

S(
φ̂

)
0.

06
80

6{
1}

0.
08

92
0{

8}
0.

10
42

6{
11

}
0.

07
66

0{
2}

0.
08

50
2{

7}
0.

09
51

7{
9}

0.
08

23
6{

3}
0.

08
30

4{
4}

0.
11

48
1{

12
}

0.
08

43
7{

5}
0.

12
48

8{
15

}
0.

09
74

7{
10

}
0.

11
70

7{
13

}
0.

08
49

2{
6}

0.
11

76
0{

14
}

20
0

B
IA

S(
κ̂

)
0.

08
00

5{
7}

0.
07

24
6{

3}
0.

06
79

1{
1}

0.
07

91
6{

6}
0.

08
09

5{
8}

0.
06

86
9{

2}
0.

08
44

0{
10

}
0.

07
58

1{
5}

0.
10

62
9{

14
}

0.
08

11
9{

9}
0.

08
94

2{
12

}
0.

07
28

5{
4}

0.
11

27
0{

15
}

0.
08

68
3{

11
}

0.
09

61
8{

13
}

20
0

M
SE

(φ̂
)

0.
00

72
9{

1}
0.

01
19

2{
7}

0.
01

50
2{

10
}

0.
00

96
3{

2}
0.

01
18

4{
6}

0.
01

42
5{

9}
0.

01
02

9{
3}

0.
01

21
1{

8}
0.

01
88

1{
12

}
0.

01
04

1{
4}

0.
02

64
7{

15
}

0.
01

55
5{

11
}

0.
02

18
2{

14
}

0.
01

05
4{

5}
0.

02
14

2{
13

}

20
0

M
SE

(κ̂
)

0.
01

05
9{

9.
5}

0.
00

80
6{

3}
0.

00
73

5{
1}

0.
00

93
4{

6}
0.

01
02

9{
7}

0.
00

75
0{

2}
0.

01
04

0{
8}

0.
00

89
8{

5}
0.

01
67

6{
14

}
0.

01
05

9{
9.

5}
0.

01
28

1{
12

}
0.

00
84

7{
4}

0.
02

02
4{

15
}

0.
01

14
3{

11
}

0.
01

60
4{

13
}

20
0

M
R

E
(φ̂

)
0.

04
53

8{
1}

0.
05

94
7{

8}
0.

06
95

1{
11

}
0.

05
10

7{
2}

0.
05

66
8{

7}
0.

06
34

4{
9}

0.
05

49
1{

3}
0.

05
53

6{
4}

0.
07

65
4{

12
}

0.
05

62
5{

5}
0.

08
32

5{
15

}
0.

06
49

8{
10

}
0.

07
80

4{
13

}
0.

05
66

1{
6}

0.
07

84
0{

14
}

20
0

M
R

E
(κ̂

)
0.

04
00

3{
7}

0.
03

62
3{

3}
0.

03
39

6{
1}

0.
03

95
8{

6}
0.

04
04

8{
8}

0.
03

43
4{

2}
0.

04
22

0{
10

}
0.

03
79

0{
5}

0.
05

31
5{

14
}

0.
04

05
9{

9}
0.

04
47

1{
12

}
0.

03
64

3{
4}

0.
05

63
5{

15
}

0.
04

34
1{

11
}

0.
04

80
9{

13
}

20
0

D
ab

s
0.

02
25

3{
6}

0.
02

13
6{

2}
0.

02
12

5{
1}

0.
02

31
6{

7}
0.

02
34

4{
8}

0.
02

15
0{

3}
0.

02
37

6{
10

}
0.

02
18

5{
4}

0.
03

06
5{

14
}

0.
02

35
4{

9}
0.

02
58

4{
12

}
0.

02
20

2{
5}

0.
03

25
8{

15
}

0.
02

45
9{

11
}

0.
02

93
6{

13
}

20
0

D
m

ax
0.

03
55

9{
3}

0.
03

50
4{

1}
0.

03
58

0{
4}

0.
03

65
3{

6}
0.

03
76

6{
9}

0.
03

63
2{

5}
0.

03
78

1{
10

}
0.

03
52

6{
2}

0.
04

99
2{

14
}

0.
03

75
3{

8}
0.

04
31

2{
12

}
0.

03
67

0{
7}

0.
05

28
9{

15
}

0.
03

92
4{

11
}

0.
04

75
0{

13
}

20
0

A
SA

E
0.

01
16

3{
2}

0.
01

17
5{

3}
0.

01
26

8{
7}

0.
01

20
8{

5}
0.

01
15

4{
1}

0.
01

21
7{

6}
0.

01
20

6{
4}

0.
01

42
5{

11
}

0.
01

50
7{

12
}

0.
01

37
6{

9}
0.

02
03

6{
15

}
0.

01
37

5{
8}

0.
01

61
7{

14
}

0.
01

42
0{

10
}

0.
01

61
1{

13
}

20
0

∑
R

an
ks

37
.5
{1

}
38

{2
}

47
{4

.5
}

42
{3

}
61

{7
.5
}

47
{4

.5
}

61
{7

.5
}

48
{6

}
11

8{
12

}
67

.5
{1

0}
12

0{
14

}
63

{9
}

12
9{

15
}

82
{1

1}
11

9{
13

}

24
0

B
IA

S(
φ̂

)
0.

06
24

2{
3}

0.
05

74
5{

1}
0.

07
82

1{
10

}
0.

06
67

4{
5}

0.
08

38
5{

11
}

0.
07

16
0{

7}
0.

06
02

6{
2}

0.
06

45
4{

4}
0.

07
58

2{
9}

0.
07

37
7{

8}
0.

10
48

3{
15

}
0.

08
56

1{
12

}
0.

08
59

8{
13

}
0.

06
78

7{
6}

0.
09

39
8{

14
}

24
0

B
IA

S(
κ̂

)
0.

07
31

3{
10

}
0.

05
70

1{
1}

0.
06

52
0{

5}
0.

05
93

4{
3}

0.
07

33
4{

11
}

0.
06

04
9{

4}
0.

05
78

4{
2}

0.
06

56
2{

6}
0.

07
82

9{
13

}
0.

07
03

5{
7}

0.
08

11
0{

15
}

0.
07

04
7{

8}
0.

07
80

4{
12

}
0.

07
05

7{
9}

0.
07

93
9{

14
}

24
0

M
SE

(φ̂
)

0.
00

60
9{

3}
0.

00
54

9{
1}

0.
01

02
9{

10
}

0.
00

69
0{

5}
0.

01
04

3{
11

}
0.

00
85

8{
8}

0.
00

56
6{

2}
0.

00
69

3{
6}

0.
00

91
3{

9}
0.

00
77

7{
7}

0.
01

70
3{

15
}

0.
01

15
9{

12
}

0.
01

23
2{

13
}

0.
00

68
0{

4}
0.

01
32

9{
14

}

24
0

M
SE

(κ̂
)

0.
00

85
4{

11
}

0.
00

52
6{

1}
0.

00
68

5{
5}

0.
00

53
1{

2}
0.

00
80

6{
10

}
0.

00
57

4{
4}

0.
00

55
5{

3}
0.

00
69

3{
6}

0.
00

95
1{

13
}

0.
00

74
7{

7}
0.

01
08

2{
15

}
0.

00
76

8{
8}

0.
00

92
9{

12
}

0.
00

80
2{

9}
0.

00
95

3{
14

}

24
0

M
R

E
(φ̂

)
0.

04
16

1{
3}

0.
03

83
0{

1}
0.

05
21

4{
10

}
0.

04
45

0{
5}

0.
05

59
0{

11
}

0.
04

77
4{

7}
0.

04
01

8{
2}

0.
04

30
3{

4}
0.

05
05

4{
9}

0.
04

91
8{

8}
0.

06
98

9{
15

}
0.

05
70

8{
12

}
0.

05
73

2{
13

}
0.

04
52

4{
6}

0.
06

26
5{

14
}

24
0

M
R

E
(κ̂

)
0.

03
65

6{
10

}
0.

02
85

1{
1}

0.
03

26
0{

5}
0.

02
96

7{
3}

0.
03

66
7{

11
}

0.
03

02
4{

4}
0.

02
89

2{
2}

0.
03

28
1{

6}
0.

03
91

5{
13

}
0.

03
51

7{
7}

0.
04

05
5{

15
}

0.
03

52
4{

8}
0.

03
90

2{
12

}
0.

03
52

8{
9}

0.
03

96
9{

14
}

24
0

D
ab

s
0.

01
99

2{
7}

0.
01

65
0{

1}
0.

01
93

9{
6}

0.
01

70
7{

3}
0.

02
12

5{
11

}
0.

01
85

0{
4}

0.
01

67
3{

2}
0.

01
85

7{
5}

0.
02

26
5{

12
}

0.
02

06
8{

10
}

0.
02

31
8{

13
}

0.
02

05
1{

9}
0.

02
34

3{
15

}
0.

02
01

8{
8}

0.
02

33
5{

14
}

24
0

D
m

ax
0.

03
19

6{
7}

0.
02

63
9{

1}
0.

03
17

2{
6}

0.
02

76
6{

3}
0.

03
47

7{
11

}
0.

03
05

6{
5}

0.
02

70
6{

2}
0.

02
96

9{
4}

0.
03

60
3{

12
}

0.
03

35
4{

9}
0.

03
79

8{
13

}
0.

03
37

2{
10

}
0.

03
80

0{
14

}
0.

03
20

0{
8}

0.
03

85
3{

15
}

24
0

A
SA

E
0.

01
03

3{
8}

0.
00

91
1{

3}
0.

00
98

8{
6}

0.
00

95
9{

5}
0.

00
94

7{
4}

0.
00

85
2{

1}
0.

00
87

4{
2}

0.
01

03
8{

10
}

0.
01

13
9{

12
}

0.
01

03
5{

9}
0.

01
43

4{
15

}
0.

01
02

6{
7}

0.
01

17
0{

13
}

0.
01

06
5{

11
}

0.
01

29
5{

14
}

24
0

∑
R

an
ks

62
{6

}
11

{1
}

63
{7

}
34

{3
}

91
{1

1}
44

{4
}

19
{2

}
51

{5
}

10
2{

12
}

72
{9

}
13

1{
15

}
86

{1
0}

11
7{

13
}

70
{8

}
12

7{
14

}

30
0

B
IA

S(
φ̂

)
0.

05
82

6{
4}

0.
05

31
0{

2}
0.

06
27

1{
7}

0.
04

76
1{

1}
0.

06
31

4{
8}

0.
06

58
7{

12
}

0.
05

96
8{

5}
0.

05
77

4{
3}

0.
06

56
4{

11
}

0.
06

46
9{

9}
0.

10
00

6{
15

}
0.

06
47

5{
10

}
0.

06
69

8{
13

}
0.

06
05

4{
6}

0.
07

67
1{

14
}

30
0

B
IA

S(
κ̂

)
0.

05
42

6{
5}

0.
05

41
8{

4}
0.

05
35

8{
3}

0.
05

64
0{

9}
0.

05
20

8{
1}

0.
05

26
6{

2}
0.

05
57

0{
6}

0.
06

24
3{

11
}

0.
07

46
1{

15
}

0.
06

00
2{

10
}

0.
07

31
3{

13
}

0.
05

62
0{

7}
0.

07
20

3{
12

}
0.

05
63

8{
8}

0.
07

45
3{

14
}

30
0

M
SE

(φ̂
)

0.
00

51
2{

4}
0.

00
41

0{
2}

0.
00

62
8{

9}
0.

00
38

2{
1}

0.
00

60
0{

7}
0.

00
68

3{
11

}
0.

00
53

4{
5}

0.
00

49
9{

3}
0.

00
67

6{
10

}
0.

00
62

6{
8}

0.
01

58
3{

15
}

0.
00

71
1{

13
}

0.
00

69
0{

12
}

0.
00

56
8{

6}
0.

00
93

8{
14

}

30
0

M
SE

(κ̂
)

0.
00

42
8{

1}
0.

00
48

9{
8}

0.
00

47
4{

5}
0.

00
46

2{
4}

0.
00

45
6{

3}
0.

00
43

0{
2}

0.
00

47
7{

6}
0.

00
54

2{
11

}
0.

00
83

0{
13

}
0.

00
53

7{
10

}
0.

00
83

6{
14

}
0.

00
48

3{
7}

0.
00

80
2{

12
}

0.
00

52
8{

9}
0.

00
86

9{
15

}

30
0

M
R

E
(φ̂

)
0.

03
88

4{
4}

0.
03

54
0{

2}
0.

04
18

1{
7}

0.
03

17
4{

1}
0.

04
21

0{
8}

0.
04

39
2{

12
}

0.
03

97
8{

5}
0.

03
85

0{
3}

0.
04

37
6{

11
}

0.
04

31
3{

9}
0.

06
67

0{
15

}
0.

04
31

7{
10

}
0.

04
46

5{
13

}
0.

04
03

6{
6}

0.
05

11
4{

14
}

30
0

M
R

E
(κ̂

)
0.

02
71

3{
5}

0.
02

70
9{

4}
0.

02
67

9{
3}

0.
02

82
0{

9}
0.

02
60

4{
1}

0.
02

63
3{

2}
0.

02
78

5{
6}

0.
03

12
2{

11
}

0.
03

73
1{

15
}

0.
03

00
1{

10
}

0.
03

65
7{

13
}

0.
02

81
0{

7}
0.

03
60

1{
12

}
0.

02
81

9{
8}

0.
03

72
6{

14
}

30
0

D
ab

s
0.

01
56

5{
3}

0.
01

56
0{

2}
0.

01
62

3{
7}

0.
01

57
6{

4}
0.

01
54

2{
1}

0.
01

62
1{

6}
0.

01
59

3{
5}

0.
01

78
3{

11
}

0.
02

08
9{

13
}

0.
01

76
0{

10
}

0.
02

06
5{

12
}

0.
01

64
5{

9}
0.

02
11

8{
14

}
0.

01
64

4{
8}

0.
02

17
5{

15
}

30
0

D
m

ax
0.

02
54

5{
4}

0.
02

49
9{

2}
0.

02
64

3{
6}

0.
02

47
5{

1}
0.

02
54

1{
3}

0.
02

66
3{

8}
0.

02
57

2{
5}

0.
02

87
5{

11
}

0.
03

33
9{

12
}

0.
02

86
1{

10
}

0.
03

47
4{

14
}

0.
02

65
8{

7}
0.

03
39

7{
13

}
0.

02
66

8{
9}

0.
03

48
3{

15
}

30
0

A
SA

E
0.

00
69

4{
1}

0.
00

76
4{

5}
0.

00
75

5{
4}

0.
00

74
4{

3}
0.

00
79

4{
8}

0.
00

77
0{

6}
0.

00
73

8{
2}

0.
00

78
2{

7}
0.

00
88

3{
11

}
0.

00
90

5{
12

}
0.

01
18

5{
15

}
0.

00
82

6{
10

}
0.

01
01

6{
13

}
0.

00
80

8{
9}

0.
01

06
0{

14
}

30
0

∑
R

an
ks

31
{1

.5
}

31
{1

.5
}

51
{6

}
33

{3
}

40
{4

}
61

{7
}

45
{5

}
71

{9
}

11
1{

12
}

88
{1

1}
12

6{
14

}
80

{1
0}

11
4{

13
}

69
{8

}
12

9{
15

}

© 2026 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. 20, No. 6, 1567-1588 (2026) / www.naturalspublishing.com/Journals.asp 1577
Ta

bl
e

2:
R

es
ul

ts
of

si
m

ul
at

io
n

m
ea

su
re

s
w

he
n

φ
=

2.
0,

κ
=

3.
5.

n
E

st
.

M
L

E
A

D
E

C
V

M
E

M
PS

E
O

L
SE

R
TA

D
E

W
L

SE
LT

A
D

E
M

SA
D

E
M

SA
L

D
E

A
D

SO
E

K
E

M
SS

D
E

M
SS

L
D

E
M

SL
N

D
E

20
B

IA
S(

φ̂
)

0.
21

70
3{

9}
0.

20
43

7{
6}

0.
22

33
0{

10
}

0.
17

57
5{

1}
0.

18
59

8{
2}

0.
19

81
8{

5}
0.

19
73

2{
4}

0.
19

38
7{

3}
0.

25
25

3{
14
}

0.
23

80
5{

12
}

0.
25

38
1{

15
}

0.
20

64
0{

7}
0.

20
87

2{
8}

0.
23

92
3{

13
}

0.
22

74
7{

11
}

20
B

IA
S(

κ̂
)

0.
47

80
8{

2}
0.

48
69

9{
3}

0.
55

91
8{

8}
0.

50
26

7{
4}

0.
56

47
2{

9}
0.

54
64

1{
7}

0.
60

58
2{

10
}

0.
61

61
5{

12
}

0.
51

66
8{

6}
0.

61
15

0{
11
}

0.
80

85
9{

15
}

0.
51

10
1{

5}
0.

72
04

2{
14

}
0.

43
61

8{
1}

0.
71

13
8{

13
}

20
M

SE
(φ̂

)
0.

07
64

6{
8}

0.
06

72
6{

7}
0.

08
14

1{
9}

0.
05

46
6{

1}
0.

05
96

7{
2}

0.
06

53
7{

5}
0.

06
54

6{
6}

0.
06

34
7{

4}
0.

10
04

9{
13

}
0.

09
58

8{
12
}

0.
11

56
9{

15
}

0.
06

19
4{

3}
0.

08
56

9{
11

}
0.

08
28

2{
10

}
0.

11
37

9{
14

}

20
M

SE
(κ̂

)
0.

41
44

1{
3}

0.
42

52
4{

4}
0.

51
53

8{
7}

0.
35

61
8{

2}
0.

50
81

6{
6}

0.
49

34
1{

5}
0.

68
98

0{
12

}
0.

65
09

6{
11

}
0.

52
86

1{
9}

0.
52

38
1{

8}
1.

04
59

0{
15

}
0.

57
60

4{
10

}
0.

83
00

3{
14

}
0.

27
94

2{
1}

0.
82

25
7{

13
}

20
M

R
E

(φ̂
)

0.
10

85
1{

9}
0.

10
21

8{
6}

0.
11

16
5{

10
}

0.
08

78
8{

1}
0.

09
29

9{
2}

0.
09

90
9{

5}
0.

09
86

6{
4}

0.
09

69
4{

3}
0.

12
62

6{
14

}
0.

11
90

3{
12
}

0.
12

69
0{

15
}

0.
10

32
0{

7}
0.

10
43

6{
8}

0.
11

96
2{

13
}

0.
11

37
3{

11
}

20
M

R
E

(κ̂
)

0.
13

65
9{

2}
0.

13
91

4{
3}

0.
15

97
7{

8}
0.

14
36

2{
4}

0.
16

13
5{

9}
0.

15
61

2{
7}

0.
17

30
9{

10
}

0.
17

60
4{

12
}

0.
14

76
2{

6}
0.

17
47

2{
11
}

0.
23

10
3{

15
}

0.
14

60
0{

5}
0.

20
58

3{
14

}
0.

12
46

2{
1}

0.
20

32
5{

13
}

20
D

ab
s

0.
05

93
9{

5}
0.

06
07

3{
8}

0.
06

28
2{

9}
0.

05
74

5{
2}

0.
05

90
5{

4}
0.

05
82

9{
3}

0.
06

07
2{

7}
0.

05
74

2{
1}

0.
07

45
6{

15
}

0.
07

25
5{

12
}

0.
07

08
3{

11
}

0.
06

03
7{

6}
0.

07
27

7{
13

}
0.

06
83

5{
10

}
0.

07
33

4{
14

}

20
D

m
ax

0.
09

58
5{

6}
0.

09
57

2{
5}

0.
10

25
4{

9}
0.

09
09

2{
1}

0.
09

35
2{

2}
0.

09
69

3{
7}

0.
09

97
8{

8}
0.

09
53

0{
3}

0.
11

59
3{

11
}

0.
11

73
4{

13
}

0.
12

37
3{

15
}

0.
09

57
1{

4}
0.

11
60

3{
12

}
0.

10
38

1{
10

}
0.

11
92

3{
14

}

20
A

SA
E

0.
04

39
2{

6}
0.

03
98

7{
1}

0.
04

15
3{

4}
0.

04
40

1{
7}

0.
03

99
2{

2}
0.

04
40

6{
8}

0.
04

08
6{

3}
0.

04
23

9{
5}

0.
06

11
4{

15
}

0.
05

70
4{

11
}

0.
05

80
0{

12
}

0.
04

44
0{

9}
0.

05
84

8{
13

}
0.

04
97

5{
10

}
0.

06
08

0{
14

}

20
∑

R
an

ks
50

{4
}

43
{3

}
74

{1
0}

23
{1

}
38

{2
}

52
{5

}
64

{8
}

54
{6

}
10

3{
12

}
10

2{
11

}
12

8{
15
}

56
{7

}
10

7{
13

}
69

{9
}

11
7{

14
}

70
B

IA
S(

φ̂
)

0.
11

27
9{

7}
0.

10
67

1{
5}

0.
12

73
0{

13
}

0.
09

15
3{

1}
0.

11
08

8{
6}

0.
09

96
9{

3}
0.

09
59

3{
2}

0.
11

37
3{

8}
0.

12
85

8{
14

}
0.

11
80

3{
9}

0.
12

56
1{

12
}

0.
10

45
2{

4}
0.

14
03

0{
15

}
0.

12
51

9{
11

}
0.

11
87

3{
10

}

70
B

IA
S(

κ̂
)

0.
25

99
0{

6}
0.

23
58

3{
2}

0.
33

56
7{

11
}

0.
23

59
3{

3}
0.

29
55

2{
10

}
0.

26
35

8{
7}

0.
23

97
7{

4}
0.

35
65

3{
13
}

0.
27

78
3{

9}
0.

27
75

1{
8}

0.
47

55
4{

15
}

0.
23

33
9{

1}
0.

34
82

3{
12

}
0.

24
80

7{
5}

0.
40

45
1{

14
}

70
M

SE
(φ̂

)
0.

01
88

7{
7}

0.
01

66
9{

4}
0.

02
45

9{
13

}
0.

01
28

9{
1}

0.
01

84
5{

6}
0.

01
54

4{
3}

0.
01

45
3{

2}
0.

02
00

3{
8}

0.
02

56
5{

14
}

0.
02

12
7{

9}
0.

02
24

4{
11

}
0.

01
84

2{
5}

0.
02

77
4{

15
}

0.
02

21
4{

10
}

0.
02

44
5{

12
}

70
M

SE
(κ̂

)
0.

11
26

9{
6}

0.
09

34
9{

2}
0.

18
92

0{
12

}
0.

08
61

0{
1}

0.
14

11
5{

10
}

0.
12

56
6{

7}
0.

10
36

8{
4}

0.
20

54
7{

13
}

0.
12

90
7{

8}
0.

13
71

7{
9}

0.
35

02
7{

15
}

0.
10

79
4{

5}
0.

17
36

0{
11

}
0.

09
88

3{
3}

0.
23

12
6{

14
}

70
M

R
E

(φ̂
)

0.
05

63
9{

7}
0.

05
33

6{
5}

0.
06

36
5{

13
}

0.
04

57
7{

1}
0.

05
54

4{
6}

0.
04

98
4{

3}
0.

04
79

7{
2}

0.
05

68
6{

8}
0.

06
42

9{
14
}

0.
05

90
2{

9}
0.

06
28

0{
12

}
0.

05
22

6{
4}

0.
07

01
5{

15
}

0.
06

25
9{

11
}

0.
05

93
7{

10
}

70
M

R
E

(κ̂
)

0.
07

42
6{

6}
0.

06
73

8{
2}

0.
09

59
1{

11
}

0.
06

74
1{

3}
0.

08
44

4{
10
}

0.
07

53
1{

7}
0.

06
85

0{
4}

0.
10

18
7{

13
}

0.
07

93
8{

9}
0.

07
92

9{
8}

0.
13

58
7{

15
}

0.
06

66
8{

1}
0.

09
94

9{
12

}
0.

07
08

8{
5}

0.
11

55
8{

14
}

70
D

ab
s

0.
03

23
2{

6}
0.

03
09

4{
5}

0.
03

78
5{

11
}

0.
02

82
9{

1}
0.

03
36

4{
7}

0.
02

98
2{

3}
0.

02
90

8{
2}

0.
03

54
5{

8}
0.

03
82

4{
12

}
0.

03
55

7{
9}

0.
04

19
8{

14
}

0.
03

07
3{

4}
0.

04
28

3{
15

}
0.

03
62

1{
10

}
0.

03
97

5{
13

}

70
D

m
ax

0.
05

15
3{

6}
0.

04
98

1{
5}

0.
06

10
3{

11
}

0.
04

55
2{

1}
0.

05
43

5{
7}

0.
04

82
4{

3}
0.

04
72

8{
2}

0.
05

86
2{

10
}

0.
06

14
3{

12
}

0.
05

66
8{

8}
0.

07
36

4{
15
}

0.
04

94
5{

4}
0.

06
88

5{
14

}
0.

05
67

1{
9}

0.
06

56
8{

13
}

70
A

SA
E

0.
02

13
2{

7}
0.

01
93

7{
2}

0.
02

07
8{

4}
0.

02
09

0{
5}

0.
02

03
1{

3}
0.

02
09

5{
6}

0.
01

90
5{

1}
0.

02
16

5{
9}

0.
02

85
3{

12
}

0.
02

57
0{

11
}

0.
03

12
5{

14
}

0.
02

15
3{

8}
0.

02
87

7{
13

}
0.

02
43

8{
10

}
0.

03
13

2{
15

}

70
∑

R
an

ks
58

{6
}

32
{3

}
99

{1
1}

17
{1

}
65

{7
}

42
{5
}

23
{2
}

90
{1

0}
10

4{
12

}
80

{9
}

12
3{

15
}

36
{4

}
12

2{
14

}
74

{8
}

11
5{

13
}

13
0

B
IA

S(
φ̂

)
0.

06
42

0{
1}

0.
06

79
3{

2}
0.

08
07

0{
9}

0.
06

89
4{

3}
0.

08
91

3{
14

}
0.

07
32

3{
4}

0.
08

29
0{

11
}

0.
07

81
0{

8}
0.

07
37

3{
5}

0.
07

64
0{

7}
0.

08
69

0{
13

}
0.

07
63

8{
6}

0.
09

03
1{

15
}

0.
08

20
4{

10
}

0.
08

63
3{

12
}

13
0

B
IA

S(
κ̂

)
0.

17
80

3{
3}

0.
16

77
3{

1}
0.

21
00

7{
10
}

0.
19

34
7{

6}
0.

20
72

0{
9}

0.
17

62
1{

2}
0.

22
38

6{
13
}

0.
21

87
8{

11
}

0.
19

58
0{

8}
0.

19
46

8{
7}

0.
40

74
4{

15
}

0.
18

30
2{

5}
0.

24
03

2{
14

}
0.

18
07

9{
4}

0.
21

93
9{

12
}

13
0

M
SE

(φ̂
)

0.
00

64
1{

1}
0.

00
68

5{
2}

0.
00

95
6{

9}
0.

00
77

4{
3}

0.
01

24
8{

14
}

0.
00

86
9{

4}
0.

01
05

4{
10

}
0.

00
87

1{
5}

0.
00

91
0{

7}
0.

00
92

2{
8}

0.
01

08
6{

11
}

0.
00

88
9{

6}
0.

01
35

6{
15

}
0.

01
15

7{
12

}
0.

01
23

2{
13

}

13
0

M
SE

(κ̂
)

0.
04

95
6{

3}
0.

04
72

2{
1}

0.
07

23
6{

10
}

0.
05

57
8{

5}
0.

07
17

1{
9}

0.
04

93
9{

2}
0.

07
83

4{
13

}
0.

07
77

2{
12

}
0.

06
79

0{
8}

0.
05

98
5{

7}
0.

24
69

5{
15

}
0.

05
84

2{
6}

0.
08

59
7{

14
}

0.
05

38
5{

4}
0.

07
54

2{
11

}

13
0

M
R

E
(φ̂

)
0.

03
21

0{
1}

0.
03

39
7{

2}
0.

04
03

5{
9}

0.
03

44
7{

3}
0.

04
45

7{
14

}
0.

03
66

1{
4}

0.
04

14
5{

11
}

0.
03

90
5{

8}
0.

03
68

7{
5}

0.
03

82
0{

7}
0.

04
34

5{
13
}

0.
03

81
9{

6}
0.

04
51

6{
15

}
0.

04
10

2{
10

}
0.

04
31

6{
12

}

13
0

M
R

E
(κ̂

)
0.

05
08

7{
3}

0.
04

79
2{

1}
0.

06
00

2{
10

}
0.

05
52

8{
6}

0.
05

92
0{

9}
0.

05
03

5{
2}

0.
06

39
6{

13
}

0.
06

25
1{

11
}

0.
05

59
4{

8}
0.

05
56

2{
7}

0.
11

64
1{

15
}

0.
05

22
9{

5}
0.

06
86

6{
14

}
0.

05
16

5{
4}

0.
06

26
8{

12
}

13
0

D
ab

s
0.

01
94

7{
1}

0.
02

04
6{

2}
0.

02
43

4{
10

}
0.

02
14

8{
3}

0.
02

63
2{

12
}

0.
02

16
4{

4}
0.

02
46

5{
11
}

0.
02

37
8{

8}
0.

02
22

1{
6}

0.
02

30
5{

7}
0.

03
08

9{
15

}
0.

02
22

0{
5}

0.
02

81
6{

14
}

0.
02

40
2{

9}
0.

02
71

8{
13

}

13
0

D
m

ax
0.

03
18

0{
1}

0.
03

33
1{

2}
0.

03
94

3{
10

}
0.

03
49

1{
4}

0.
04

25
5{

12
}

0.
03

46
5{

3}
0.

04
03

0{
11
}

0.
03

93
5{

9}
0.

03
63

7{
6}

0.
03

76
0{

7}
0.

05
60

6{
15

}
0.

03
61

5{
5}

0.
04

51
7{

14
}

0.
03

84
7{

8}
0.

04
32

3{
13

}

13
0

A
SA

E
0.

01
43

4{
6}

0.
01

33
8{

3}
0.

01
32

5{
1}

0.
01

43
7{

7}
0.

01
33

4{
2}

0.
01

46
5{

8}
0.

01
38

5{
4}

0.
01

40
2{

5}
0.

01
86

4{
12

}
0.

01
71

1{
11
}

0.
02

34
7{

15
}

0.
01

49
7{

9}
0.

02
19

4{
14

}
0.

01
69

3{
10

}
0.

02
06

7{
13

}

13
0

∑
R

an
ks

20
{2

}
16

{1
}

78
{1

0}
40

{4
}

95
{1

1}
33

{3
}

97
{1

2}
77

{9
}

65
{6
}

68
{7

}
12

7{
14
}

53
{5

}
12

9{
15

}
71

{8
}

11
1{

13
}

20
0

B
IA

S(
φ̂

)
0.

06
30

8{
5}

0.
05

62
0{

1}
0.

06
39

6{
8}

0.
06

33
2{

7}
0.

05
96

0{
3}

0.
06

31
4{

6}
0.

06
05

3{
4}

0.
05

70
0{

2}
0.

07
19

7{
13

}
0.

07
21

8{
14
}

0.
07

06
2{

11
}

0.
06

84
7{

10
}

0.
07

19
1{

12
}

0.
06

69
2{

9}
0.

07
54

1{
15

}

20
0

B
IA

S(
κ̂

)
0.

14
76

7{
1}

0.
15

75
2{

6}
0.

18
24

9{
11

}
0.

16
89

1{
8}

0.
17

96
1{

10
}

0.
15

37
1{

5}
0.

14
88

3{
2}

0.
19

91
6{

14
}

0.
15

29
4{

3}
0.

18
33

1{
12
}

0.
32

35
4{

15
}

0.
15

30
6{

4}
0.

17
07

6{
9}

0.
16

00
2{

7}
0.

19
18

0{
13

}

20
0

M
SE

(φ̂
)

0.
00

63
1{

6}
0.

00
51

5{
2}

0.
00

59
4{

5}
0.

00
63

2{
7}

0.
00

56
8{

3.
5}

0.
00

66
1{

8}
0.

00
56

8{
3.

5}
0.

00
51

0{
1}

0.
00

85
7{

14
}

0.
00

74
9{

11
}

0.
00

82
5{

13
}

0.
00

70
2{

9.
5}

0.
00

79
5{

12
}

0.
00

70
2{

9.
5}

0.
00

89
1{

15
}

20
0

M
SE

(κ̂
)

0.
03

72
0{

3}
0.

03
83

8{
6}

0.
05

34
6{

12
}

0.
03

80
2{

4}
0.

04
80

2{
9}

0.
03

69
2{

2}
0.

03
37

3{
1}

0.
06

05
9{

14
}

0.
03

85
1{

7}
0.

05
01

2{
11
}

0.
16

19
9{

15
}

0.
03

83
4{

5}
0.

04
89

9{
10

}
0.

03
86

5{
8}

0.
05

54
0{

13
}

20
0

M
R

E
(φ̂

)
0.

03
15

4{
5}

0.
02

81
0{

1}
0.

03
19

8{
8}

0.
03

16
6{

7}
0.

02
98

0{
3}

0.
03

15
7{

6}
0.

03
02

7{
4}

0.
02

85
0{

2}
0.

03
59

9{
13
}

0.
03

60
9{

14
}

0.
03

53
1{

11
}

0.
03

42
4{

10
}

0.
03

59
5{

12
}

0.
03

34
6{

9}
0.

03
77

0{
15

}

20
0

M
R

E
(κ̂

)
0.

04
21

9{
1}

0.
04

50
1{

6}
0.

05
21

4{
11
}

0.
04

82
6{

8}
0.

05
13

2{
10
}

0.
04

39
2{

5}
0.

04
25

2{
2}

0.
05

69
0{

14
}

0.
04

37
0{

3}
0.

05
23

8{
12

}
0.

09
24

4{
15

}
0.

04
37

3{
4}

0.
04

87
9{

9}
0.

04
57

2{
7}

0.
05

48
0{

13
}

20
0

D
ab

s
0.

01
85

4{
4}

0.
01

69
1{

1}
0.

01
94

7{
8}

0.
01

94
4{

7}
0.

01
85

7{
5}

0.
01

89
6{

6}
0.

01
79

3{
2}

0.
01

84
4{

3}
0.

02
14

3{
11
}

0.
02

16
5{

13
}

0.
02

54
7{

15
}

0.
01

97
8{

10
}

0.
02

15
7{

12
}

0.
01

96
8{

9}
0.

02
33

2{
14

}

20
0

D
m

ax
0.

02
96

4{
3}

0.
02

78
4{

1}
0.

03
22

6{
10
}

0.
03

14
8{

7}
0.

03
05

1{
5}

0.
03

00
2{

4}
0.

02
89

5{
2}

0.
03

06
1{

6}
0.

03
41

9{
11

}
0.

03
48

9{
12

}
0.

04
58

8{
15
}

0.
03

20
2{

9}
0.

03
52

0{
13

}
0.

03
17

6{
8}

0.
03

77
2{

14
}

20
0

A
SA

E
0.

01
09

6{
3.

5}
0.

01
10

3{
6}

0.
01

08
4{

2}
0.

01
14

8{
8}

0.
01

09
6{

3.
5}

0.
01

09
7{

5}
0.

00
99

1{
1}

0.
01

10
9{

7}
0.

01
52

3{
12

}
0.

01
41

7{
11

}
0.

01
83

5{
15
}

0.
01

17
3{

9}
0.

01
60

8{
13

}
0.

01
40

7{
10

}
0.

01
67

9{
14

}

20
0

∑
R

an
ks

31
.5
{3

}
30

{2
}

75
{9

}
63

{6
.5
}

52
{5

}
47

{4
}

21
.5
{1
}

63
{6
.5
}

87
{1

1}
11

0{
13

}
12

5{
14

}
70

.5
{8

}
10

2{
12

}
76

.5
{1

0}
12

6{
15

}

24
0

B
IA

S(
φ̂

)
0.

05
39

7{
5}

0.
04

88
7{

1}
0.

06
11

8{
10
}

0.
05

10
5{

2}
0.

05
78

9{
6}

0.
05

80
0{

7.
5}

0.
05

30
7{

4}
0.

05
23

5{
3}

0.
06

62
8{

12
}

0.
05

80
0{

7.
5}

0.
06

86
2{

13
}

0.
05

81
7{

9}
0.

07
06

4{
14

}
0.

06
39

5{
11

}
0.

07
07

3{
15

}

24
0

B
IA

S(
κ̂

)
0.

11
24

7{
1}

0.
13

68
6{

4}
0.

16
36

5{
11
}

0.
14

24
9{

6}
0.

14
41

8{
7}

0.
15

06
8{

10
}

0.
12

91
0{

2}
0.

17
27

6{
13

}
0.

13
38

8{
3}

0.
14

20
5{

5}
0.

26
89

8{
15
}

0.
14

70
4{

8}
0.

16
76

2{
12

}
0.

14
94

1{
9}

0.
19

16
2{

14
}

24
0

M
SE

(φ̂
)

0.
00

47
6{

4}
0.

00
36

2{
1}

0.
00

58
1{

10
}

0.
00

39
3{

2}
0.

00
53

5{
8}

0.
00

50
0{

5}
0.

00
45

0{
3}

0.
00

50
4{

6}
0.

00
69

6{
12

}
0.

00
54

7{
9}

0.
00

73
1{

13
}

0.
00

51
7{

7}
0.

00
79

4{
15

}
0.

00
63

9{
11

}
0.

00
75

9{
14

}

24
0

M
SE

(κ̂
)

0.
01

96
5{

1}
0.

02
71

1{
3}

0.
04

10
3{

11
}

0.
03

24
9{

6}
0.

03
37

8{
8}

0.
03

34
3{

7}
0.

02
56

9{
2}

0.
04

77
7{

13
}

0.
02

93
6{

4}
0.

03
00

1{
5}

0.
11

01
0{

15
}

0.
03

64
0{

10
}

0.
04

54
5{

12
}

0.
03

41
8{

9}
0.

05
21

5{
14

}

24
0

M
R

E
(φ̂

)
0.

02
69

9{
5}

0.
02

44
4{

1}
0.

03
05

9{
10
}

0.
02

55
3{

2}
0.

02
89

4{
6}

0.
02

90
0{

7.
5}

0.
02

65
4{

4}
0.

02
61

8{
3}

0.
03

31
4{

12
}

0.
02

90
0{

7.
5}

0.
03

43
1{

13
}

0.
02

90
8{

9}
0.

03
53

2{
14

}
0.

03
19

8{
11

}
0.

03
53

7{
15

}

24
0

M
R

E
(κ̂

)
0.

03
21

4{
1}

0.
03

91
0{

4}
0.

04
67

6{
11
}

0.
04

07
1{

6}
0.

04
11

9{
7}

0.
04

30
5{

10
}

0.
03

68
9{

2}
0.

04
93

6{
13

}
0.

03
82

5{
3}

0.
04

05
9{

5}
0.

07
68

5{
15
}

0.
04

20
1{

8}
0.

04
78

9{
12

}
0.

04
26

9{
9}

0.
05

47
5{

14
}

24
0

D
ab

s
0.

01
58

5{
4}

0.
01

48
5{

1}
0.

01
85

7{
10

}
0.

01
58

4{
2.

5}
0.

01
73

7{
7}

0.
01

71
0{

5}
0.

01
58

4{
2.

5}
0.

01
72

0{
6}

0.
01

91
5{

11
}

0.
01

74
8{

8}
0.

02
27

2{
15

}
0.

01
76

1{
9}

0.
02

11
1{

13
}

0.
01

93
1{

12
}

0.
02

15
9{

14
}

24
0

D
m

ax
0.

02
50

0{
2}

0.
02

43
8{

1}
0.

03
04

7{
10

}
0.

02
60

7{
4}

0.
02

81
4{

7}
0.

02
78

9{
5}

0.
02

55
3{

3}
0.

02
82

7{
8}

0.
03

05
4{

11
}

0.
02

81
1{

6}
0.

04
13

8{
15

}
0.

02
87

2{
9}

0.
03

40
6{

13
}

0.
03

07
3{

12
}

0.
03

53
0{

14
}

24
0

A
SA

E
0.

01
02

9{
7}

0.
00

95
2{

2}
0.

00
98

0{
5}

0.
00

99
9{

6}
0.

00
97

2{
4}

0.
01

05
0{

8}
0.

00
92

4{
1}

0.
00

95
3{

3}
0.

01
30

6{
12
}

0.
01

28
4{

11
}

0.
01

68
5{

15
}

0.
01

05
7{

9}
0.

01
49

3{
14

}
0.

01
19

3{
10

}
0.

01
44

5{
13

}

24
0

∑
R

an
ks

30
{3

}
18

{1
}

88
{1

1}
36

.5
{4

}
60

{5
}

65
{7
}

23
.5
{2

}
68

{8
}

80
{1

0}
64

{6
}

12
9{

15
}

78
{9

}
11

9{
13

}
94

{1
2}

12
7{

14
}

30
0

B
IA

S(
φ̂

)
0.

05
01

7{
8}

0.
04

59
6{

3}
0.

05
31

0{
10

}
0.

04
47

6{
2}

0.
04

94
2{

6}
0.

04
96

0{
7}

0.
04

84
7{

5}
0.

04
32

2{
1}

0.
05

91
8{

12
}

0.
05

44
2{

11
}

0.
06

55
6{

14
}

0.
05

19
8{

9}
0.

06
11

6{
13

}
0.

04
70

0{
4}

0.
06

60
5{

15
}

30
0

B
IA

S(
κ̂

)
0.

10
93

7{
2}

0.
12

48
1{

6}
0.

14
81

2{
11

}
0.

10
92

0{
1}

0.
13

40
0{

9}
0.

11
96

6{
5}

0.
11

72
2{

3}
0.

16
02

4{
14

}
0.

13
35

1{
7}

0.
13

75
4{

10
}

0.
25

89
3{

15
}

0.
13

36
4{

8}
0.

15
88

1{
13

}
0.

11
82

0{
4}

0.
15

80
1{

12
}

30
0

M
SE

(φ̂
)

0.
00

38
0{

6}
0.

00
31

4{
3}

0.
00

42
8{

9}
0.

00
30

0{
1}

0.
00

40
0{

7}
0.

00
41

5{
8}

0.
00

32
9{

4}
0.

00
30

5{
2}

0.
00

52
4{

12
}

0.
00

49
4{

11
}

0.
00

65
0{

14
}

0.
00

44
4{

10
}

0.
00

63
4{

13
}

0.
00

36
8{

5}
0.

00
72

1{
15

}

30
0

M
SE

(κ̂
)

0.
01

79
0{

1}
0.

02
57

4{
6}

0.
03

41
2{

11
}

0.
01

88
7{

2}
0.

02
72

6{
8}

0.
02

19
9{

4}
0.

02
04

8{
3}

0.
03

68
7{

12
}

0.
02

71
9{

7}
0.

02
96

4{
9}

0.
10

83
2{

15
}

0.
03

10
3{

10
}

0.
03

83
0{

13
}

0.
02

22
4{

5}
0.

03
86

1{
14

}

30
0

M
R

E
(φ̂

)
0.

02
50

9{
8}

0.
02

29
8{

3}
0.

02
65

5{
10

}
0.

02
23

8{
2}

0.
02

47
1{

6}
0.

02
48

0{
7}

0.
02

42
3{

5}
0.

02
16

1{
1}

0.
02

95
9{

12
}

0.
02

72
1{

11
}

0.
03

27
8{

14
}

0.
02

59
9{

9}
0.

03
05

8{
13

}
0.

02
35

0{
4}

0.
03

30
2{

15
}

30
0

M
R

E
(κ̂

)
0.

03
12

5{
2}

0.
03

56
6{

6}
0.

04
23

2{
11
}

0.
03

12
0{

1}
0.

03
82

9{
9}

0.
03

41
9{

5}
0.

03
34

9{
3}

0.
04

57
8{

14
}

0.
03

81
4{

7}
0.

03
93

0{
10

}
0.

07
39

8{
15

}
0.

03
81

8{
8}

0.
04

53
8{

13
}

0.
03

37
7{

4}
0.

04
51

5{
12

}

30
0

D
ab

s
0.

01
43

0{
5}

0.
01

39
9{

2}
0.

01
66

0{
11
}

0.
01

34
4{

1}
0.

01
50

3{
8}

0.
01

44
9{

6}
0.

01
41

8{
3.

5}
0.

01
46

1{
7}

0.
01

73
9{

12
}

0.
01

64
2{

10
}

0.
02

26
9{

15
}

0.
01

56
8{

9}
0.

01
88

3{
13

}
0.

01
41

8{
3.

5}
0.

02
01

0{
14

}

30
0

D
m

ax
0.

02
29

2{
4}

0.
02

29
1{

3}
0.

02
70

3{
11

}
0.

02
18

0{
1}

0.
02

47
5{

8}
0.

02
34

3{
6}

0.
02

31
5{

5}
0.

02
41

5{
7}

0.
02

79
1{

12
}

0.
02

63
3{

10
}

0.
04

06
9{

15
}

0.
02

54
2{

9}
0.

03
05

0{
13

}
0.

02
27

9{
2}

0.
03

22
7{

14
}

30
0

A
SA

E
0.

00
92

5{
8}

0.
00

83
3{

2}
0.

00
86

6{
4}

0.
00

87
8{

5}
0.

00
81

3{
1}

0.
00

90
2{

7}
0.

00
83

5{
3}

0.
00

89
5{

6}
0.

01
20

5{
12
}

0.
01

15
1{

11
}

0.
01

56
5{

15
}

0.
00

94
3{

9}
0.

01
23

5{
13

}
0.

01
12

3{
10

}
0.

01
37

3{
14

}

30
0

∑
R

an
ks

44
{5

}
34

{2
}

88
{1

0}
16

{1
}

62
{7

}
55

{6
}

34
.5
{3

}
64

{8
}

93
{1

1.
5}

93
{1

1.
5}

13
2{

15
}

81
{9

}
11

7{
13

}
41

.5
{4

}
12

5{
14

}

© 2026 NSP
Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp


1578 R. H. Albayyat et al.: An inverse power lifetime model with decreasing and unimodal...

Ta
bl

e
3:

R
es

ul
ts

of
si

m
ul

at
io

n
m

ea
su

re
s

w
he

n
φ
=

3.
0,

κ
=

0.
8.

n
E

st
.

M
L

E
A

D
E

C
V

M
E

M
PS

E
O

L
SE

R
TA

D
E

W
L

SE
LT

A
D

E
M

SA
D

E
M

SA
L

D
E

A
D

SO
E

K
E

M
SS

D
E

M
SS

L
D

E
M

SL
N

D
E

20
B

IA
S(

φ̂
)

0.
36

36
2{

6}
0.

32
48

4{
3}

0.
42

86
9{

13
}

0.
31

92
2{

2}
0.

36
64

6{
7}

0.
39

72
5{

11
}

0.
36

88
8{

8}
0.

43
99

0{
14

}
0.

37
02

3{
9}

0.
35

29
3{

4}
0.

62
46

4{
15

}
0.

31
70

4{
1}

0.
39

30
9{

10
}

0.
36

10
6{

5}
0.

41
69

2{
12

}

20
B

IA
S(

κ̂
)

0.
12

40
5{

3}
0.

11
84

5{
1}

0.
15

64
0{

13
}

0.
11

93
3{

2}
0.

13
54

3{
7}

0.
14

03
4{

9}
0.

12
81

5{
5}

0.
13

67
2{

8}
0.

14
64

8{
11

}
0.

13
12

0{
6}

0.
17

16
3{

15
}

0.
14

40
5{

10
}

0.
16

42
0{

14
}

0.
12

62
2{

4}
0.

15
59

8{
12

}

20
M

SE
(φ̂

)
0.

25
47

5{
7}

0.
20

76
6{

4}
0.

35
04

6{
13

}
0.

15
39

5{
1}

0.
26

80
8{

8}
0.

31
22

8{
12

}
0.

26
83

3{
9}

0.
37

05
4{

14
}

0.
26

88
0{

10
}

0.
23

60
5{

5}
0.

72
10

2{
15

}
0.

19
52

1{
2}

0.
25

08
4{

6}
0.

20
32

4{
3}

0.
31

08
4{

11
}

20
M

SE
(κ̂

)
0.

02
58

5{
3}

0.
02

07
3{

2}
0.

04
37

6{
14

}
0.

02
06

7{
1}

0.
03

07
5{

8}
0.

03
67

1{
11

}
0.

02
64

6{
6}

0.
02

93
7{

7}
0.

03
45

8{
10

}
0.

02
58

8{
4}

0.
04

56
0{

15
}

0.
03

36
3{

9}
0.

03
79

2{
12

}
0.

02
63

6{
5}

0.
03

99
2{

13
}

20
M

R
E

(φ̂
)

0.
12

12
1{

6}
0.

10
82

8{
3}

0.
14

29
0{

13
}

0.
10

64
1{

2}
0.

12
21

5{
7}

0.
13

24
2{

11
}

0.
12

29
6{

8}
0.

14
66

3{
14

}
0.

12
34

1{
9}

0.
11

76
4{

4}
0.

20
82

1{
15

}
0.

10
56

8{
1}

0.
13

10
3{

10
}

0.
12

03
5{

5}
0.

13
89

7{
12

}

20
M

R
E

(κ̂
)

0.
15

50
6{

3}
0.

14
80

6{
1}

0.
19

55
0{

13
}

0.
14

91
6{

2}
0.

16
92

9{
7}

0.
17

54
3{

9}
0.

16
01

8{
5}

0.
17

09
0{

8}
0.

18
31

0{
11

}
0.

16
40

0{
6}

0.
21

45
4{

15
}

0.
18

00
6{

10
}

0.
20

52
5{

14
}

0.
15

77
8{

4}
0.

19
49

8{
12

}

20
D

ab
s

0.
05

35
0{

1}
0.

05
58

5{
2}

0.
06

13
7{

9}
0.

05
86

2{
5}

0.
05

88
6{

6}
0.

06
12

5{
8}

0.
05

84
8{

3}
0.

06
00

6{
7}

0.
06

82
0{

13
}

0.
06

28
8{

11
}

0.
06

58
9{

12
}

0.
05

86
0{

4}
0.

07
32

3{
15

}
0.

06
15

5{
10

}
0.

07
12

6{
14

}

20
D

m
ax

0.
08

83
8{

1}
0.

08
92

0{
2}

0.
10

24
8{

11
}

0.
09

12
5{

3}
0.

09
50

1{
5}

0.
09

89
3{

9}
0.

09
38

0{
4}

0.
09

85
1{

8}
0.

10
84

2{
12

}
0.

10
02

8{
10

}
0.

11
30

3{
13

}
0.

09
50

9{
6}

0.
11

75
3{

15
}

0.
09

82
7{

7}
0.

11
36

5{
14

}

20
A

SA
E

0.
04

48
0{

7}
0.

04
33

8{
4}

0.
04

61
6{

8}
0.

04
15

6{
2}

0.
04

45
6{

5}
0.

03
96

9{
1}

0.
04

25
2{

3}
0.

05
55

3{
12

}
0.

04
70

0{
10

}
0.

04
81

4{
11

}
0.

08
36

7{
15

}
0.

04
65

9{
9}

0.
06

27
1{

13
}

0.
04

47
2{

6}
0.

06
29

6{
14

}

20
∑

R
an

ks
37

{3
}

22
{2

}
10

7{
12

}
20

{1
}

60
{7

}
81

{9
}

51
{5

}
92

{1
0}

95
{1

1}
61

{8
}

13
0{

15
}

52
{6

}
10

9{
13

}
49

{4
}

11
4{

14
}

70
B

IA
S(

φ̂
)

0.
19

00
9{

6}
0.

17
60

2{
1}

0.
21

02
2{

11
}

0.
18

66
3{

4}
0.

21
05

9{
12

}
0.

17
97

1{
2}

0.
20

00
2{

8}
0.

21
66

1{
13

}
0.

18
99

1{
5}

0.
20

56
7{

9}
0.

31
98

6{
15

}
0.

18
43

4{
3}

0.
22

38
1{

14
}

0.
19

52
0{

7}
0.

20
84

1{
10

}

70
B

IA
S(

κ̂
)

0.
06

48
5{

5}
0.

05
83

9{
1}

0.
07

94
4{

12
}

0.
06

06
8{

2}
0.

06
90

3{
7}

0.
06

36
3{

3}
0.

06
43

0{
4}

0.
07

66
3{

10
}

0.
07

73
9{

11
}

0.
07

09
9{

8}
0.

09
03

7{
14

}
0.

07
49

3{
9}

0.
09

70
7{

15
}

0.
06

56
4{

6}
0.

08
50

1{
13

}

70
M

SE
(φ̂

)
0.

06
60

4{
9}

0.
05

03
3{

1}
0.

07
06

8{
11

}
0.

05
63

2{
4}

0.
07

91
2{

13
}

0.
05

45
6{

2}
0.

06
60

5{
10

}
0.

07
41

6{
12

}
0.

06
24

5{
6}

0.
06

34
0{

8}
0.

19
45

2{
15

}
0.

05
57

0{
3}

0.
07

91
4{

14
}

0.
06

05
3{

5}
0.

06
33

7{
7}

70
M

SE
(κ̂

)
0.

00
67

8{
6}

0.
00

52
7{

1}
0.

01
02

1{
12

}
0.

00
55

8{
2}

0.
00

71
4{

7}
0.

00
65

7{
5}

0.
00

63
4{

3}
0.

00
98

0{
11

}
0.

00
97

1{
10

}
0.

00
73

4{
8}

0.
01

35
7{

15
}

0.
00

95
7{

9}
0.

01
31

8{
14

}
0.

00
65

0{
4}

0.
01

05
4{

13
}

70
M

R
E

(φ̂
)

0.
06

33
6{

6}
0.

05
86

7{
1}

0.
07

00
7{

11
}

0.
06

22
1{

4}
0.

07
02

0{
12

}
0.

05
99

0{
2}

0.
06

66
7{

8}
0.

07
22

0{
13

}
0.

06
33

0{
5}

0.
06

85
6{

9}
0.

10
66

2{
15

}
0.

06
14

5{
3}

0.
07

46
0{

14
}

0.
06

50
7{

7}
0.

06
94

7{
10

}

70
M

R
E

(κ̂
)

0.
08

10
6{

5}
0.

07
29

9{
1}

0.
09

93
0{

12
}

0.
07

58
5{

2}
0.

08
62

9{
7}

0.
07

95
3{

3}
0.

08
03

7{
4}

0.
09

57
9{

10
}

0.
09

67
4{

11
}

0.
08

87
4{

8}
0.

11
29

7{
14

}
0.

09
36

6{
9}

0.
12

13
3{

15
}

0.
08

20
5{

6}
0.

10
62

6{
13

}

70
D

ab
s

0.
03

04
2{

2}
0.

02
91

2{
1}

0.
03

39
8{

7}
0.

03
14

2{
4}

0.
03

42
9{

10
}

0.
03

17
2{

5}
0.

03
27

6{
6}

0.
03

42
7{

9}
0.

03
64

1{
12

}
0.

03
45

7{
11

}
0.

03
76

6{
13

}
0.

03
12

9{
3}

0.
04

21
6{

15
}

0.
03

42
4{

8}
0.

03
79

8{
14

}

70
D

m
ax

0.
04

97
9{

2}
0.

04
67

3{
1}

0.
05

56
9{

9}
0.

05
03

5{
3}

0.
05

50
8{

8}
0.

05
10

5{
4}

0.
05

26
7{

6}
0.

05
60

2{
10

}
0.

05
81

0{
12

}
0.

05
62

6{
11

}
0.

06
45

1{
14

}
0.

05
14

7{
5}

0.
06

94
0{

15
}

0.
05

44
8{

7}
0.

06
10

7{
13

}

70
A

SA
E

0.
01

84
5{

4}
0.

01
93

6{
5}

0.
02

00
9{

7}
0.

01
82

4{
2}

0.
01

97
3{

6}
0.

01
75

5{
1}

0.
01

83
9{

3}
0.

02
41

3{
12

}
0.

02
33

0{
11

}
0.

02
21

2{
10

}
0.

03
52

6{
15

}
0.

02
15

4{
9}

0.
02

79
6{

14
}

0.
02

06
9{

8}
0.

02
77

4{
13

}

70
∑

R
an

ks
45

{4
}

13
{1

}
92

{1
1}

27
{2

.5
}

82
{8

.5
}

27
{2

.5
}

52
{5

}
10

0{
12

}
83

{1
0}

82
{8

.5
}

13
0{

14
.5
}

53
{6

}
13

0{
14

.5
}

58
{7

}
10

6{
13

}

13
0

B
IA

S(
φ̂

)
0.

12
05

1{
2}

0.
13

53
5{

6}
0.

14
82

9{
9}

0.
11

94
3{

1}
0.

15
21

8{
10

}
0.

12
95

4{
4}

0.
12

98
8{

5}
0.

16
69

9{
12

}
0.

15
28

5{
11

}
0.

13
62

7{
7}

0.
25

72
9{

15
}

0.
12

55
5{

3}
0.

17
65

8{
14

}
0.

13
68

1{
8}

0.
17

56
5{

13
}

13
0

B
IA

S(
κ̂

)
0.

04
18

3{
3}

0.
04

47
7{

4}
0.

05
60

9{
11

}
0.

04
06

4{
2}

0.
05

39
6{

8}
0.

04
83

6{
6}

0.
04

74
3{

5}
0.

05
45

8{
10

}
0.

05
78

8{
13

}
0.

05
27

8{
7}

0.
07

19
8{

15
}

0.
05

45
1{

9}
0.

05
77

5{
12

}
0.

04
04

3{
1}

0.
06

22
6{

14
}

13
0

M
SE

(φ̂
)

0.
02

63
1{

2}
0.

02
90

1{
7}

0.
03

68
9{

10
}

0.
02

13
9{

1}
0.

03
39

4{
9}

0.
02

84
8{

6}
0.

02
63

6{
3}

0.
04

28
9{

12
}

0.
03

94
9{

11
}

0.
02

79
9{

5}
0.

11
16

9{
15

}
0.

02
72

4{
4}

0.
04

75
0{

14
}

0.
03

05
9{

8}
0.

04
74

3{
13

}

13
0

M
SE

(κ̂
)

0.
00

29
4{

3}
0.

00
35

4{
4}

0.
00

51
3{

12
}

0.
00

25
7{

1}
0.

00
44

4{
8}

0.
00

39
0{

6}
0.

00
36

0{
5}

0.
00

48
0{

10
}

0.
00

50
5{

11
}

0.
00

42
1{

7}
0.

00
81

5{
15

}
0.

00
44

9{
9}

0.
00

55
1{

13
}

0.
00

28
0{

2}
0.

00
62

2{
14

}

13
0

M
R

E
(φ̂

)
0.

04
01

7{
2}

0.
04

51
2{

6}
0.

04
94

3{
9}

0.
03

98
1{

1}
0.

05
07

3{
10

}
0.

04
31

8{
4}

0.
04

32
9{

5}
0.

05
56

6{
12

}
0.

05
09

5{
11

}
0.

04
54

2{
7}

0.
08

57
6{

15
}

0.
04

18
5{

3}
0.

05
88

6{
14

}
0.

04
56

0{
8}

0.
05

85
5{

13
}

13
0

M
R

E
(κ̂

)
0.

05
22

8{
3}

0.
05

59
6{

4}
0.

07
01

1{
11

}
0.

05
08

0{
2}

0.
06

74
5{

8}
0.

06
04

5{
6}

0.
05

92
9{

5}
0.

06
82

2{
10

}
0.

07
23

5{
13

}
0.

06
59

7{
7}

0.
08

99
7{

15
}

0.
06

81
4{

9}
0.

07
21

9{
12

}
0.

05
05

3{
1}

0.
07

78
2{

14
}

13
0

D
ab

s
0.

02
01

4{
1}

0.
02

28
5{

7}
0.

02
44

9{
10

}
0.

02
13

3{
2}

0.
02

39
2{

8}
0.

02
23

9{
4}

0.
02

17
8{

3}
0.

02
41

9{
9}

0.
02

83
3{

12
}

0.
02

50
6{

11
}

0.
02

98
6{

15
}

0.
02

28
2{

6}
0.

02
86

6{
13

}
0.

02
27

1{
5}

0.
02

91
0{

14
}

13
0

D
m

ax
0.

03
26

8{
1}

0.
03

67
6{

6}
0.

04
04

7{
11

}
0.

03
38

5{
2}

0.
03

89
4{

8}
0.

03
62

7{
4}

0.
03

54
0{

3}
0.

03
99

0{
9}

0.
04

55
5{

12
}

0.
04

00
6{

10
}

0.
05

15
8{

15
}

0.
03

74
3{

7}
0.

04
65

6{
13

}
0.

03
63

4{
5}

0.
04

72
7{

14
}

13
0

A
SA

E
0.

01
17

8{
2}

0.
01

23
9{

5}
0.

01
30

3{
7}

0.
01

18
5{

3}
0.

01
29

4{
6}

0.
01

15
0{

1}
0.

01
22

0{
4}

0.
01

57
0{

12
}

0.
01

53
4{

11
}

0.
01

52
9{

10
}

0.
02

45
4{

15
}

0.
01

44
8{

9}
0.

01
74

9{
13

}
0.

01
33

1{
8}

0.
01

83
2{

14
}

13
0

∑
R

an
ks

19
{2

}
49

{6
}

90
{1

0}
15

{1
}

75
{9

}
41

{4
}

38
{3

}
96

{1
1}

10
5{

12
}

71
{8

}
13

5{
15

}
59

{7
}

11
8{

13
}

46
{5

}
12

3{
14

}

20
0

B
IA

S(
φ̂

)
0.

11
05

3{
6}

0.
10

53
6{

4}
0.

11
06

2{
7}

0.
10

07
4{

1}
0.

11
13

6{
8}

0.
10

53
0{

3}
0.

11
25

2{
9}

0.
14

55
0{

14
}

0.
12

17
1{

10
}

0.
12

38
9{

11
}

0.
20

75
7{

15
}

0.
10

91
2{

5}
0.

14
48

3{
13

}
0.

10
50

0{
2}

0.
14

38
4{

12
}

20
0

B
IA

S(
κ̂

)
0.

03
35

5{
1}

0.
03

47
2{

2}
0.

04
15

1{
9}

0.
03

60
5{

3}
0.

04
35

8{
12

}
0.

03
74

2{
4}

0.
03

86
0{

5}
0.

04
28

8{
11

}
0.

04
27

8{
10

}
0.

03
98

1{
6}

0.
05

74
2{

15
}

0.
04

10
2{

8}
0.

04
78

1{
13

}
0.

04
00

4{
7}

0.
05

36
6{

14
}

20
0

M
SE

(φ̂
)

0.
01

92
9{

6}
0.

01
66

9{
2}

0.
02

11
3{

8}
0.

01
63

2{
1}

0.
02

13
2{

9}
0.

01
80

7{
4}

0.
01

88
6{

5}
0.

03
37

7{
14

}
0.

02
46

1{
11

}
0.

02
34

6{
10

}
0.

06
79

2{
15

}
0.

02
04

5{
7}

0.
03

25
7{

12
}

0.
01

69
7{

3}
0.

03
27

6{
13

}

20
0

M
SE

(κ̂
)

0.
00

18
7{

1}
0.

00
19

6{
3}

0.
00

29
0{

9}
0.

00
19

3{
2}

0.
00

31
4{

11
}

0.
00

22
4{

4}
0.

00
23

8{
6}

0.
00

31
8{

12
}

0.
00

30
0{

10
}

0.
00

25
1{

7}
0.

00
52

8{
15

}
0.

00
25

5{
8}

0.
00

37
4{

13
}

0.
00

23
4{

5}
0.

00
42

6{
14

}

20
0

M
R

E
(φ̂

)
0.

03
68

4{
6}

0.
03

51
2{

4}
0.

03
68

7{
7}

0.
03

35
8{

1}
0.

03
71

2{
8}

0.
03

51
0{

3}
0.

03
75

1{
9}

0.
04

85
0{

14
}

0.
04

05
7{

10
}

0.
04

13
0{

11
}

0.
06

91
9{

15
}

0.
03

63
7{

5}
0.

04
82

8{
13

}
0.

03
50

0{
2}

0.
04

79
5{

12
}

20
0

M
R

E
(κ̂

)
0.

04
19

4{
1}

0.
04

34
1{

2}
0.

05
18

9{
9}

0.
04

50
6{

3}
0.

05
44

7{
12

}
0.

04
67

7{
4}

0.
04

82
5{

5}
0.

05
36

0{
11

}
0.

05
34

8{
10

}
0.

04
97

7{
6}

0.
07

17
8{

15
}

0.
05

12
7{

8}
0.

05
97

6{
13

}
0.

05
00

5{
7}

0.
06

70
7{

14
}

20
0

D
ab

s
0.

01
76

5{
2}

0.
01

76
0{

1}
0.

01
83

5{
5}

0.
01

80
0{

3}
0.

01
90

8{
9}

0.
01

80
3{

4}
0.

01
89

3{
8}

0.
02

01
9{

10
}

0.
02

06
3{

12
}

0.
02

02
0{

11
}

0.
02

46
8{

15
}

0.
01

85
0{

6}
0.

02
36

1{
13

}
0.

01
86

5{
7}

0.
02

41
1{

14
}

20
0

D
m

ax
0.

02
84

7{
2}

0.
02

82
7{

1}
0.

03
03

2{
6.

5}
0.

02
89

7{
3}

0.
03

17
1{

9}
0.

02
92

0{
4}

0.
03

03
2{

6.
5}

0.
03

35
0{

11
}

0.
03

37
1{

12
}

0.
03

25
8{

10
}

0.
04

24
4{

15
}

0.
03

03
5{

8}
0.

03
81

9{
13

}
0.

03
02

1{
5}

0.
03

93
7{

14
}

20
0

A
SA

E
0.

00
92

4{
3}

0.
00

94
8{

4}
0.

01
03

9{
7}

0.
00

89
4{

2}
0.

01
01

2{
6}

0.
00

84
5{

1}
0.

00
95

0{
5}

0.
01

13
6{

11
}

0.
01

17
8{

12
}

0.
01

12
3{

10
}

0.
01

94
4{

15
}

0.
01

08
3{

9}
0.

01
37

7{
13

}
0.

01
04

8{
8}

0.
01

42
6{

14
}

20
0

∑
R

an
ks

28
{3

}
23

{2
}

67
.5
{8

}
19

{1
}

84
{1

0}
31

{4
}

58
.5
{6

}
10

8{
12

}
97

{1
1}

82
{9

}
13

5{
15

}
64

{7
}

11
6{

13
}

46
{5

}
12

1{
14

}

24
0

B
IA

S(
φ̂

)
0.

09
15

3{
1}

0.
09

57
4{

6}
0.

10
28

7{
7}

0.
09

27
4{

2}
0.

10
86

7{
11

}
0.

09
55

7{
4}

0.
09

56
0{

5}
0.

11
87

9{
12

}
0.

10
68

3{
9}

0.
10

73
1{

10
}

0.
18

36
4{

15
}

0.
09

52
3{

3}
0.

12
85

8{
14

}
0.

10
49

8{
8}

0.
12

39
8{

13
}

24
0

B
IA

S(
κ̂

)
0.

03
04

1{
1}

0.
03

28
3{

3}
0.

03
58

5{
8}

0.
03

20
3{

2}
0.

03
72

0{
9}

0.
03

45
4{

6}
0.

03
57

3{
7}

0.
04

21
9{

12
}

0.
03

98
5{

11
}

0.
03

45
1{

4.
5}

0.
05

21
9{

15
}

0.
03

97
1{

10
}

0.
04

54
9{

13
}

0.
03

45
1{

4.
5}

0.
04

57
2{

14
}

24
0

M
SE

(φ̂
)

0.
01

37
9{

2}
0.

01
49

9{
5}

0.
01

82
9{

9}
0.

01
36

8{
1}

0.
01

92
2{

11
}

0.
01

41
3{

3}
0.

01
49

8{
4}

0.
02

40
2{

12
}

0.
01

83
3{

10
}

0.
01

75
5{

8}
0.

05
43

1{
15

}
0.

01
53

8{
6}

0.
02

92
9{

14
}

0.
01

67
9{

7}
0.

02
60

5{
13

}

24
0

M
SE

(κ̂
)

0.
00

13
4{

1}
0.

00
16

7{
2}

0.
00

21
5{

9}
0.

00
16

8{
3}

0.
00

21
3{

8}
0.

00
20

4{
7}

0.
00

19
4{

6}
0.

00
26

9{
12

}
0.

00
24

0{
10

}
0.

00
19

0{
4}

0.
00

42
4{

15
}

0.
00

24
5{

11
}

0.
00

32
7{

14
}

0.
00

19
2{

5}
0.

00
31

1{
13

}

24
0

M
R

E
(φ̂

)
0.

03
05

1{
1}

0.
03

19
1{

6}
0.

03
42

9{
7}

0.
03

09
1{

2}
0.

03
62

2{
11

}
0.

03
18

6{
4}

0.
03

18
7{

5}
0.

03
96

0{
12

}
0.

03
56

1{
9}

0.
03

57
7{

10
}

0.
06

12
1{

15
}

0.
03

17
4{

3}
0.

04
28

6{
14

}
0.

03
49

9{
8}

0.
04

13
3{

13
}

24
0

M
R

E
(κ̂

)
0.

03
80

1{
1}

0.
04

10
4{

3}
0.

04
48

1{
8}

0.
04

00
3{

2}
0.

04
65

0{
9}

0.
04

31
8{

6}
0.

04
46

6{
7}

0.
05

27
4{

12
}

0.
04

98
1{

11
}

0.
04

31
3{

4.
5}

0.
06

52
4{

15
}

0.
04

96
3{

10
}

0.
05

68
6{

13
}

0.
04

31
3{

4.
5}

0.
05

71
5{

14
}

24
0

D
ab

s
0.

01
47

7{
1}

0.
01

56
4{

3}
0.

01
67

7{
7}

0.
01

67
0{

6}
0.

01
74

3{
8}

0.
01

55
9{

2}
0.

01
62

3{
5}

0.
01

74
8{

9}
0.

01
86

2{
12

}
0.

01
81

5{
11

}
0.

02
16

4{
14

}
0.

01
59

3{
4}

0.
02

23
0{

15
}

0.
01

81
2{

10
}

0.
02

13
6{

13
}

24
0

D
m

ax
0.

02
40

5{
1}

0.
02

55
4{

3}
0.

02
72

9{
7}

0.
02

67
2{

6}
0.

02
86

5{
8}

0.
02

54
8{

2}
0.

02
63

9{
4}

0.
02

94
9{

11
}

0.
03

02
5{

12
}

0.
02

91
3{

10
}

0.
03

77
0{

15
}

0.
02

66
7{

5}
0.

03
58

0{
14

}
0.

02
89

7{
9}

0.
03

47
5{

13
}

24
0

A
SA

E
0.

00
80

9{
4}

0.
00

79
1{

2}
0.

00
87

1{
6}

0.
00

80
8{

3}
0.

00
88

9{
7}

0.
00

75
8{

1}
0.

00
81

4{
5}

0.
01

05
6{

11
}

0.
01

08
7{

12
}

0.
00

94
6{

8}
0.

01
65

9{
15

}
0.

00
95

4{
9}

0.
01

21
6{

13
}

0.
00

95
9{

10
}

0.
01

24
9{

14
}

24
0

∑
R

an
ks

13
{1

}
33

{3
}

68
{8

}
27

{2
}

82
{1

0}
35

{4
}

48
{5

}
10

3{
12

}
96

{1
1}

70
{9

}
13

4{
15

}
61

{6
}

12
4{

14
}

66
{7

}
12

0{
13

}

30
0

B
IA

S(
φ̂

)
0.

08
11

6{
1}

0.
08

48
0{

3}
0.

10
12

6{
12

}
0.

08
66

9{
4}

0.
08

80
8{

6}
0.

08
25

8{
2}

0.
08

85
1{

7}
0.

09
72

5{
9}

0.
09

75
5{

11
}

0.
09

72
6{

10
}

0.
15

27
5{

15
}

0.
08

72
4{

5}
0.

11
06

9{
13

}
0.

08
91

2{
8}

0.
11

75
8{

14
}

30
0

B
IA

S(
κ̂

)
0.

02
70

7{
1}

0.
02

98
9{

4}
0.

03
45

1{
9}

0.
02

88
2{

2}
0.

03
54

4{
11

}
0.

03
18

3{
7}

0.
02

95
0{

3}
0.

03
44

6{
8}

0.
03

59
6{

12
}

0.
03

16
7{

6}
0.

04
73

8{
15

}
0.

03
52

0{
10

}
0.

03
83

3{
13

}
0.

03
03

1{
5}

0.
03

91
0{

14
}

30
0

M
SE

(φ̂
)

0.
01

10
6{

3}
0.

01
09

8{
2}

0.
01

65
4{

12
}

0.
01

16
9{

4}
0.

01
20

3{
5}

0.
01

00
1{

1}
0.

01
28

9{
8}

0.
01

49
1{

10
}

0.
01

53
9{

11
}

0.
01

41
8{

9}
0.

03
69

4{
15

}
0.

01
22

4{
6}

0.
02

00
6{

13
}

0.
01

27
9{

7}
0.

02
29

2{
14

}

30
0

M
SE

(κ̂
)

0.
00

11
7{

1}
0.

00
14

5{
4}

0.
00

18
6{

8.
5}

0.
00

13
2{

2}
0.

00
20

2{
10

}
0.

00
16

7{
7}

0.
00

13
3{

3}
0.

00
18

6{
8.

5}
0.

00
21

0{
12

}
0.

00
15

6{
6}

0.
00

35
3{

15
}

0.
00

20
6{

11
}

0.
00

22
3{

13
}

0.
00

14
6{

5}
0.

00
24

1{
14

}

30
0

M
R

E
(φ̂

)
0.

02
70

5{
1}

0.
02

82
7{

3}
0.

03
37

5{
12

}
0.

02
89

0{
4}

0.
02

93
6{

6}
0.

02
75

3{
2}

0.
02

95
0{

7}
0.

03
24

2{
9.

5}
0.

03
25

2{
11

}
0.

03
24

2{
9.

5}
0.

05
09

2{
15

}
0.

02
90

8{
5}

0.
03

69
0{

13
}

0.
02

97
1{

8}
0.

03
91

9{
14

}

30
0

M
R

E
(κ̂

)
0.

03
38

4{
1}

0.
03

73
6{

4}
0.

04
31

3{
9}

0.
03

60
2{

2}
0.

04
42

9{
11

}
0.

03
97

9{
7}

0.
03

68
8{

3}
0.

04
30

7{
8}

0.
04

49
5{

12
}

0.
03

95
8{

6}
0.

05
92

2{
15

}
0.

04
40

1{
10

}
0.

04
79

2{
13

}
0.

03
78

9{
5}

0.
04

88
7{

14
}

30
0

D
ab

s
0.

01
40

5{
1}

0.
01

40
9{

2}
0.

01
56

9{
10

}
0.

01
42

2{
3}

0.
01

56
0{

9}
0.

01
48

5{
5}

0.
01

49
9{

6}
0.

01
55

1{
8}

0.
01

79
7{

12
}

0.
01

61
4{

11
}

0.
01

86
4{

14
}

0.
01

45
4{

4}
0.

01
83

0{
13

}
0.

01
54

6{
7}

0.
01

93
8{

15
}

30
0

D
m

ax
0.

02
27

0{
1}

0.
02

29
0{

2}
0.

02
59

0{
10

}
0.

02
29

8{
3}

0.
02

55
4{

9}
0.

02
37

5{
4}

0.
02

42
2{

6}
0.

02
55

2{
8}

0.
02

88
8{

12
}

0.
02

59
9{

11
}

0.
03

22
9{

15
}

0.
02

39
6{

5}
0.

02
98

2{
13

}
0.

02
47

4{
7}

0.
03

13
9{

14
}

30
0

A
SA

E
0.

00
68

6{
2}

0.
00

71
8{

5}
0.

00
79

9{
6}

0.
00

70
6{

4}
0.

00
81

1{
8}

0.
00

65
5{

1}
0.

00
70

3{
3}

0.
00

86
9{

11
}

0.
00

89
8{

12
}

0.
00

84
9{

10
}

0.
01

36
2{

15
}

0.
00

81
8{

9}
0.

01
08

1{
14

}
0.

00
80

5{
7}

0.
01

06
0{

13
}

30
0

∑
R

an
ks

12
{1

}
29

{3
}

88
.5
{1

1}
28

{2
}

75
{8

}
36

{4
}

46
{5

}
80

{1
0}

10
5{

12
}

78
.5
{9

}
13

4{
15

}
65

{7
}

11
8{

13
}

59
{6

}
12

6{
14

}

© 2026 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. 20, No. 6, 1567-1588 (2026) / www.naturalspublishing.com/Journals.asp 1579
Ta

bl
e

4:
R

es
ul

ts
of

si
m

ul
at

io
n

m
ea

su
re

s
w

he
n

φ
=

0.
9,

κ
=

1.
5.

n
E

st
.

M
L

E
A

D
E

C
V

M
E

M
PS

E
O

L
SE

R
TA

D
E

W
L

SE
LT

A
D

E
M

SA
D

E
M

SA
L

D
E

A
D

SO
E

K
E

M
SS

D
E

M
SS

L
D

E
M

SL
N

D
E

20
B

IA
S(

φ̂
)

0.
11

83
0{

2}
0.

12
39

6{
3}

0.
14

93
6{

10
}

0.
12

89
5{

4}
0.

14
35

7{
7}

0.
15

20
2{

12
}

0.
14

22
7{

6}
0.

14
84

9{
9}

0.
14

03
4{

5}
0.

16
16

4{
15

}
0.

15
07

4{
11

}
0.

11
51

3{
1}

0.
15

39
2{

13
}

0.
14

64
5{

8}
0.

15
95

9{
14

}

20
B

IA
S(

κ̂
)

0.
13

93
2{

1}
0.

16
52

3{
5}

0.
21

21
3{

13
}

0.
15

34
0{

4}
0.

18
15

9{
7}

0.
19

15
2{

11
}

0.
18

33
5{

8}
0.

19
01

7{
9}

0.
16

76
8{

6}
0.

19
02

8{
10

}
0.

26
79

0{
15

}
0.

14
07

2{
2}

0.
21

85
2{

14
}

0.
15

12
9{

3}
0.

21
20

4{
12

}

20
M

SE
(φ̂

)
0.

02
20

0{
2}

0.
02

40
2{

3}
0.

03
59

1{
12

}
0.

02
52

5{
4}

0.
03

35
0{

8}
0.

03
42

7{
9}

0.
03

17
3{

6}
0.

03
24

7{
7}

0.
03

15
0{

5}
0.

03
92

0{
13

}
0.

03
57

3{
11

}
0.

02
15

5{
1}

0.
03

93
9{

14
}

0.
03

43
6{

10
}

0.
04

22
4{

15
}

20
M

SE
(κ̂

)
0.

03
29

6{
1}

0.
04

35
9{

5}
0.

08
23

4{
14

}
0.

03
49

6{
2}

0.
05

27
7{

7}
0.

06
21

4{
11

}
0.

05
81

6{
10

}
0.

05
69

1{
9}

0.
04

62
5{

6}
0.

05
37

7{
8}

0.
12

42
8{

15
}

0.
03

56
9{

3}
0.

07
57

0{
13

}
0.

03
87

8{
4}

0.
06

79
2{

12
}

20
M

R
E

(φ̂
)

0.
13

14
5{

2}
0.

13
77

3{
3}

0.
16

59
6{

10
}

0.
14

32
8{

4}
0.

15
95

3{
7}

0.
16

89
2{

12
}

0.
15

80
8{

6}
0.

16
49

9{
9}

0.
15

59
3{

5}
0.

17
96

0{
15

}
0.

16
74

9{
11

}
0.

12
79

2{
1}

0.
17

10
3{

13
}

0.
16

27
2{

8}
0.

17
73

2{
14

}

20
M

R
E

(κ̂
)

0.
09

28
8{

1}
0.

11
01

5{
5}

0.
14

14
2{

13
}

0.
10

22
7{

4}
0.

12
10

6{
7}

0.
12

76
8{

11
}

0.
12

22
4{

8}
0.

12
67

8{
9}

0.
11

17
9{

6}
0.

12
68

5{
10

}
0.

17
86

0{
15

}
0.

09
38

1{
2}

0.
14

56
8{

14
}

0.
10

08
6{

3}
0.

14
13

6{
12

}

20
D

ab
s

0.
05

36
8{

1}
0.

05
57

3{
2}

0.
06

04
7{

5}
0.

05
81

7{
3}

0.
06

10
8{

6}
0.

06
02

8{
4}

0.
06

21
3{

9}
0.

06
21

0{
8}

0.
06

41
3{

10
}

0.
06

85
3{

12
}

0.
06

97
7{

14
}

0.
06

11
4{

7}
0.

06
89

6{
13

}
0.

06
48

4{
11

}
0.

07
24

1{
15

}

20
D

m
ax

0.
08

86
4{

1}
0.

09
09

0{
3}

0.
10

19
8{

9}
0.

09
06

2{
2}

0.
09

95
4{

6}
0.

09
85

8{
5}

0.
10

08
0{

7}
0.

10
29

3{
11

}
0.

10
25

0{
10

}
0.

11
02

0{
12

}
0.

12
29

9{
15

}
0.

09
73

4{
4}

0.
11

24
1{

13
}

0.
10

14
5{

8}
0.

11
67

1{
14

}

20
A

SA
E

0.
08

65
7{

1}
0.

16
64

6{
5}

0.
43

45
9{

15
}

0.
08

74
2{

2}
0.

22
85

9{
10

}
0.

36
53

1{
14

}
0.

29
31

2{
12

}
0.

21
38

1{
8}

0.
11

65
9{

3}
0.

22
20

8{
9}

0.
26

03
7{

11
}

0.
12

48
0{

4}
0.

33
75

0{
13

}
0.

21
34

7{
7}

0.
20

61
3{

6}

20
∑

R
an

ks
12

{1
}

34
{4

}
10

1{
11

}
29

{3
}

65
{7

}
89

{1
0}

72
{8

}
79

{9
}

56
{5

}
10

4{
12

}
11

8{
14

}
25

{2
}

12
0{

15
}

62
{6

}
11

4{
13

}

70
B

IA
S(

φ̂
)

0.
06

45
7{

1}
0.

06
47

2{
2}

0.
08

15
0{

11
}

0.
07

21
7{

6}
0.

07
27

7{
7}

0.
07

65
3{

9}
0.

07
18

1{
5}

0.
06

55
1{

3}
0.

09
18

5{
14

}
0.

08
24

1{
12

}
0.

08
09

3{
10

}
0.

07
09

0{
4}

0.
08

73
8{

13
}

0.
07

53
5{

8}
0.

09
26

7{
15

}

70
B

IA
S(

κ̂
)

0.
07

12
0{

1}
0.

08
21

7{
2}

0.
09

76
1{

11
}

0.
08

33
4{

5}
0.

08
75

4{
7}

0.
09

15
2{

9}
0.

09
12

8{
8}

0.
08

62
0{

6}
0.

10
55

6{
12

}
0.

09
74

0{
10

}
0.

14
02

0{
15

}
0.

08
31

6{
4}

0.
11

17
1{

13
}

0.
08

25
4{

3}
0.

11
95

6{
14

}

70
M

SE
(φ̂

)
0.

00
65

7{
2}

0.
00

64
3{

1}
0.

01
07

4{
12

}
0.

00
82

0{
6}

0.
00

79
9{

5}
0.

00
90

5{
8}

0.
00

83
8{

7}
0.

00
72

2{
3}

0.
01

30
2{

14
}

0.
01

01
6{

10
}

0.
01

05
0{

11
}

0.
00

78
8{

4}
0.

01
26

1{
13

}
0.

00
91

5{
9}

0.
01

30
7{

15
}

70
M

SE
(κ̂

)
0.

00
86

7{
1}

0.
01

09
9{

4}
0.

01
51

4{
10

}
0.

01
08

1{
3}

0.
01

19
8{

6}
0.

01
29

2{
7}

0.
01

35
9{

9}
0.

01
35

3{
8}

0.
01

72
1{

12
}

0.
01

52
1{

11
}

0.
03

25
5{

15
}

0.
01

16
3{

5}
0.

01
88

0{
13

}
0.

01
06

5{
2}

0.
02

16
5{

14
}

70
M

R
E

(φ̂
)

0.
07

17
4{

1}
0.

07
19

1{
2}

0.
09

05
6{

11
}

0.
08

01
9{

6}
0.

08
08

6{
7}

0.
08

50
3{

9}
0.

07
97

9{
5}

0.
07

27
9{

3}
0.

10
20

5{
14

}
0.

09
15

7{
12

}
0.

08
99

2{
10

}
0.

07
87

8{
4}

0.
09

70
9{

13
}

0.
08

37
2{

8}
0.

10
29

7{
15

}

70
M

R
E

(κ̂
)

0.
04

74
7{

1}
0.

05
47

8{
2}

0.
06

50
7{

11
}

0.
05

55
6{

5}
0.

05
83

6{
7}

0.
06

10
2{

9}
0.

06
08

5{
8}

0.
05

74
7{

6}
0.

07
03

7{
12

}
0.

06
49

3{
10

}
0.

09
34

7{
15

}
0.

05
54

4{
4}

0.
07

44
7{

13
}

0.
05

50
3{

3}
0.

07
97

1{
14

}

70
D

ab
s

0.
03

03
0{

3}
0.

02
84

0{
1}

0.
03

48
3{

10
}

0.
03

14
8{

6}
0.

03
28

6{
8}

0.
03

09
2{

4}
0.

02
96

3{
2}

0.
03

16
8{

7}
0.

03
89

3{
12

}
0.

03
50

2{
11

}
0.

04
08

7{
15

}
0.

03
12

5{
5}

0.
04

01
7{

14
}

0.
03

41
3{

9}
0.

03
97

6{
13

}

70
D

m
ax

0.
04

87
2{

2}
0.

04
65

5{
1}

0.
05

75
7{

11
}

0.
05

08
7{

5}
0.

05
30

3{
8}

0.
05

14
5{

6}
0.

04
91

9{
3}

0.
05

19
0{

7}
0.

06
38

4{
12

}
0.

05
69

4{
10

}
0.

07
03

9{
15

}
0.

05
08

0{
4}

0.
06

51
5{

13
}

0.
05

46
5{

9}
0.

06
55

1{
14

}

70
A

SA
E

0.
02

87
6{

4}
0.

02
47

4{
2}

0.
04

69
1{

14
}

0.
02

34
6{

1}
0.

02
56

5{
3}

0.
04

44
4{

12
}

0.
04

07
6{

9}
0.

04
02

7{
8}

0.
04

55
9{

13
}

0.
03

71
8{

7}
0.

05
24

5{
15

}
0.

03
01

4{
5}

0.
04

32
4{

11
}

0.
03

48
5{

6}
0.

04
14

9{
10

}

70
∑

R
an

ks
16

{1
}

17
{2

}
10

1{
11

}
43

{4
}

58
{8

}
73

{9
}

56
{6

}
51

{5
}

11
5{

12
}

93
{1

0}
12

1{
14

}
39

{3
}

11
6{

13
}

57
{7

}
12

4{
15

}

13
0

B
IA

S(
φ̂

)
0.

04
98

4{
2}

0.
05

30
9{

6}
0.

05
03

2{
3}

0.
04

54
2{

1}
0.

05
18

9{
5}

0.
06

16
2{

11
}

0.
05

54
6{

8}
0.

05
41

7{
7}

0.
06

91
2{

14
}

0.
05

63
6{

9}
0.

06
36

9{
12

}
0.

05
11

0{
4}

0.
06

53
6{

13
}

0.
06

02
3{

10
}

0.
07

14
8{

15
}

13
0

B
IA

S(
κ̂

)
0.

05
57

0{
3}

0.
05

97
1{

4}
0.

06
03

7{
5}

0.
05

29
3{

1}
0.

06
56

8{
8}

0.
07

19
6{

9}
0.

06
10

9{
6}

0.
07

27
6{

12
}

0.
07

26
5{

11
}

0.
06

15
9{

7}
0.

11
78

2{
15

}
0.

05
42

7{
2}

0.
08

46
9{

14
}

0.
07

23
9{

10
}

0.
08

36
9{

13
}

13
0

M
SE

(φ̂
)

0.
00

37
9{

2}
0.

00
43

8{
6}

0.
00

39
7{

3}
0.

00
32

9{
1}

0.
00

42
0{

5}
0.

00
56

2{
11

}
0.

00
48

4{
8}

0.
00

46
8{

7}
0.

00
77

6{
14

}
0.

00
51

5{
9}

0.
00

64
0{

12
}

0.
00

41
8{

4}
0.

00
66

4{
13

}
0.

00
56

1{
10

}
0.

00
81

6{
15

}

13
0

M
SE

(κ̂
)

0.
00

47
9{

2}
0.

00
57

9{
5}

0.
00

57
7{

4}
0.

00
46

3{
1}

0.
00

64
8{

8}
0.

00
78

3{
9}

0.
00

61
5{

7}
0.

00
87

3{
11

}
0.

00
88

6{
12

}
0.

00
59

9{
6}

0.
02

26
3{

15
}

0.
00

53
4{

3}
0.

01
10

7{
14

}
0.

00
80

3{
10

}
0.

01
06

7{
13

}

13
0

M
R

E
(φ̂

)
0.

05
53

8{
2}

0.
05

89
9{

6}
0.

05
59

1{
3}

0.
05

04
7{

1}
0.

05
76

6{
5}

0.
06

84
7{

11
}

0.
06

16
2{

8}
0.

06
01

9{
7}

0.
07

67
9{

14
}

0.
06

26
2{

9}
0.

07
07

6{
12

}
0.

05
67

8{
4}

0.
07

26
2{

13
}

0.
06

69
2{

10
}

0.
07

94
2{

15
}

13
0

M
R

E
(κ̂

)
0.

03
71

3{
3}

0.
03

98
1{

4}
0.

04
02

4{
5}

0.
03

52
9{

1}
0.

04
37

9{
8}

0.
04

79
7{

9}
0.

04
07

3{
6}

0.
04

85
1{

12
}

0.
04

84
3{

11
}

0.
04

10
6{

7}
0.

07
85

5{
15

}
0.

03
61

8{
2}

0.
05

64
6{

14
}

0.
04

82
6{

10
}

0.
05

58
0{

13
}

13
0

D
ab

s
0.

02
25

2{
3}

0.
02

25
4{

4}
0.

02
20

8{
2}

0.
02

18
1{

1}
0.

02
29

8{
5}

0.
02

42
7{

7}
0.

02
38

2{
6}

0.
02

51
5{

9}
0.

02
97

8{
13

}
0.

02
51

7{
10

}
0.

03
12

9{
15

}
0.

02
47

2{
8}

0.
02

94
6{

12
}

0.
02

58
8{

11
}

0.
03

08
0{

14
}

13
0

D
m

ax
0.

03
66

0{
3}

0.
03

67
0{

4}
0.

03
60

9{
2}

0.
03

50
2{

1}
0.

03
80

4{
5}

0.
04

00
2{

8}
0.

03
85

3{
6}

0.
04

19
8{

10
}

0.
04

78
7{

12
}

0.
04

04
6{

9}
0.

05
50

6{
15

}
0.

03
96

6{
7}

0.
04

85
2{

13
}

0.
04

23
7{

11
}

0.
05

06
7{

14
}

13
0

A
SA

E
0.

01
33

8{
1}

0.
01

67
6{

5}
0.

01
37

7{
2}

0.
01

42
6{

3}
0.

01
54

4{
4}

0.
01

71
5{

9}
0.

01
69

7{
7}

0.
01

99
5{

11
}

0.
02

76
8{

14
}

0.
01

91
3{

10
}

0.
02

83
2{

15
}

0.
01

67
8{

6}
0.

02
33

8{
12

}
0.

01
70

9{
8}

0.
02

43
3{

13
}

13
0

∑
R

an
ks

21
{2

}
44

{5
}

29
{3

}
11

{1
}

53
{6

}
84

{9
}

62
{7

}
86

{1
0}

11
5{

12
}

76
{8

}
12

6{
15

}
40

{4
}

11
8{

13
}

90
{1

1}
12

5{
14

}

20
0

B
IA

S(
φ̂

)
0.

03
97

3{
2}

0.
04

08
8{

4}
0.

04
48

0{
7}

0.
04

32
3{

6}
0.

03
92

7{
1}

0.
04

72
9{

9}
0.

04
83

9{
11

}
0.

04
19

4{
5}

0.
05

01
1{

13
}

0.
04

66
4{

8}
0.

04
96

5{
12

}
0.

04
02

9{
3}

0.
05

42
0{

14
}

0.
04

75
7{

10
}

0.
05

58
8{

15
}

20
0

B
IA

S(
κ̂

)
0.

04
38

5{
1}

0.
05

21
6{

5}
0.

05
57

5{
8}

0.
04

75
0{

3}
0.

05
38

9{
6}

0.
05

76
9{

12
}

0.
05

66
9{

9}
0.

05
67

5{
10

}
0.

05
70

2{
11

}
0.

05
55

4{
7}

0.
09

47
6{

15
}

0.
04

63
6{

2}
0.

06
32

4{
13

}
0.

05
03

0{
4}

0.
06

84
6{

14
}

20
0

M
SE

(φ̂
)

0.
00

24
4{

1}
0.

00
28

1{
5}

0.
00

31
2{

7}
0.

00
28

2{
6}

0.
00

25
0{

2}
0.

00
35

3{
11

}
0.

00
34

1{
10

}
0.

00
27

6{
4}

0.
00

38
4{

12
}

0.
00

31
9{

8}
0.

00
38

8{
13

}
0.

00
25

9{
3}

0.
00

45
3{

14
}

0.
00

32
7{

9}
0.

00
49

3{
15

}

20
0

M
SE

(κ̂
)

0.
00

31
4{

1}
0.

00
43

3{
5}

0.
00

47
6{

8}
0.

00
34

7{
2}

0.
00

43
8{

6}
0.

00
50

2{
12

}
0.

00
47

7{
9}

0.
00

49
2{

10
}

0.
00

49
8{

11
}

0.
00

46
8{

7}
0.

01
38

8{
15

}
0.

00
38

5{
3}

0.
00

64
3{

13
}

0.
00

41
3{

4}
0.

00
70

2{
14

}

20
0

M
R

E
(φ̂

)
0.

04
41

4{
2}

0.
04

54
3{

4}
0.

04
97

8{
7}

0.
04

80
3{

6}
0.

04
36

3{
1}

0.
05

25
4{

9}
0.

05
37

7{
11

}
0.

04
66

0{
5}

0.
05

56
8{

13
}

0.
05

18
2{

8}
0.

05
51

6{
12

}
0.

04
47

7{
3}

0.
06

02
2{

14
}

0.
05

28
5{

10
}

0.
06

20
9{

15
}

20
0

M
R

E
(κ̂

)
0.

02
92

3{
1}

0.
03

47
8{

5}
0.

03
71

6{
8}

0.
03

16
7{

3}
0.

03
59

3{
6}

0.
03

84
6{

12
}

0.
03

77
9{

9}
0.

03
78

3{
10

}
0.

03
80

1{
11

}
0.

03
70

3{
7}

0.
06

31
7{

15
}

0.
03

09
1{

2}
0.

04
21

6{
13

}
0.

03
35

3{
4}

0.
04

56
4{

14
}

20
0

D
ab

s
0.

01
83

2{
4}

0.
01

77
3{

1}
0.

01
91

4{
8}

0.
01

90
7{

7}
0.

01
82

0{
2}

0.
01

88
8{

6}
0.

01
87

3{
5}

0.
01

92
0{

9}
0.

02
24

0{
12

}
0.

02
01

7{
10

}
0.

02
51

3{
15

}
0.

01
83

0{
3}

0.
02

40
1{

13
}

0.
02

04
4{

11
}

0.
02

42
4{

14
}

20
0

D
m

ax
0.

02
95

4{
2}

0.
02

95
3{

1}
0.

03
18

1{
8}

0.
03

06
4{

5}
0.

03
03

5{
4}

0.
03

14
1{

7}
0.

03
12

8{
6}

0.
03

19
9{

9}
0.

03
63

7{
12

}
0.

03
30

1{
11

}
0.

04
42

4{
15

}
0.

02
97

5{
3}

0.
03

88
4{

13
}

0.
03

28
6{

10
}

0.
04

00
0{

14
}

20
0

A
SA

E
0.

01
08

0{
2}

0.
01

08
2{

3}
0.

01
26

5{
10

}
0.

01
09

5{
4}

0.
01

10
1{

5}
0.

01
12

6{
6}

0.
01

02
6{

1}
0.

01
21

1{
8}

0.
01

53
0{

12
}

0.
01

34
2{

11
}

0.
02

02
0{

15
}

0.
01

15
6{

7}
0.

01
67

4{
13

}
0.

01
23

8{
9}

0.
01

69
1{

14
}

20
0

∑
R

an
ks

16
{1

}
33

{3
.5
}

71
{8

}
42

{5
}

33
{3

.5
}

84
{1

1}
71

{8
}

70
{6

}
10

7{
12

}
77

{1
0}

12
7{

14
}

29
{2

}
12

0{
13

}
71

{8
}

12
9{

15
}

24
0

B
IA

S(
φ̂

)
0.

03
38

9{
1}

0.
03

86
1{

9}
0.

03
80

7{
8}

0.
03

76
2{

7}
0.

03
70

8{
5}

0.
03

71
3{

6}
0.

03
62

8{
4}

0.
03

52
4{

2}
0.

04
73

8{
13

}
0.

04
47

3{
11

.5
}

0.
04

47
3{

11
.5
}

0.
03

58
1{

3}
0.

05
38

1{
15

}
0.

04
04

9{
10

}
0.

05
23

1{
14

}

24
0

B
IA

S(
κ̂

)
0.

04
02

5{
1}

0.
04

54
5{

6}
0.

04
70

6{
8}

0.
04

36
4{

4}
0.

04
51

9{
5}

0.
04

67
0{

7}
0.

04
20

6{
2}

0.
05

13
7{

11
}

0.
05

31
2{

12
}

0.
04

92
5{

10
}

0.
08

30
3{

15
}

0.
04

25
2{

3}
0.

06
15

4{
14

}
0.

04
78

1{
9}

0.
05

93
4{

13
}

24
0

M
SE

(φ̂
)

0.
00

18
5{

1}
0.

00
24

3{
9}

0.
00

21
8{

6}
0.

00
21

3{
4}

0.
00

21
2{

3}
0.

00
22

5{
8}

0.
00

21
4{

5}
0.

00
20

0{
2}

0.
00

34
5{

13
}

0.
00

29
9{

11
.5
}

0.
00

29
9{

11
.5
}

0.
00

21
9{

7}
0.

00
43

1{
14

}
0.

00
24

8{
10

}
0.

00
43

4{
15

}

24
0

M
SE

(κ̂
)

0.
00

27
8{

1}
0.

00
34

7{
7}

0.
00

33
8{

6}
0.

00
27

9{
2}

0.
00

31
5{

4}
0.

00
35

2{
8}

0.
00

29
5{

3}
0.

00
43

1{
11

}
0.

00
44

5{
12

}
0.

00
36

5{
10

}
0.

01
06

7{
15

}
0.

00
32

2{
5}

0.
00

57
6{

14
}

0.
00

35
5{

9}
0.

00
54

9{
13

}

24
0

M
R

E
(φ̂

)
0.

03
76

5{
1}

0.
04

29
0{

9}
0.

04
23

0{
8}

0.
04

18
0{

7}
0.

04
12

0{
5}

0.
04

12
5{

6}
0.

04
03

2{
4}

0.
03

91
5{

2}
0.

05
26

5{
13

}
0.

04
97

0{
11

.5
}

0.
04

97
0{

11
.5
}

0.
03

97
9{

3}
0.

05
97

9{
15

}
0.

04
49

9{
10

}
0.

05
81

2{
14

}

24
0

M
R

E
(κ̂

)
0.

02
68

3{
1}

0.
03

03
0{

6}
0.

03
13

7{
8}

0.
02

90
9{

4}
0.

03
01

3{
5}

0.
03

11
3{

7}
0.

02
80

4{
2}

0.
03

42
5{

11
}

0.
03

54
1{

12
}

0.
03

28
4{

10
}

0.
05

53
5{

15
}

0.
02

83
4{

3}
0.

04
10

3{
14

}
0.

03
18

7{
9}

0.
03

95
6{

13
}

24
0

D
ab

s
0.

01
54

6{
1}

0.
01

66
3{

6}
0.

01
61

6{
3}

0.
01

71
8{

8}
0.

01
77

7{
9}

0.
01

63
3{

4}
0.

01
61

1{
2}

0.
01

66
1{

5}
0.

02
13

6{
12

}
0.

01
94

4{
11

}
0.

02
35

8{
15

}
0.

01
69

9{
7}

0.
02

23
9{

14
}

0.
01

78
0{

10
}

0.
02

21
7{

13
}

24
0

D
m

ax
0.

02
52

5{
1}

0.
02

71
6{

5}
0.

02
68

8{
3}

0.
02

77
4{

7}
0.

02
89

5{
9}

0.
02

71
0{

4}
0.

02
64

9{
2}

0.
02

80
0{

8}
0.

03
44

4{
12

}
0.

03
14

7{
11

}
0.

04
09

8{
15

}
0.

02
77

2{
6}

0.
03

65
7{

14
}

0.
02

89
7{

10
}

0.
03

61
1{

13
}

24
0

A
SA

E
0.

00
98

3{
6}

0.
00

97
9{

5}
0.

00
94

5{
2}

0.
00

98
8{

7}
0.

01
01

4{
8}

0.
00

95
7{

3}
0.

00
93

3{
1}

0.
00

96
4{

4}
0.

01
29

8{
12

}
0.

01
22

2{
11

}
0.

01
66

5{
15

}
0.

01
11

4{
9}

0.
01

48
1{

14
}

0.
01

15
1{

10
}

0.
01

47
0{

13
}

24
0

∑
R

an
ks

14
{1

}
62

{9
}

52
{5

}
50

{4
}

53
{6

.5
}

53
{6

.5
}

25
{2

}
56

{8
}

11
1{

12
}

97
.5
{1

1}
12

4.
5{

14
}

46
{3

}
12

8{
15

}
87

{1
0}

12
1{

13
}

30
0

B
IA

S(
φ̂

)
0.

02
91

3{
1}

0.
03

23
9{

4}
0.

03
42

3{
6}

0.
03

44
7{

7}
0.

03
63

9{
9}

0.
03

63
0{

8}
0.

03
20

8{
3}

0.
03

37
4{

5}
0.

04
30

2{
14

}
0.

04
09

7{
11

}
0.

04
10

0{
12

}
0.

03
18

8{
2}

0.
04

54
3{

15
}

0.
03

71
6{

10
}

0.
04

20
4{

13
}

30
0

B
IA

S(
κ̂

)
0.

03
63

9{
1}

0.
03

84
6{

4}
0.

04
41

6{
9}

0.
03

78
8{

3}
0.

04
43

1{
10

}
0.

04
26

9{
7}

0.
03

86
2{

5}
0.

04
31

2{
8}

0.
04

81
5{

12
}

0.
04

57
3{

11
}

0.
07

75
1{

15
}

0.
03

75
4{

2}
0.

05
52

4{
14

}
0.

04
24

3{
6}

0.
05

08
7{

13
}

30
0

M
SE

(φ̂
)

0.
00

13
0{

1}
0.

00
16

7{
3}

0.
00

18
1{

6}
0.

00
19

4{
7}

0.
00

20
8{

8}
0.

00
21

3{
9}

0.
00

15
6{

2}
0.

00
17

3{
4.

5}
0.

00
31

7{
14

}
0.

00
25

4{
11

}
0.

00
28

9{
13

}
0.

00
17

3{
4.

5}
0.

00
33

6{
15

}
0.

00
21

4{
10

}
0.

00
28

5{
12

}

30
0

M
SE

(κ̂
)

0.
00

21
2{

1}
0.

00
23

3{
4}

0.
00

30
3{

9}
0.

00
22

7{
2.

5}
0.

00
31

0{
10

}
0.

00
28

3{
7}

0.
00

22
7{

2.
5}

0.
00

30
0{

8}
0.

00
36

7{
12

}
0.

00
33

4{
11

}
0.

01
01

1{
15

}
0.

00
26

6{
5}

0.
00

47
8{

14
}

0.
00

27
5{

6}
0.

00
40

7{
13

}

30
0

M
R

E
(φ̂

)
0.

03
23

7{
1}

0.
03

59
9{

4}
0.

03
80

3{
6}

0.
03

83
0{

7}
0.

04
04

3{
9}

0.
04

03
4{

8}
0.

03
56

4{
3}

0.
03

74
9{

5}
0.

04
78

0{
14

}
0.

04
55

3{
11

}
0.

04
55

6{
12

}
0.

03
54

2{
2}

0.
05

04
7{

15
}

0.
04

12
9{

10
}

0.
04

67
1{

13
}

30
0

M
R

E
(κ̂

)
0.

02
42

6{
1}

0.
02

56
4{

4}
0.

02
94

4{
9}

0.
02

52
5{

3}
0.

02
95

4{
10

}
0.

02
84

6{
7}

0.
02

57
5{

5}
0.

02
87

5{
8}

0.
03

21
0{

12
}

0.
03

04
9{

11
}

0.
05

16
7{

15
}

0.
02

50
3{

2}
0.

03
68

3{
14

}
0.

02
82

9{
6}

0.
03

39
2{

13
}

30
0

D
ab

s
0.

01
34

2{
1}

0.
01

40
1{

2}
0.

01
53

8{
7}

0.
01

49
3{

4}
0.

01
55

5{
8}

0.
01

52
4{

6}
0.

01
40

9{
3}

0.
01

63
0{

9}
0.

01
86

6{
12

}
0.

01
75

7{
11

}
0.

02
09

4{
15

}
0.

01
49

5{
5}

0.
01

99
0{

14
}

0.
01

65
3{

10
}

0.
01

86
9{

13
}

30
0

D
m

ax
0.

02
20

4{
1}

0.
02

30
8{

2}
0.

02
54

6{
7}

0.
02

41
6{

4}
0.

02
56

9{
8}

0.
02

51
0{

6}
0.

02
31

9{
3}

0.
02

65
6{

9}
0.

03
04

6{
12

}
0.

02
85

3{
11

}
0.

03
70

4{
15

}
0.

02
44

2{
5}

0.
03

27
6{

14
}

0.
02

68
3{

10
}

0.
03

04
9{

13
}

30
0

A
SA

E
0.

00
83

2{
4.

5}
0.

00
82

4{
1}

0.
00

86
1{

7}
0.

00
82

5{
2}

0.
00

83
2{

4.
5}

0.
00

84
9{

6}
0.

00
82

6{
3}

0.
00

90
0{

8}
0.

01
26

2{
12

}
0.

01
06

5{
11

}
0.

01
61

1{
15

}
0.

00
91

8{
9}

0.
01

39
5{

14
}

0.
01

02
5{

10
}

0.
01

30
9{

13
}

30
0

∑
R

an
ks

12
.5
{1

}
28

{2
}

66
{8

}
39

.5
{5

}
76

.5
{9

}
64

{6
}

29
.5
{3

}
64

.5
{7

}
11

4{
12

}
99

{1
1}

12
7{

14
}

36
.5
{4

}
12

9{
15

}
78

{1
0}

11
6{

13
}

© 2026 NSP
Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp


1580 R. H. Albayyat et al.: An inverse power lifetime model with decreasing and unimodal...

Ta
bl

e
5:

R
es

ul
ts

of
si

m
ul

at
io

n
m

ea
su

re
s

w
he

n
φ
=

4.
0,

κ
=

6.
0.

n
E

st
.

M
L

E
A

D
E

C
V

M
E

M
PS

E
O

L
SE

R
TA

D
E

W
L

SE
LT

A
D

E
M

SA
D

E
M

SA
L

D
E

A
D

SO
E

K
E

M
SS

D
E

M
SS

L
D

E
M

SL
N

D
E

20
B

IA
S(

φ̂
)

0.
59

67
2{

4}
0.

62
50

9{
7}

0.
71

38
8{

13
}

0.
61

03
0{

5}
0.

69
31

1{
11

}
0.

61
27

2{
6}

0.
64

44
0{

9}
0.

80
26

5{
14

}
0.

56
55

9{
2}

0.
57

52
7{

3}
0.

98
71

3{
15

}
0.

63
82

0{
8}

0.
71

08
5{

12
}

0.
51

42
8{

1}
0.

67
61

9{
10

}

20
B

IA
S(

κ̂
)

0.
97

16
7{

6}
0.

89
81

1{
3}

0.
98

11
0{

7}
0.

96
61

1{
5}

1.
02

99
7{

12
}

1.
01

47
5{

10
}

0.
99

00
6{

9}
1.

03
56

2{
13

}
0.

88
37

6{
2}

0.
98

34
5{

8}
1.

02
45

0{
11

}
0.

71
68

8{
1}

1.
22

87
6{

15
}

0.
93

62
8{

4}
1.

13
41

9{
14

}

20
M

SE
(φ̂

)
0.

69
56

6{
5}

0.
79

79
3{

8}
1.

06
12

8{
13

}
0.

67
15

9{
4}

0.
87

88
8{

12
}

0.
75

07
6{

6}
0.

77
89

2{
7}

1.
22

63
1{

14
}

0.
51

32
9{

2}
0.

54
57

8{
3}

1.
62

21
2{

15
}

0.
83

26
9{

11
}

0.
82

53
6{

10
}

0.
43

96
2{

1}
0.

80
63

2{
9}

20
M

SE
(κ̂

)
1.

55
32

7{
7}

1.
38

95
1{

4}
1.

68
09

3{
10

}
1.

42
52

0{
6}

1.
63

53
4{

9}
1.

89
26

9{
13

}
1.

62
31

2{
8}

1.
72

94
0{

11
}

1.
25

58
0{

2}
1.

39
20

3{
5}

1.
74

38
2{

12
}

0.
95

82
5{

1}
2.

08
83

6{
15

}
1.

36
62

9{
3}

2.
05

95
6{

14
}

20
M

R
E

(φ̂
)

0.
14

91
8{

4}
0.

15
62

7{
7}

0.
17

84
7{

13
}

0.
15

25
7{

5}
0.

17
32

8{
11

}
0.

15
31

8{
6}

0.
16

11
0{

9}
0.

20
06

6{
14

}
0.

14
14

0{
2}

0.
14

38
2{

3}
0.

24
67

8{
15

}
0.

15
95

5{
8}

0.
17

77
1{

12
}

0.
12

85
7{

1}
0.

16
90

5{
10

}

20
M

R
E

(κ̂
)

0.
16

19
4{

6}
0.

14
96

8{
3}

0.
16

35
2{

7}
0.

16
10

2{
5}

0.
17

16
6{

12
}

0.
16

91
2{

10
}

0.
16

50
1{

9}
0.

17
26

0{
13

}
0.

14
72

9{
2}

0.
16

39
1{

8}
0.

17
07

5{
11

}
0.

11
94

8{
1}

0.
20

47
9{

15
}

0.
15

60
5{

4}
0.

18
90

3{
14

}

20
D

ab
s

0.
06

01
3{

7}
0.

05
65

7{
1}

0.
05

98
2{

6}
0.

06
09

7{
9}

0.
05

95
9{

5}
0.

05
80

6{
3}

0.
05

83
2{

4}
0.

06
32

9{
10

}
0.

06
45

9{
12

}
0.

06
42

8{
11

}
0.

06
50

6{
13

}
0.

05
73

6{
2}

0.
07

27
4{

14
}

0.
06

06
1{

8}
0.

07
27

7{
15

}

20
D

m
ax

0.
09

67
8{

8}
0.

09
14

5{
2}

0.
09

76
7{

9}
0.

09
54

6{
6}

0.
09

67
4{

7}
0.

09
47

9{
4}

0.
09

43
6{

3}
0.

10
23

1{
12

}
0.

10
10

2{
11

}
0.

10
03

6{
10

}
0.

10
68

3{
13

}
0.

08
82

8{
1}

0.
11

68
6{

15
}

0.
09

52
2{

5}
0.

11
48

6{
14

}

20
A

SA
E

0.
04

68
6{

8}
0.

04
25

9{
3}

0.
04

63
1{

7}
0.

04
40

2{
4}

0.
04

20
0{

2}
0.

04
71

6{
9}

0.
03

98
2{

1}
0.

04
58

5{
5}

0.
05

61
1{

13
}

0.
05

32
1{

11
}

0.
05

34
4{

12
}

0.
04

61
5{

6}
0.

06
22

9{
14

}
0.

05
07

2{
10

}
0.

06
27

8{
15

}

20
∑

R
an

ks
55

{6
}

38
{2

}
85

{1
1}

49
{5

}
81

{1
0}

67
{9

}
59

{7
}

10
6{

12
}

48
{4

}
62

{8
}

11
7{

14
}

39
{3

}
12

2{
15

}
37

{1
}

11
5{

13
}

70
B

IA
S(

φ̂
)

0.
32

30
0{

3}
0.

34
42

3{
8}

0.
40

60
8{

12
}

0.
28

95
0{

1}
0.

33
88

8{
6}

0.
29

40
0{

2}
0.

33
38

5{
4}

0.
41

83
9{

13
}

0.
35

53
0{

10
}

0.
33

69
6{

5}
0.

59
32

3{
15

}
0.

35
44

4{
9}

0.
42

17
7{

14
}

0.
34

14
4{

7}
0.

39
56

1{
11

}

70
B

IA
S(

κ̂
)

0.
45

78
3{

2}
0.

52
19

2{
10

}
0.

55
93

4{
12

}
0.

46
62

9{
3}

0.
50

79
2{

7}
0.

52
00

4{
9}

0.
50

72
9{

6}
0.

55
59

7{
11

}
0.

50
02

0{
4}

0.
51

33
4{

8}
0.

74
13

5{
15

}
0.

43
23

2{
1}

0.
61

82
3{

13
}

0.
50

55
1{

5}
0.

63
37

0{
14

}

70
M

SE
(φ̂

)
0.

16
94

6{
3}

0.
20

93
0{

8}
0.

30
49

7{
13

}
0.

13
03

9{
1}

0.
17

14
1{

4}
0.

14
74

3{
2}

0.
18

77
0{

6}
0.

32
08

2{
14

}
0.

22
40

6{
10

}
0.

17
18

9{
5}

0.
63

00
2{

15
}

0.
22

10
1{

9}
0.

26
49

9{
12

}
0.

19
29

5{
7}

0.
22

69
8{

11
}

70
M

SE
(κ̂

)
0.

34
77

6{
3}

0.
40

86
5{

9}
0.

50
16

3{
11

}
0.

34
30

1{
1}

0.
38

64
1{

5}
0.

44
51

0{
10

}
0.

38
69

6{
6}

0.
53

33
9{

12
}

0.
40

35
8{

7}
0.

37
68

1{
4}

0.
83

09
2{

15
}

0.
34

36
8{

2}
0.

55
76

5{
13

}
0.

40
50

5{
8}

0.
65

05
5{

14
}

70
M

R
E

(φ̂
)

0.
08

07
5{

3}
0.

08
60

6{
8}

0.
10

15
2{

12
}

0.
07

23
7{

1}
0.

08
47

2{
6}

0.
07

35
0{

2}
0.

08
34

6{
4}

0.
10

46
0{

13
}

0.
08

88
3{

10
}

0.
08

42
4{

5}
0.

14
83

1{
15

}
0.

08
86

1{
9}

0.
10

54
4{

14
}

0.
08

53
6{

7}
0.

09
89

0{
11

}

70
M

R
E

(κ̂
)

0.
07

63
1{

2}
0.

08
69

9{
10

}
0.

09
32

2{
12

}
0.

07
77

1{
3}

0.
08

46
5{

7}
0.

08
66

7{
9}

0.
08

45
5{

6}
0.

09
26

6{
11

}
0.

08
33

7{
4}

0.
08

55
6{

8}
0.

12
35

6{
15

}
0.

07
20

5{
1}

0.
10

30
4{

13
}

0.
08

42
5{

5}
0.

10
56

2{
14

}

70
D

ab
s

0.
03

12
7{

5}
0.

03
31

1{
7}

0.
03

38
8{

8}
0.

03
03

9{
3}

0.
03

00
5{

1}
0.

03
04

0{
4}

0.
03

16
4{

6}
0.

03
39

9{
10

}
0.

03
68

0{
11

}
0.

03
72

8{
12

}
0.

03
81

0{
14

}
0.

03
02

5{
2}

0.
04

29
3{

15
}

0.
03

39
7{

9}
0.

03
79

2{
13

}

70
D

m
ax

0.
05

03
1{

5}
0.

05
37

1{
7}

0.
05

53
0{

9}
0.

04
84

3{
2}

0.
04

89
8{

3}
0.

04
95

5{
4}

0.
05

12
9{

6}
0.

05
62

2{
10

}
0.

05
86

1{
12

}
0.

05
82

8{
11

}
0.

06
64

7{
14

}
0.

04
84

0{
1}

0.
06

86
0{

15
}

0.
05

40
9{

8}
0.

06
19

8{
13

}

70
A

SA
E

0.
02

23
3{

8}
0.

02
02

3{
1}

0.
02

05
6{

3}
0.

02
13

1{
6}

0.
02

05
5{

2}
0.

02
26

5{
9}

0.
02

09
3{

5}
0.

02
06

9{
4}

0.
02

77
0{

12
}

0.
02

63
5{

11
}

0.
02

93
4{

13
}

0.
02

21
7{

7}
0.

02
97

0{
14

}
0.

02
48

9{
10

}
0.

03
06

7{
15

}

70
∑

R
an

ks
34

{2
}

68
{8

}
92

{1
1}

21
{1

}
41

{3
.5
}

51
{6

}
49

{5
}

98
{1

2}
80

{1
0}

69
{9

}
13

1{
15

}
41

{3
.5
}

12
3{

14
}

66
{7

}
11

6{
13

}

13
0

B
IA

S(
φ̂

)
0.

23
59

7{
5}

0.
23

52
1{

4}
0.

28
72

9{
13

}
0.

21
20

5{
1}

0.
23

33
3{

2}
0.

23
37

1{
3}

0.
24

61
6{

6}
0.

28
72

4{
12

}
0.

25
14

6{
8}

0.
26

14
5{

9}
0.

55
20

3{
15

}
0.

27
17

2{
10

}
0.

30
26

7{
14

}
0.

24
93

2{
7}

0.
28

28
3{

11
}

13
0

B
IA

S(
κ̂

)
0.

31
91

5{
2}

0.
32

99
8{

3}
0.

38
23

4{
11

}
0.

30
64

0{
1}

0.
34

81
5{

6}
0.

36
81

2{
7}

0.
34

75
6{

5}
0.

38
76

2{
12

}
0.

37
00

7{
8}

0.
38

15
6{

10
}

0.
57

46
5{

15
}

0.
33

79
6{

4}
0.

44
57

0{
13

}
0.

37
34

8{
9}

0.
48

49
3{

14
}

13
0

M
SE

(φ̂
)

0.
09

05
7{

3}
0.

08
54

3{
2}

0.
13

97
5{

13
}

0.
06

90
5{

1}
0.

09
55

0{
5}

0.
09

49
3{

4}
0.

09
89

0{
7}

0.
14

99
8{

14
}

0.
10

01
5{

8}
0.

10
12

1{
9}

0.
55

15
3{

15
}

0.
12

53
7{

11
}

0.
13

61
8{

12
}

0.
09

70
7{

6}
0.

12
29

4{
10

}

13
0

M
SE

(κ̂
)

0.
16

32
1{

2}
0.

17
67

5{
3}

0.
24

45
5{

12
}

0.
15

07
9{

1}
0.

19
04

3{
4}

0.
24

01
9{

11
}

0.
19

78
5{

5}
0.

23
92

6{
10

}
0.

22
84

3{
8}

0.
22

90
3{

9}
0.

53
71

7{
15

}
0.

21
81

7{
7}

0.
29

37
3{

13
}

0.
21

18
0{

6}
0.

34
68

1{
14

}

13
0

M
R

E
(φ̂

)
0.

05
89

9{
5}

0.
05

88
0{

4}
0.

07
18

2{
13

}
0.

05
30

1{
1}

0.
05

83
3{

2}
0.

05
84

3{
3}

0.
06

15
4{

6}
0.

07
18

1{
12

}
0.

06
28

7{
8}

0.
06

53
6{

9}
0.

13
80

1{
15

}
0.

06
79

3{
10

}
0.

07
56

7{
14

}
0.

06
23

3{
7}

0.
07

07
1{

11
}

13
0

M
R

E
(κ̂

)
0.

05
31

9{
2}

0.
05

50
0{

3}
0.

06
37

2{
11

}
0.

05
10

7{
1}

0.
05

80
2{

6}
0.

06
13

5{
7}

0.
05

79
3{

5}
0.

06
46

0{
12

}
0.

06
16

8{
8}

0.
06

35
9{

10
}

0.
09

57
8{

15
}

0.
05

63
3{

4}
0.

07
42

8{
13

}
0.

06
22

5{
9}

0.
08

08
2{

14
}

13
0

D
ab

s
0.

02
39

7{
7}

0.
02

35
0{

6}
0.

02
22

5{
3}

0.
02

10
3{

1}
0.

02
15

7{
2}

0.
02

30
2{

5}
0.

02
26

2{
4}

0.
02

44
6{

8}
0.

02
84

2{
12

}
0.

02
49

5{
10

}
0.

03
10

4{
15

}
0.

02
45

6{
9}

0.
02

96
4{

13
}

0.
02

59
5{

11
}

0.
03

01
8{

14
}

13
0

D
m

ax
0.

03
81

2{
7}

0.
03

76
5{

6}
0.

03
71

7{
4}

0.
03

36
7{

1}
0.

03
51

2{
2}

0.
03

71
9{

5}
0.

03
66

6{
3}

0.
04

03
4{

9}
0.

04
47

5{
12

}
0.

04
04

0{
10

}
0.

05
49

9{
15

}
0.

03
90

3{
8}

0.
04

77
9{

13
}

0.
04

15
1{

11
}

0.
04

88
9{

14
}

13
0

A
SA

E
0.

01
52

8{
8}

0.
01

46
7{

3}
0.

01
49

8{
5.

5}
0.

01
51

0{
7}

0.
01

49
8{

5.
5}

0.
01

49
4{

4}
0.

01
43

3{
1}

0.
01

45
0{

2}
0.

01
97

4{
12

}
0.

01
86

9{
11

}
0.

02
16

2{
15

}
0.

01
58

9{
9}

0.
02

10
1{

14
}

0.
01

80
1{

10
}

0.
02

06
2{

13
}

13
0

∑
R

an
ks

41
{4

}
34

{2
}

85
.5
{1

0}
15

{1
}

34
.5
{3

}
49

{6
}

42
{5

}
91

{1
2}

84
{9

}
87

{1
1}

13
5{

15
}

72
{7

}
11

9{
14

}
76

{8
}

11
5{

13
}

20
0

B
IA

S(
φ̂

)
0.

16
76

9{
1}

0.
18

77
4{

5}
0.

21
27

9{
9}

0.
17

00
9{

2}
0.

21
88

5{
11

}
0.

19
31

5{
6}

0.
18

08
5{

3}
0.

23
42

3{
12

}
0.

21
36

8{
10

}
0.

21
16

1{
8}

0.
42

51
8{

15
}

0.
20

66
7{

7}
0.

25
01

2{
14

}
0.

18
26

2{
4}

0.
23

65
0{

13
}

20
0

B
IA

S(
κ̂

)
0.

27
68

3{
3}

0.
29

03
8{

6}
0.

31
59

7{
10

}
0.

27
23

6{
2}

0.
31

66
4{

11
}

0.
27

68
8{

4}
0.

28
66

3{
5}

0.
32

14
0{

12
}

0.
31

14
3{

9}
0.

30
72

8{
8}

0.
51

99
3{

15
}

0.
26

47
8{

1}
0.

38
68

6{
14

}
0.

29
98

3{
7}

0.
35

58
1{

13
}

20
0

M
SE

(φ̂
)

0.
04

99
1{

2}
0.

06
12

8{
6}

0.
07

78
7{

10
}

0.
04

33
2{

1}
0.

07
86

3{
11

}
0.

05
89

2{
5}

0.
05

54
2{

4}
0.

09
12

7{
13

}
0.

06
55

8{
7}

0.
06

96
1{

8}
0.

31
97

9{
15

}
0.

07
10

6{
9}

0.
10

14
1{

14
}

0.
05

53
6{

3}
0.

08
85

7{
12

}

20
0

M
SE

(κ̂
)

0.
11

76
0{

2}
0.

13
75

1{
7}

0.
15

61
0{

11
}

0.
11

27
1{

1}
0.

15
37

2{
10

}
0.

12
46

1{
3}

0.
13

67
8{

6}
0.

16
25

1{
12

}
0.

15
29

3{
9}

0.
14

50
0{

8}
0.

43
71

6{
15

}
0.

13
15

3{
4}

0.
23

76
5{

14
}

0.
13

50
9{

5}
0.

20
17

5{
13

}

20
0

M
R

E
(φ̂

)
0.

04
19

2{
1}

0.
04

69
3{

5}
0.

05
32

0{
9}

0.
04

25
2{

2}
0.

05
47

1{
11

}
0.

04
82

9{
6}

0.
04

52
1{

3}
0.

05
85

6{
12

}
0.

05
34

2{
10

}
0.

05
29

0{
8}

0.
10

63
0{

15
}

0.
05

16
7{

7}
0.

06
25

3{
14

}
0.

04
56

5{
4}

0.
05

91
3{

13
}

20
0

M
R

E
(κ̂

)
0.

04
61

4{
3}

0.
04

84
0{

6}
0.

05
26

6{
10

}
0.

04
53

9{
2}

0.
05

27
7{

11
}

0.
04

61
5{

4}
0.

04
77

7{
5}

0.
05

35
7{

12
}

0.
05

19
0{

9}
0.

05
12

1{
8}

0.
08

66
5{

15
}

0.
04

41
3{

1}
0.

06
44

8{
14

}
0.

04
99

7{
7}

0.
05

93
0{

13
}

20
0

D
ab

s
0.

01
78

0{
2}

0.
01

84
4{

5}
0.

01
91

7{
9}

0.
01

91
4{

8}
0.

01
89

9{
7}

0.
01

79
3{

3}
0.

01
74

7{
1}

0.
01

87
9{

6}
0.

02
12

9{
12

}
0.

02
11

9{
11

}
0.

02
54

9{
15

}
0.

01
83

0{
4}

0.
02

41
6{

14
}

0.
02

02
2{

10
}

0.
02

29
6{

13
}

20
0

D
m

ax
0.

02
89

7{
2}

0.
02

98
0{

5}
0.

03
16

0{
9}

0.
03

02
4{

6}
0.

03
15

3{
8}

0.
02

91
4{

3}
0.

02
84

1{
1}

0.
03

13
9{

7}
0.

03
42

6{
12

}
0.

03
34

5{
11

}
0.

04
56

3{
15

}
0.

02
94

7{
4}

0.
03

91
4{

14
}

0.
03

23
0{

10
}

0.
03

71
1{

13
}

20
0

A
SA

E
0.

01
27

7{
9}

0.
01

18
2{

3}
0.

01
20

5{
6}

0.
01

17
6{

2}
0.

01
20

3{
5}

0.
01

22
2{

7}
0.

01
16

6{
1}

0.
01

19
7{

4}
0.

01
57

2{
12

}
0.

01
51

9{
11

}
0.

01
84

4{
15

}
0.

01
27

6{
8}

0.
01

62
4{

13
}

0.
01

45
8{

10
}

0.
01

69
8{

14
}

20
0

∑
R

an
ks

25
{1

}
48

{6
}

83
{9

}
26

{2
}

85
{1

0}
41

{4
}

29
{3

}
90

{1
1.

5}
90

{1
1.

5}
81

{8
}

13
5{

15
}

45
{5

}
12

5{
14

}
60

{7
}

11
7{

13
}

24
0

B
IA

S(
φ̂

)
0.

16
53

3{
4}

0.
17

08
2{

5}
0.

19
41

8{
11

}
0.

16
31

8{
2}

0.
19

07
7{

8}
0.

16
01

9{
1}

0.
16

42
1{

3}
0.

21
66

3{
13

}
0.

19
17

1{
9}

0.
18

33
4{

7}
0.

38
84

3{
15

}
0.

19
32

9{
10

}
0.

21
21

3{
12

}
0.

17
15

3{
6}

0.
22

27
5{

14
}

24
0

B
IA

S(
κ̂

)
0.

20
96

5{
1}

0.
26

45
9{

5}
0.

31
37

9{
13

}
0.

24
84

0{
3}

0.
27

25
9{

8}
0.

26
67

5{
6}

0.
27

18
7{

7}
0.

29
88

0{
12

}
0.

29
14

2{
9}

0.
29

24
3{

10
}

0.
45

71
6{

15
}

0.
23

29
3{

2}
0.

29
28

4{
11

}
0.

26
30

0{
4}

0.
33

15
9{

14
}

24
0

M
SE

(φ̂
)

0.
04

22
8{

3}
0.

04
54

7{
5}

0.
05

42
4{

8}
0.

04
15

0{
2}

0.
06

23
8{

11
}

0.
04

03
4{

1}
0.

04
32

6{
4}

0.
07

33
4{

13
}

0.
06

21
2{

10
}

0.
05

11
8{

7}
0.

26
09

5{
15

}
0.

06
01

5{
9}

0.
06

93
0{

12
}

0.
04

84
1{

6}
0.

08
42

6{
14

}

24
0

M
SE

(κ̂
)

0.
07

16
6{

1}
0.

11
35

1{
6}

0.
14

29
4{

13
}

0.
09

53
2{

3}
0.

12
65

5{
8}

0.
10

97
9{

5}
0.

11
61

2{
7}

0.
13

46
9{

11
}

0.
13

38
8{

10
}

0.
12

67
9{

9}
0.

34
03

3{
15

}
0.

09
39

6{
2}

0.
13

55
0{

12
}

0.
10

77
5{

4}
0.

16
57

3{
14

}

24
0

M
R

E
(φ̂

)
0.

04
13

3{
4}

0.
04

27
1{

5}
0.

04
85

5{
11

}
0.

04
07

9{
2}

0.
04

76
9{

8}
0.

04
00

5{
1}

0.
04

10
5{

3}
0.

05
41

6{
13

}
0.

04
79

3{
9}

0.
04

58
3{

7}
0.

09
71

1{
15

}
0.

04
83

2{
10

}
0.

05
30

3{
12

}
0.

04
28

8{
6}

0.
05

56
9{

14
}

24
0

M
R

E
(κ̂

)
0.

03
49

4{
1}

0.
04

41
0{

5}
0.

05
23

0{
13

}
0.

04
14

0{
3}

0.
04

54
3{

8}
0.

04
44

6{
6}

0.
04

53
1{

7}
0.

04
98

0{
12

}
0.

04
85

7{
9}

0.
04

87
4{

10
}

0.
07

61
9{

15
}

0.
03

88
2{

2}
0.

04
88

1{
11

}
0.

04
38

3{
4}

0.
05

52
7{

14
}

24
0

D
ab

s
0.

01
54

1{
2}

0.
01

69
5{

5}
0.

01
68

0{
4}

0.
01

70
1{

6}
0.

01
75

2{
7}

0.
01

66
5{

3}
0.

01
47

5{
1}

0.
01

86
0{

10
}

0.
01

97
2{

12
}

0.
01

96
0{

11
}

0.
02

31
9{

15
}

0.
01

78
0{

8}
0.

02
09

4{
13

}
0.

01
81

1{
9}

0.
02

24
6{

14
}

24
0

D
m

ax
0.

02
47

6{
2}

0.
02

74
2{

5}
0.

02
79

6{
6}

0.
02

72
3{

4}
0.

02
85

0{
8}

0.
02

69
0{

3}
0.

02
42

4{
1}

0.
03

07
2{

10
}

0.
03

16
9{

12
}

0.
03

12
2{

11
}

0.
04

14
7{

15
}

0.
02

83
9{

7}
0.

03
32

8{
13

}
0.

02
91

4{
9}

0.
03

61
5{

14
}

24
0

A
SA

E
0.

01
14

8{
7}

0.
01

07
8{

1}
0.

01
13

1{
6}

0.
01

15
2{

8}
0.

01
09

1{
2}

0.
01

12
7{

5}
0.

01
10

6{
3}

0.
01

10
9{

4}
0.

01
40

3{
12

}
0.

01
38

1{
11

}
0.

01
66

9{
15

}
0.

01
17

2{
9}

0.
01

49
2{

13
}

0.
01

24
6{

10
}

0.
01

50
6{

14
}

24
0

∑
R

an
ks

25
{1

}
42

{5
}

85
{1

0}
33

{3
}

68
{8

}
31

{2
}

36
{4

}
98

{1
2}

92
{1

1}
83

{9
}

13
5{

15
}

59
{7

}
10

9{
13

}
58

{6
}

12
6{

14
}

30
0

B
IA

S(
φ̂

)
0.

13
64

9{
1}

0.
15

00
0{

4}
0.

17
72

8{
11

}
0.

14
41

2{
2}

0.
16

23
3{

7}
0.

15
42

4{
5}

0.
14

88
5{

3}
0.

20
80

7{
14

}
0.

16
58

0{
9}

0.
16

33
1{

8}
0.

36
46

0{
15

}
0.

16
78

7{
10

}
0.

19
72

1{
13

}
0.

15
47

5{
6}

0.
19

09
9{

12
}

30
0

B
IA

S(
κ̂

)
0.

20
46

5{
2}

0.
24

27
3{

7}
0.

24
11

7{
6}

0.
22

40
4{

3}
0.

25
16

0{
9}

0.
24

55
3{

8}
0.

23
08

0{
4}

0.
26

09
1{

11
}

0.
27

24
7{

12
}

0.
25

44
6{

10
}

0.
41

35
5{

15
}

0.
20

16
4{

1}
0.

27
46

6{
13

}
0.

23
15

6{
5}

0.
28

07
0{

14
}

30
0

M
SE

(φ̂
)

0.
03

26
5{

2}
0.

03
63

1{
4}

0.
04

84
5{

11
}

0.
03

16
5{

1}
0.

04
53

2{
9}

0.
03

65
8{

5}
0.

03
54

2{
3}

0.
06

95
2{

14
}

0.
04

55
0{

10
}

0.
04

09
0{

7}
0.

20
78

0{
15

}
0.

04
51

5{
8}

0.
06

01
0{

13
}

0.
03

92
2{

6}
0.

05
93

0{
12

}

30
0

M
SE

(κ̂
)

0.
06

67
2{

1}
0.

09
36

1{
7}

0.
09

33
5{

6}
0.

07
96

5{
3}

0.
10

05
4{

10
}

0.
09

44
2{

8}
0.

08
08

4{
4}

0.
11

12
1{

11
}

0.
11

72
1{

12
}

0.
09

51
7{

9}
0.

27
84

9{
15

}
0.

07
65

0{
2}

0.
11

73
2{

13
}

0.
08

44
6{

5}
0.

12
29

3{
14

}

30
0

M
R

E
(φ̂

)
0.

03
41

2{
1}

0.
03

75
0{

4}
0.

04
43

2{
11

}
0.

03
60

3{
2}

0.
04

05
8{

7}
0.

03
85

6{
5}

0.
03

72
1{

3}
0.

05
20

2{
14

}
0.

04
14

5{
9}

0.
04

08
3{

8}
0.

09
11

5{
15

}
0.

04
19

7{
10

}
0.

04
93

0{
13

}
0.

03
86

9{
6}

0.
04

77
5{

12
}

30
0

M
R

E
(κ̂

)
0.

03
41

1{
2}

0.
04

04
5{

7}
0.

04
02

0{
6}

0.
03

73
4{

3}
0.

04
19

3{
9}

0.
04

09
2{

8}
0.

03
84

7{
4}

0.
04

34
8{

11
}

0.
04

54
1{

12
}

0.
04

24
1{

10
}

0.
06

89
3{

15
}

0.
03

36
1{

1}
0.

04
57

8{
13

}
0.

03
85

9{
5}

0.
04

67
8{

14
}

30
0

D
ab

s
0.

01
45

4{
2}

0.
01

46
0{

3.
5}

0.
01

46
8{

5}
0.

01
43

1{
1}

0.
01

55
3{

8}
0.

01
53

9{
6}

0.
01

46
0{

3.
5}

0.
01

65
2{

11
}

0.
01

71
4{

12
}

0.
01

58
7{

9}
0.

02
20

9{
15

}
0.

01
54

2{
7}

0.
01

99
5{

14
}

0.
01

61
1{

10
}

0.
01

98
2{

13
}

30
0

D
m

ax
0.

02
32

6{
2}

0.
02

39
2{

4}
0.

02
43

6{
5}

0.
02

30
4{

1}
0.

02
53

9{
8}

0.
02

51
3{

7}
0.

02
38

8{
3}

0.
02

72
1{

11
}

0.
02

75
9{

12
}

0.
02

56
1{

9}
0.

03
94

6{
15

}
0.

02
43

7{
6}

0.
03

18
6{

14
}

0.
02

58
9{

10
}

0.
03

15
7{

13
}

30
0

A
SA

E
0.

01
01

8{
8}

0.
00

96
3{

2}
0.

00
96

0{
1}

0.
01

00
5{

6}
0.

00
98

2{
3}

0.
01

01
6{

7}
0.

00
99

7{
4}

0.
01

00
3{

5}
0.

01
31

7{
12

}
0.

01
23

7{
11

}
0.

01
54

4{
15

}
0.

01
04

4{
9}

0.
01

36
8{

14
}

0.
01

14
3{

10
}

0.
01

33
0{

13
}

30
0

∑
R

an
ks

21
{1

}
42

.5
{4

}
62

{7
}

22
{2

}
70

{9
}

59
{6

}
31

.5
{3

}
10

2{
12

}
10

0{
11

}
81

{1
0}

13
5{

15
}

54
{5

}
12

0{
14

}
63

{8
}

11
7{

13
}

© 2026 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. 20, No. 6, 1567-1588 (2026) / www.naturalspublishing.com/Journals.asp 1581

Table 6: Ranks for estimation methods simulation tables.

Parameter n MLE ADE CVME MPSE OLSE RTADE WLSE LTADE MSADE MSALDE ADSOE KE MSSDE MSSLDE MSLNDE
φ = 0.2, κ = 0.3 20 3.0 4.0 12.0 1.0 5.0 11.0 6.0 7.0 8.0 9.0 14.0 10.0 13.0 2.0 15.0

70 2.0 5.0 10.0 3.0 7.0 9.0 1.0 12.0 11.0 6.0 15.0 4.0 13.0 8.0 14.0
130 1.0 2.0 7.0 4.0 6.0 5.0 3.0 10.0 12.0 11.0 13.0 9.0 15.0 8.0 14.0
200 1.0 2.0 4.5 3.0 7.5 4.5 7.5 6.0 12.0 10.0 14.0 9.0 15.0 11.0 13.0
240 6.0 1.0 7.0 3.0 11.0 4.0 2.0 5.0 12.0 9.0 15.0 10.0 13.0 8.0 14.0
300 1.5 1.5 6.0 3.0 4.0 7.0 5.0 9.0 12.0 11.0 14.0 10.0 13.0 8.0 15.0

φ = 2.0, κ = 3.5 20 4.0 3.0 10.0 1.0 2.0 5.0 8.0 6.0 12.0 11.0 15.0 7.0 13.0 9.0 14.0
70 6.0 3.0 11.0 1.0 7.0 5.0 2.0 10.0 12.0 9.0 15.0 4.0 14.0 8.0 13.0

130 2.0 1.0 10.0 4.0 11.0 3.0 12.0 9.0 6.0 7.0 14.0 5.0 15.0 8.0 13.0
200 3.0 2.0 9.0 6.5 5.0 4.0 1.0 6.5 11.0 13.0 14.0 8.0 12.0 10.0 15.0
240 3.0 1.0 11.0 4.0 5.0 7.0 2.0 8.0 10.0 6.0 15.0 9.0 13.0 12.0 14.0
300 5.0 2.0 10.0 1.0 7.0 6.0 3.0 8.0 11.5 11.5 15.0 9.0 13.0 4.0 14.0

φ = 3.0, κ = 0.8 20 3.0 2.0 12.0 1.0 7.0 9.0 5.0 10.0 11.0 8.0 15.0 6.0 13.0 4.0 14.0
70 4.0 1.0 11.0 2.5 8.5 2.5 5.0 12.0 10.0 8.5 14.5 6.0 14.5 7.0 13.0

130 2.0 6.0 10.0 1.0 9.0 4.0 3.0 11.0 12.0 8.0 15.0 7.0 13.0 5.0 14.0
200 3.0 2.0 8.0 1.0 10.0 4.0 6.0 12.0 11.0 9.0 15.0 7.0 13.0 5.0 14.0
240 1.0 3.0 8.0 2.0 10.0 4.0 5.0 12.0 11.0 9.0 15.0 6.0 14.0 7.0 13.0
300 1.0 3.0 11.0 2.0 8.0 4.0 5.0 10.0 12.0 9.0 15.0 7.0 13.0 6.0 14.0

φ = 0.9, κ = 1.5 20 1.0 4.0 11.0 3.0 7.0 10.0 8.0 9.0 5.0 12.0 14.0 2.0 15.0 6.0 13.0
70 1.0 2.0 11.0 4.0 8.0 9.0 6.0 5.0 12.0 10.0 14.0 3.0 13.0 7.0 15.0

130 2.0 5.0 3.0 1.0 6.0 9.0 7.0 10.0 12.0 8.0 15.0 4.0 13.0 11.0 14.0
200 1.0 3.5 8.0 5.0 3.5 11.0 8.0 6.0 12.0 10.0 14.0 2.0 13.0 8.0 15.0
240 1.0 9.0 5.0 4.0 6.5 6.5 2.0 8.0 12.0 11.0 14.0 3.0 15.0 10.0 13.0
300 1.0 2.0 8.0 5.0 9.0 6.0 3.0 7.0 12.0 11.0 14.0 4.0 15.0 10.0 13.0

φ = 4.0, κ = 6.0 20 6.0 2.0 11.0 5.0 10.0 9.0 7.0 12.0 4.0 8.0 14.0 3.0 15.0 1.0 13.0
70 2.0 8.0 11.0 1.0 3.5 6.0 5.0 12.0 10.0 9.0 15.0 3.5 14.0 7.0 13.0

130 4.0 2.0 10.0 1.0 3.0 6.0 5.0 12.0 9.0 11.0 15.0 7.0 14.0 8.0 13.0
200 1.0 6.0 9.0 2.0 10.0 4.0 3.0 11.5 11.5 8.0 15.0 5.0 14.0 7.0 13.0
240 1.0 5.0 10.0 3.0 8.0 2.0 4.0 12.0 11.0 9.0 15.0 7.0 13.0 6.0 14.0
300 1.0 4.0 7.0 2.0 9.0 6.0 3.0 12.0 11.0 10.0 15.0 5.0 14.0 8.0 13.0

∑ Ranks 73.5 97.0 271.5 80.0 213.5 182.5 142.5 280.0 318.0 282.0 436.5 181.5 410.5 219.0 412.0
Overall Rank 1 3 9 2 7 6 4 10 12 11 15 5 13 8 14

6 Real data analysis

To show the usefulness of the proposed inverse power
Garhy distribution (IPGD), we applied it to two real
datasets.

The first dataset, obtained from [21], contains the
failure times of 24 mechanical components. The data are:
30.94, 18.51, 16.62, 51.56, 22.85, 22.38, 19.08,
49.56,17.12, 10.67, 25.43, 10.24, 27.47, 14.70, 14.10,
29.93, 27.98, 36.02, 19.40, 14.97, 22.57, 12.26, 18.14,
18.84

The second dataset, obtained from [22], gives the
maximum annual flood discharges of the North
Saskatchewan River at Edmonton over 47 years. The data
are given below:

19.885, 20.940, 21.820, 23.700, 24.888, 25.460,
25.760, 26.720, 27.500, 28.100, 28.600, 30.200, 30.380,
31.500, 32.600, 32.680, 34.400, 35.347, 35.700, 38.100,
39.020, 39.200, 40.000, 40.400, 40.400, 42.250, 44.020,
44.730, 44.900, 46.300, 50.330, 51.442, 57.220, 58.700,
58.800, 61.200, 61.740, 65.440, 65.597, 66.000, 74.100,
75.800, 84.100, 106.600, 109.700, 121.970, 185.560

For comparison purposes, the IPGD was fitted
together with some well-known lifetime and continuous
distributions, namely the inverse Gompertz distribution
(IGD), gamma distribution (GAD), Weibull distribution
(WD), Garhy distribution (GD), Rayleigh distribution
(RD), Chris Jerry distribution (CJD), Lindley distribution
(LD), and XLindley distribution (XLD).

The CDFs of the competing models are:

–Inverse Gompertz distribution (IGD) [23]:

F (x;α,β ) = e
− α

β

(
e

β
x −1

)
.

–Gamma distribution (GAD):

F(x;α,β ) = 1− Γ (α,βx)
Γ (α)

–Weibull distribution (WD) [24]:

F(x) = 1− e−(
x
λ
)

κ

.

–Garhy distribution (GD) [9]:

F(x) = 1−
(

3κ2x2

κ3 +6
+(κx+1)

)
e−κx.

–Rayleigh distribution (RD) [25]:

F(x) = 1− exp
(
− x2

2ζ 2

)
.

–Chris Jerry Distribution (CJD) [4]:

F(x) = 1−
[

1+
θx(θx+2)

θ +2

]
e−θx

–Lindley distribution (LD) [26]:

F(x) = 1− θ +1+θx
θ +1

e−θx

© 2026 NSP
Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp


1582 R. H. Albayyat et al.: An inverse power lifetime model with decreasing and unimodal...

–XLindley distribution (XLD) [27]:

F(x) = 1−

(
1+

θx

(1+θ)2

)
e−θx.

Table 7 presents the descriptive statistics of the two
datasets, while Figure 5 shows the nonparametric plots,
including the histograms, kernel density estimates, and
boxplots.

From Table 7, both datasets have positive skewness
and kurtosis values greater than 3. Dataset II has higher
skewness and kurtosis than Dataset I, indicating greater
asymmetry and more pronounced extreme observations.

From Figure 5, the histograms and density plots
confirm that both datasets are positively skewed. The
boxplots also suggest unusually large observations,
especially for Dataset II. These shapes agree well with the
behaviour that the proposed IPGD can capture.

Table 7: Descriptive statistics for the two datasets.

Measure Dataset I Dataset II
size 24 47
Mean 22.97 50.00
Variance 115.67 960.78
Skewness 1.35 2.30
Kurtosis 4.36 9.52
Minimum 10.24 19.89
Maximum 51.56 185.56
Range 41.32 165.68

Table 8 presents the maximum likelihood estimates,
standard errors, negative log-likelihood (NLL) values,
Akaike Information Criterion (AIC), corrected Akaike
Information Criterion (AICc), Bayesian Information
Criterion (BIC), and Hannan–Quinn Information
Criterion (HQIC) for all fitted models.

The rule used here is simple: the model with the
smallest negative log-likelihood, AIC, AICc, BIC, and
HQIC values is considered the best model among the
competitors.

For Dataset I, Table 8 shows that the IPGD gives the
smallest values of negative log-likelihood (85.7254), AIC
(175.4508), AICc (176.0221), BIC (177.8069), and HQIC
(176.0758). This clearly shows that the IPGD provides the
best fit among all fitted models for the mechanical failure
time data.

For Dataset II, the same pattern is observed. The IPGD
again has the smallest negative log-likelihood (208.2477),
AIC (420.4955), AICc (420.7682), BIC (424.1958), and
HQIC (421.8879). This indicates that the proposed model
also gives the best fit for the flood discharge data.

To further assess the fitting performance, Table 9
presents the Kolmogorov–Smirnov (KS),
Anderson–Darling (AD), and Cramér–von Mises (CVM)
statistics with their corresponding p-values, root mean
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Fig. 5: Nonparametric plots of the two datasets, including
histograms, kernel density estimates, and box plots.

square error (RMSE), coefficient of determination
(COD), and weighted extropy (WEXT). Following Ref.
[28], weighted extropy is also considered in the model
comparison.

The results are interpreted as follows:

–Smaller KS, AD, CVM, and RMSE values indicate a
better fit.

–Larger p-values indicate less evidence against the fitted
model under the corresponding goodness-of-fit test.

–Larger COD values indicate a better fit.
–Lower WEXT values are preferred under the

comparison approach in [28].

For Dataset I, Table 9 shows that the IPGD has the
smallest KS (0.0710), AD (0.1627), CVM (0.0210), and
RMSE (0.0286), together with the largest COD value
(0.9900). It also has the highest p-values and the lowest
WEXT value (−0.3473). These results favor the IPGD
among the competing models for the first dataset.

For Dataset II, the IPGD again has the smallest KS
(0.0669), AD (0.1564), CVM (0.0231), and RMSE
(0.0242), together with the largest COD value (0.9934). It
also has the highest p-values and the lowest WEXT value
(−0.3128). These results favor the IPGD among the
competing models for the second dataset.

In addition to the numerical results, the graphical
comparisons also support the superiority of the proposed
model.

For the density fit, Figure 6 presents the estimated
probability density functions of all competing models for
the first dataset. The plot shows that the fitted density of
the IPGD follows the shape of the histogram more closely
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Table 8: Parameter estimates, standard errors, negative log-likelihood values, and information criteria for the competing
models fitted to the two datasets.

Model Ê1 SE(Ê1) Ê2 SE(Ê2) NLL AIC AICc BIC HQIC
Data I

IPGD(κ̂, φ̂ ) 430.5087 8.4652 1.8521 0.0516 85.7254 175.4508 176.0221 177.8069 176.0758
IGD(α̂, β̂ ) 4.0694 2.1805 38.8591 9.8968 88.2103 180.4207 180.9921 182.7768 181.0457
GAD(β̂ , α̂) 0.24774 0.0719 5.6915 1.5781 86.9446 177.8892 178.4607 180.2454 178.5143
WD(κ̂, λ̂ ) 2.3096 0.3356 26.0285 2.3695 88.8910 181.7820 182.3534 184.1381 182.4070

GD(κ̂) 0.1306 0.0153 - - 89.1017 180.2034 180.3853 181.3815 180.5160
RD(ζ̂ ) 17.8672 1.7885 - - 89.3341 180.6683 180.8501 181.8463 180.9808
CJD(θ̂ ) 0.1270 0.0151 - - 90.0331 182.0662 182.2480 183.2442 182.3787
LD(θ̂ ) 0.0837 0.0121 - - 92.8833 187.7666 187.9484 188.9446 188.0791

XLD(θ̂ ) 0.0807 0.0117 - - 93.5479 189.0959 189.2777 190.2739 189.4084
Data II

IPGD(κ̂, φ̂ ) 827.3746 5.9459 1.6683 0.0294 208.2477 420.4955 420.7682 424.1958 421.8879
IGD(α̂, β̂ ) 8.7226 1.6045 75.1176 4.3450 210.3244 424.6489 424.9216 428.3492 426.0413
GAD(β̂ , α̂) 0.0773 0.0162 3.8654 0.7582 214.4539 432.9078 433.1805 436.6081 434.3003
WD(κ̂, λ̂ ) 1.7959 0.1767 56.7176 4.3988 219.0020 442.0040 442.2767 445.7043 443.3965

GD(κ̂) 0.0600 0.0051 - - 215.2139 432.4278 432.5167 434.2780 433.1241
RD(ζ̂ ) 41.4688 3.4246 - - 219.6309 441.2619 441.3508 443.1120 441.9581
CJD(θ̂ ) 0.0592 0.0050 - - 215.9941 433.9882 434.0771 435.8383 434.6844
LD(θ̂ ) 0.0393 0.0041 - - 219.6914 441.3828 441.4717 443.2330 442.0791

XLD(θ̂ ) 0.0385 0.0040 - - 220.2949 442.5898 442.6787 444.4399 443.2860

Table 9: Goodness-of-fit statistics and weighted extropy values for the competing models fitted to the two datasets.

Model KS KS-pv AD AD-pv CVM CVM-pv RMSE WEXT COD
Data I

IPGD 0.0710 0.9990 0.1627 0.9976 0.0210 0.9967 0.0286 -0.3473 0.9900
IGD 0.1252 0.8021 0.6199 0.6276 0.0874 0.6546 0.0527 -0.3076 0.9575
GAD 0.1404 0.6799 0.4032 0.8443 0.0569 0.8383 0.0464 -0.3292 0.9730
WD 0.1438 0.6515 0.7474 0.5190 0.1084 0.5485 0.0609 -0.2886 0.9447
GD 0.1556 0.5541 0.8998 0.4132 0.1353 0.4399 0.0649 -0.2343 0.9203
RD 0.1514 0.5883 0.8582 0.4397 0.1219 0.4907 0.0619 -0.2500 0.9329
CJD 0.1778 0.3882 1.1275 0.2962 0.1759 0.3209 0.0754 -0.2182 0.8832
LD 0.2399 0.1062 1.9678 0.0962 0.3413 0.1033 0.1089 -0.1782 0.6704

XLD 0.2527 0.0774 2.1379 0.0778 0.3761 0.0829 0.1147 -0.1708 0.6119
Data II

IPGD 0.0669 0.9845 0.1564 0.9981 0.0231 0.9936 0.0242 -0.3128 0.9934
IGD 0.0835 0.8982 0.4686 0.7781 0.0606 0.8124 0.0330 -0.2988 0.9854
GAD 0.1312 0.3935 1.0519 0.3307 0.1661 0.3450 0.0577 -0.2685 0.9562
WD 0.1412 0.3058 1.7577 0.1256 0.2695 0.1651 0.0717 -0.2245 0.9146
GD 0.1191 0.5174 1.1721 0.2782 0.1654 0.3468 0.0553 -0.2344 0.9526
RD 0.1745 0.1143 2.0665 0.0847 0.3651 0.0892 0.0856 -0.2500 0.8917
CJD 0.1321 0.3852 1.2998 0.2323 0.1820 0.3059 0.0579 -0.2264 0.9460
LD 0.1978 0.0507 2.4242 0.0546 0.3769 0.0828 0.0842 -0.1829 0.8471

XLD 0.2049 0.0387 2.5736 0.0456 0.4055 0.0695 0.0876 -0.1787 0.8300
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Fig. 6: Estimated PDFs of the competing models for the first dataset.
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Fig. 7: Estimated PDFs of the competing models for the second dataset.

than the other models. It captures the right-skewed pattern
and the peak of the data very well.

Similarly, Figure 7 shows the estimated probability
density functions for the second dataset. The IPGD again
gives the closest agreement with the histogram shape. It
better captures the strong right skewness and the heavier
tail behaviour observed in the flood discharge data.

For the cumulative fit, Figure 8 compares the
empirical cumulative distribution function with the fitted
cumulative distribution functions for the first dataset. The
fitted CDF of the IPGD lies closest to the empirical CDF

over almost the entire data range. The closeness between
the two curves indicates that the proposed model
describes the cumulative behaviour of the data more
accurately than the other models.

The same behaviour is seen in Figure 9 for the second
dataset. The fitted CDF of the IPGD almost overlaps with
the empirical CDF. This graphical evidence agrees with
the goodness-of-fit statistics and confirms the better
performance of the IPGD.

The probability–probability plots also give further
support. Figure 10 presents the P–P plots for the first
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Fig. 8: Plots comparing the empirical CDF with the fitted CDFs of all models for the first dataset.
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Fig. 9: Plots comparing the empirical CDF with the fitted CDFs of all models for the second dataset.

dataset. The points for the IPGD are more closely aligned
with the diagonal reference line than those of the
competing models. This close alignment indicates that the
theoretical probabilities from the IPGD agree well with
the empirical probabilities.

Likewise, Figure 11 shows the P–P plots for the
second dataset. The IPGD produces points that lie close
to the diagonal reference line, supporting the numerical
results.

The graphical comparisons in Figures 6–11 support
the numerical results in Tables 8 and 9. Among the

models considered, the IPGD provides the best overall fit
for both datasets based on the reported information
criteria and goodness-of-fit statistics.

7 Conclusion

A new two-parameter distribution called the Inverse
Power Garhy distribution (IPGD) was proposed in this
study. The model was obtained by applying the inverse
power transformation to the Garhy distribution. The
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Fig. 10: P–P plots of the fitted models for the first dataset
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Fig. 11: P–P plots of the fitted models for the second
dataset

proposed distribution can model decreasing and inverted
bathtub-shaped hazard functions. Several statistical
properties of the distribution were derived. The model
parameters were estimated using fifteen classical
estimation methods. A simulation study was conducted to
examine the finite-sample performance of the estimators.
The proposed distribution was applied to flood and
engineering datasets. The results showed that it provided

a better fit than the Garhy distribution and several existing
models. The IPGD may be useful in engineering,
environmental science, reliability analysis, and related
fields. Future studies may consider applications of the
proposed distribution to other types of data and the
development of further extensions.
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