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Abstract: In this paper, a new extension of Prakaamy distribution has been proposed. The new distribution is called
Length Biased Prakaamy distribution (LBPD) for modeling real life-time data. The statistical properties of this distribution
including survival function, hazard function, and moments, moment generating function, order statistics, entropies,
Bonferroni and Lorenz curves have been derived. The maximum likelihood technique is used to estimate the parameters of
the model. Finally, the helpfulness and application of the distribution has been demonstrated by real life-time data.
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1 Introduction

Prakaamy distribution is a newly proposed lifetime model formulated by Shukla [1] which is a two-component mixture of

exponential ©) and gamma (6,0) distributions for modeling real-life data with mixing proportion

95

0° +120°

Shukla [1] was introduced behavior and properties of Prakaamy distribution and its applications for life time data from
engineering and medical science. Its various statistical properties such as mean, variance, coefficient of variation, moments
and moment generating function have been obtained. The applicability and the goodness of fit of the Length Biased
Prakaamy distribution over Akash, Prakaamy, Pranav and Exponential distribution have been illustrated with real-life data
set. The concept of weighted distributions was first introduced by Fisher [2] to model the ascertainment bias. Which were
later developed by Rao [3] in a unifying manner. The Weighted models were formulated in such situations to record the

observations according to someweighted function. The weighted distribution reduces to length biased distribution when the
weight function considers only the length of the units.

p:

The concept of length biased sampling was first introduced by Cox and Zelen [4], [5]. Generally, the size-biased
distribution is when the sampling mechanism selects the units with probability which is proportional to some measure of the
unit size. Different authors have reviewed and discussed the various weighted probability models and illustrated their
applications in different fields. Weighted distributions are applied in various research areas related to biomedicine,
reliability, ecology and branching processes. Statistical applications of weighted distributions related to human population
and ecology was studied by Patil and Rao [6]. Sajish kumar and Subramanian [7] obtained a new extension of devya
distribution with properties and applications in real life data. Rashid and Rajagopalan [8] discussed on length biased
weighted new quasi Lindley distribution with its statistical properties and applications. Rajagopalan et al. [9] discussed
length biased Aradhana distribution along with applications. Rather and Subramanian, [10] discussed length biased Sushila
distribution with properties. Finally, in this paper the goodness of fit criteria is Akaike Information Criteria (AIC), Bayesian
Information Criteria (BIC) and Akaike Information Criteria Corrected (AICC) are used to identify the best fitted
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distribution and also we found that Length Biased Prakaamy distribution is better fit than the Prakaamy, Akash, Pranav and
Exponential distribution for the considered real life data.

2 Length Biased Prakaamy Distribution (LBPD)
The probability density function (pdf) of Prakaamy distribution is given by

6

6
x,0)=———
f(x.0) 6> +120

and its cumulative distribution function is given by
Ox0*x* +50°x +200°x> +60 Ox+120| _,
e
0’ +120

((+x°)e™ x>0 0>0 (1)

F(x,@):l—[l+ x>0, 6>0

Suppose X is a non-negative random variable with probability density function f (X) Let W()C) be the non-negative

weight function, and then the probability density function of the weighted random variable XW is given by

_ wx)f(x)
) = 22LE @

Where w(x) is a non-negative weight function and
E(w(x))= I w(x) f(x)dx 0 < E(m(x)) <c0

For different weighted models, we can have different choices of the weight function W(x). In this paper, we will introduce

Length Biased version of Prakaamy distribution, in weights we use c=1, w(x) =x , in order to get the Length Biased

Prakaamy distribution and the probability density function (pdf) of Length Biased version is given as

x f(x)
E(X) c>0 3)

Ji(x) =

E(x)= j x f(x)dx

(9_6) fow x2-1p6% gy fo"o x7-1 0%y 4)

0#5+120

Using gamma function to equation (4), we get

6> +720

EC) = geos v 120)

)

Substituting equation (1) and equation (5) in equation (3) we will get probability density function (pdf) of Length Biased
Prakaamy Distribution.
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x07(1+ x%)e=0*
Now, the cumulative distribution function (cdf) of the Length Biased Prakaamy distribution is obtained as
Fi(x;0) = f,(x)dx
0
0 _
— I (x+x%)e ®dx
_ 07 +720%
07 X - X -
=—— jxe *dbx + Ixﬁe *dx
6° +720| 3 )
z dz
pit  Ox=z = 0 tdx=dz = 0
When X X =z—>0x, x>0 =z->0
6’ 1Y oo - Y oo -
= —j I(z”)e dz +| — j(z”)e “dz
0> +720\\0) 0)
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Fig.1 pdf plot of Length bia)l(sed Prakaamy distribution Fig.2 cdf plot of Length biased Prakaamy distribution

Pdf and Cdf Plots of Length Biased Prakaamy Distribution
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Fig.3 survival plot of Length biased Prakaamy distribution

Fig.4 hazard plot of Length biased Prakaamy distribution

Survival and Hazard Plots of Length Biased Prakaamy Distribution

3 Reliability Analysis

In this section, we will discuss about the survival function, hazard function and reverse hazard function of the Length
Biased Prakaamy distribution. The survival function or the reliability function of the Length biased Prakaamy distribution is

given by
S, (x)=1-F(x)
S (x) = (9 +720 -6 7/(2,6?>c)+7/(7,49x)]

0’ +720

The corresponding hazard function or failure rate is given by
f1(x;0)

S;(x;0)

x607(1+x5)e0%
05+720 — 05y(2,0x)+y(7,0x)

h,(x;0) =

h(x) =

The Reverse hazard rate of length biased Prakaamy can be calculated as

S (x;0)

®)

©)

h (x,0)=
= 6
7 5 —bk
h (x,c,0) = SxH (1+x)e
0°y(2,6k) + y(7,6k)
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4 Moments and associated Measures

. h .
Let X’ denotes the random variable following length biased Prakaamy distribution then the 7 " order moment, that is,

-
E (x ) can be obtained as

0

=Bl ) o 1, ok

0
_ Txrﬂ 0’ (1+ xs)e_a“dx
d 0’ +720
7 5,6k ©
_0d+x)e” (15+ X" )e Ix’“ (1+x°)e ™™ dx
0> +720 3
On simplification, we get
,_(05(r+1)!+(r+6)!J 10)
L 97(6° +720)
Putting r=1 in equation (10), we will get the mean of Length biased Prakaamy distribution which is given by
u =E(X)
., 26° +5040
M= 90° +7120)
putting r=2, we get the second moment of Length biased Prakaamy distribution as
. 66° +40320
My =

6% (6’ +720)
and putting =3, we get the third moment of Length biased Prakaamy distribution as

. 240° +9!
6’ (0’ +720)
i "2
Variance 4o = M2 _('ul)

667440320 (26° +5040 )
6*(6° +720) | 6(6° +720)

!

Hs

Hy

|66° +40320 (26° +5040 )
0*(6° +720) | 0(0° +720)

Standard deviation

5 Moment generating function and Characteristic function
Let X follows weighted Prakaamy distribution, and then the moment generating function (mgf) of X is given by
0
M (t)=E(e") =" f, (x,c,0)dx
0

Using Taylor’s series expansion

_ T(l +1x+ (,22 + _..wa (x)dx
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&t (@ (r+ D)+ 6)!
V022, [ 0" (6° +720) J

r=0 I"!

Similarly we can get the characteristic function of Length Biased Prakaamy distribution.

by ()= E(e"™) = [ " f(x)dx

(i) & (c+r)+(c+r+5)!
¢X(”)_,§ ML 0@ (@) +(c+5)!

6 Entropies

The concept of entropy is important in different areas such as probability, statistics, physics, communication theory and
economics. Entropies quantify the diversity, uncertainty, or randomness of a system. Entropy of a random variable X is a
measure of variation of the uncertainty.

6.1 Renyi Entropy

The Renyi entropy is important in ecology and statistics as an index of diversity. It is also important in quantum
information, where it can be used as a measure of entanglement. For a given probability distribution, Renyi entropy is given
by

T
R(e) =—— log.([(fw (x))dx a >0,
1 x07A+x)e™ ‘
R(a)=——1 dx
. a_l"g!( 6° + 720

7

1
= lo
oa—1 8[95 +720

j Tx“ A+x’)* e ™ dx (1D

Using Binomial expansion to above equation (11) and we have

1 07 \'&(alr ..
— 10 xa+516—n9axdx
a-1 g(é?s +720J ;(z

On simplification, we get

1 o’ ‘ef(aYTa+5i+1
= log 5 Z . S5i+1
a—1 0°+720) =Z\i \ (Bax)*™"

6.2 Tsallis Entropy

A generalization of Boltzmann-Gibbs (B-G) statistical mechanics initiated by Tsallis has attracted a great deal of attention.
This generalization of (B-QG) statistics was proposed firstly by introducing the mathematical expression of Tsallis entropy
[11] for a continuous random variable which is defined as follow

S
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S(ﬂ)_L/1 1—I fi(x)dx}
_L_ ° x6’7(l+x Ye & !
SA=7)1 {[ 4720 J &
1 0’ t yl sV a6k
(== ﬂ[l—(mj .([x (1+x)e dx} (12)

Using Binomial expansion on equation (12) and we obtain

1 c A4S0 —Abx
S(’i)_lﬂb[l [9%720] Z(z JI ¢ dx}

On simplification, we get

7 Bonferrni and Lorenz Curves

The Bonferroni and Lorenz curves [12] have applications not only in economics to study income and poverty, but also in
other fields like reliability, demography, insurance and medicine. The Bonferroni and Lorenz curves are defined as

B(p)=—— [ ¥ (x)dx

1

Where q= F_l (p)
260° + 5040
(6> +720)

1 97 9 1 97 q q
B(p)=|— || = [x2(+x)e ™ ax B(p)=| —— || = e v+ [x7e *d
wp)\o°+720) 1 wp)lo®+720) " )

put =2 0
When 2700 X4 x>0 z-0

1 o’ ngz_za’z ng7_zdz
B(p)=| — - J(—je —+ (—je —
wp)\ 0 +720) (\ 0 0 \0 0

3

LY 07 V(1Y P e (1) Foon,
B(p)=|— : — Iz e dz+| — Iz e dz
wp )\ +720)\8) 1 0) %
1\ [(0y3,6)+y8,
sy L) (L7 G+ 6.8
M p 0(6° +720)
Similarly we can obtain the Lorenz curve of the Length Biased Prakaamy distribution

L(p)=p(B(p))

L(p)= ﬂi [ (o)

!

H =
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0(0° +720) i

8 Order Statistics

L(p)= (0 7(3,9q)+y(8,9q)J

Order statistics has a wider application in several aspects of statistical theory and practice. Let

X, X, X XXX

"¢
()2 =227 3)2 (") denotes the order statistics of a random sample Xl "from a continuous
th
population with cumulative distribution function Fy (x) and probability density function S X (x) , and then the pdf of p

X
order statistics =~ (P)is given by

l/l' p-1 _ n—
Fen @)=y SO E L F ) "

Substituting (6) and (7) of Length Biased Prakaamy distribution in equation (13), then we obtain the probability density
function of the p™ order statistics of the Length Biased Prakaamy distribution as

P n! X0 1+ ) " [0y 2.+ 7760 ) |
KO p=DIin-p)! 6% +720 0° +720

_[07r2.60+(7,6%)
0> +1720

The probability density function of first order statistic can be obtained as

-1
x0 (Ut x)e ™ ||| (67280 +7(7,60) !
0’ +720 0° +720
The probability density function of higher order statistic can be obtained as

C (x0A+xN)e* \[@p(c+1,0) + y(c+6,6k) |
fX(n)(x)_n 5 5
0> +720 &’ cH+(c+5)!

1 0 Y &(ATA+5i+1
SA)=—|1-| ———— -
*) 1-2 (95 +720j Zol(z J( 02+ j

9 Maximum Likelihood Estimation

fX(l) (x)=n

In this section, we will discuss the maximum likelihood of the parameters of Length Biased Prakaamy distribution.

Consider (X13%2> X3000X, )
likelihood function is given by

L(xi,9>=ﬁf<xi,9>

x, 07 (1+x, e
M. 0)= H 0° +720

97 n n ‘
(05+720] Hx (1+x )e” &;

The log-likelihood is defined by equation (13) as

to be a random sample of size n from Length Biased Prakaamy distribution. Then the

(14)
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n n n
logL =n{7logd—5logf—1log720}+ Y logx, + > (1+x°) -0 x, (15)

i=1 i=1 i=1
The maximum likelihood estimates of 8 and & can be obtained by differentiating equation (13) with respect to 6 and a
must satisfy the normal equations.

ologL 7n 5n

X.
00 6 606 T

L (16)

2

i=I
Because of the complicated form of likelihood equation (16), it is very difficult to solve the system of nonlinear equations.
Therefore, we use R and Wolfram Mathematica for estimating the required parameter of the length biased Prakaamy
distribution.
10 Data Analysis
Data Set 1
The data set represents 40 patients suffering from blood cancer (leukemia) from one of ministry of Health Hospitals in
Saudi Arabia, Abouammabh et al. [13].The ordered lifetimes (in years) is given in table 1.

Table 1: Life times (in years) of 40 Blood Cancer (leukemia) patients

0.315 | 0496 | 0.616 | 1.145 | 1.208 | 1.263 | 1.414 | 2.025 | 2.036 | 2.162
2211 | 237 2.532 | 2.693 | 2805 | 291 2912 | 2.192 |3.263 | 3.348
3348 | 3.427 | 3499 |3.534 |3.767 | 3.751 |3.858 |3.986 |4.049 | 4.244
4323 | 4381 | 4392 | 4397 |4.647 | 4753 |4929 | 4973 |5.074 | 5.381

Data set 2
In an experiment at Florida state university to study the effect of methyl mercury poisoning on the life lengths of fish
goldfish were subjected to various dosages of methyl mercury Kochar et al. [14].

Table 2: At one dosage level the ordered times to death in week is given by
6.000 | 6.143 | 7.286 | 8.714 | 9.429 | 9.857 | 10.143 | 11.571 | 11.714 | 11.714

In order to compare the Length Biased Prakaamy distribution with other distributions, we consider the criteria like Bayesian
Information Criteria (BIC), Akaike Information Criteria (AIC), Akaike Information Criteria Corrected (AICC) and -2 logL.
The better distribution is one corresponding to lesser values of AIC, BIC, AICC and -2 logL. AIC, BIC, AICC and -2logL
can be evaluated by using the formula as follows:

2k +1)
(n—k-1)

Where, k is the number of parameters, n is the sample size and -2logL is the maximized value of log likelihood function,
these values are shown in Table 3 and table 4.

AIC =2k —-2logL, BIC=klogn—2logL, AICC=AIC+
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Table 3: Performance of Distributions for Dataset 1
Distributions MLE -2logL AIC BIC AICC
Length Biased é =2.1503441
Prakaamy (0.1 i93869) 139.9152 141.9152 143.6041 142.0204
distribution ’
6 =1.73827088
Prakaamy (0.09720255) 140.9196 142.9196 144.6085 143.0248
distribution ’
O = 0.8055956
Akash (0.0706564) 152.3956 154.3956 156.0845 154.5008
distribution ’
, 6 =0.32095363
Exponential (0.05074673) 170.9169 172.9169 174.6058 173.0221
distribution ’
a=0.2135109
Pranav (0.2209115)
distribution é 12146005 143.8637 147.8637 151.2414 148.1880
(0.1067916)
Table 4: Performance of Distributions for Dataset 2
Distributions MLE -2logLL AIC BIC AICC
Length Biased 6=0.75599160
Prakaamy (0.09031392) 46.99704 48.99704 49.29962 49.40704
distribution ’
0 64763931
Prakaamy (0.08347796) 48.03604 50.03604 50.33863 50.53604
distribution ’
o 6 =0.3139305
Akash distribution (0.0565190) 54.27783 56.27783 56.58042 56.77783
. 6 =0.10802828
Exponential (0.03415861) 64.50782 66.50782 66.8104 67.00782
distribution ’
distribution (0.0310256) 51.10229 55.10229 55.70746

From Table 3 and table 4 we noted that the Length Biased Prakaamy distribution has a lesser AIC, BIC, AICC and -2logL
values as compared to other distributions. Hence, we conclude that the Length Biased Prakaamy distribution leads to better
fit than the other considered distribution.

11 Conclusion

In this study, Length Biased Prakaamy distribution has been proposed. The proposed distribution is generated by using the
length biased technique to the baseline distribution. Some statistical properties along with reliability measures have been
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discussed. The parameters of the new distribution have been obtained by using maximum likelihood technique. Goodness of
fit criteria illustrating the usefulness of the new distribution to real-life data sets was performed. The AIC, BIC, and AICC
criteria suggested that proposed distribution provided better fit to the data as compared over Akash, Prakaamy, Pranav and

Exponential distribution.

Conflict of interest

The authors declare that there is no conflict regarding the publication of this paper.

References

[1] K.XK. Shukla. Prakaamy Distribution with Properties and Applications. Journal of Applied Quantitative methods, 13.,
30-38, (2018).

[2] R. A Fisher. The Effects of Methods of Ascertainment upon the Estimation of Frequencies. Annals of Eugenics, 6.,
13-25, (1934).

[3] C.R.Rao. Pergamum Press and Statistical publishing Society. Calcutta, 320-332, (1965).

[4] D. R. Cox. Some Sampling Problems in Technology, In New Development in Survey Samplin., Johnson, N. L. and
Smith, H., Jr .(eds.) New York Wiley-Inter science, 506-527, (1969).

[5] M. Zelen, Problems in Cell Kinetic and the early Detection of Disease, in Reliability and Biometry, F. Proschan and
R. J. Sering, eds, SIAM, Philadelphia, 701-706, (1934).

[6] G. P. Patil and C. R. Rao. Weighted Distributions and Size-Biased Sampling with Applications to Wildlife
Populations and Human Families. Biometrics, 34., 179-189, (1978).

[7] M. Sajish Kumar and C. Subramanian. A New Extension of Devya Distribution with Properties and Applications in
Real Life Data. Journal of Information and Computational Science, 9., 1188-1201, (2019).

[8] Rashid A Ganaie and V. Rajagopalan. Length Biased Weighted New Quasi Lindley Distribution Statistical
Properties and Applications. Pakistan Journal of Statistics and Operation Research, 17., 123-136, (2021).

[9] V. Rajagopalan, Rashid A Ganaie and Aafaq A. Rather. A New Length Biased Aradhana Distribution with
Applications. Science and Technology Development, 8., 161-174, (2019).

[10] Aafaq A. Rather and C. Subramanian. Length Biased Sushila Distribution. Universal Review, 7., 1010-1023, (2018).

[11] Tsallis. Possible Generalization of Boltzmann-Gibbs Statistics. Journal of Statistical Physics, 5252., 479-48, (1988).

[12] C.E. Bonferroni, Elmenti di Statistic a Generale. Libreria Seber, Firenze. Sciences and Application, 12., 62-67,
(1930).

[13] A. M. Abouammoh, R. Ahmad and A. Khalique. On New Renewal better than used Classes of Life Distributions.
Statistics and Probability Letters, 48., 189-194, (2000).

[14] S.C Kochar, and D.P. Wiens. Partial Orderings of Life Distributions with Respect to Their Ageing Properties. Naval
Research Logistics (NRL), 34., 823-829, (1987).

© 2023 NSP
Natural Sciences Publishing Cor.



