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1 Introduction  

We consider the two boundary point value problem, given 
by 

                     

                                                (1) 

under the boundary conditions 

                            (2)                                                                 

where  and  are coefficients and 

 is forcing function. Cubic splines are used in [1-
4] and B-splines as cubic, quintic and septic are presented 
in [5-8]. The trigonometric cubic and quintic B-splines are 
investigated to show the numerical solutions of variety of 
the ordinary and the partial differential equations [9-15]. 
Second-order two-point boundary value problems subject to 
Dirichlet or Neumann boundary conditions are discussed by 
Polynomial and non-polynomial spline functions [16, 17], 
Sinc Galerkin and Sinc collocation methods [18] and 
parametric cubic spline method [19]. Many physical 
problems as heat transfer, plates deflection and many of  

other scientific applications are described mathematically 
by differential equations of second-order with different 
boundary conditions. This paper is orderly as follows: In 
section 2, we analyze the proposed collocation method and 
study the convergence of it. In section 3, we discuss some 
numerical models. In section 4, we introduce the conclusion 
of our results. 
 
2 Analysis of Trigonometric Quintic B-spline 
Collocation Method 

Let the domain of the problem is [𝑎, 𝑏] which is divided 
into 𝑛 equal subintervals '𝜏), 	𝜏)+,-, 𝑗 = 0, 1, 2, … , 𝑛 − 1 
by the nodal points 𝜏) = 𝑎 + 𝑗ℎ where 𝑎 = 𝜏7 < 𝜏, < ⋯ <

𝜏: = 𝑏 and ℎ = ;<=
:

. Then we use the trigonometric quintic 
B-spline collocation method to solve two-point value 
problem (1) numerically, where we find additional nodal 
points   
outside the domain of the problem, the trigonometric 
quintic B-spline function  is defined as follows: 
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Let 𝑧( ) be the approximate solution to the exact solution 
𝑍( ) of the problems (1) and (2) as expansion of the 
𝑇𝑄𝐵)( ) 

       𝑧E F = ∑ 𝜇)𝑇𝑄𝐵)E F:+I
)J<I ,                (4)                                                                

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
where the constants 𝜇)’s are to be determined from the 
collocation points   and the boundary conditions.  The 
values of the trigonometric quintic B-spline functions and 
its first and second derivatives  and   at the nodal points are 
shown in Table 1. 
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where, 
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Table 1: Values of  and  at the nodal points. 
 

               

              

           

        

where 
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Using Eqs. (3) and (4), the values of 𝑧) and their its first 
and second derivatives at the nodal points are 

            

                      (5) 

Substituting from Eq. (5) in Eqs. (1) and (2) we find, 

                                               (6) 
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however, we need extra boundary conditions  to solve the 
system of Eqs. (6), as follows:  

                                                 

                                                        (8) 

Eliminate  and  in Eqs. (7) and (8), 
then Eq. (6) can be converted to matrix form: 

                                     (9) 

where 𝐴 is an  matrix,  is an  

dimensional column vector with components  and the 

right hand side  is an  dimensional column 
vector. 

For appropriately enough small , the matrix  is 
diagonally dominant if  
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                                                                  (11) 

Furthermore, 

                                                       

                                                                 (12) 

where ‖. ‖N indicates the maximum norm in [𝑎, 𝑏].   

Since 𝐷 is a linear second order differential operator at the 
nodal points, we write 

                                    

                                                               (13) 

where  be the trigonometric quintic B-spline of 
interpolation to the unique solution of the problems (1) and 
(2),  mean that error function. 

Thus, Eq. (6) becomes  

                                                               

             (14) 

where  is an  matrix,  is an  

dimensional vector with components  

and the right hand side  and  are an  
dimensional vector. 

Let the Lipschitz condition on the forcing function is of the 
form: 

 for all                                     

(15) 

where the constant  is independent of . 

From Eqs. (9) and (14), we obtain 

           (16)                                                  

where and applying the 

Lipschitz condition (15) on the forcing function then 

 

                                                          (17) 

Substituting Eq. (17) in Eq. (16), we obtain 

 

                                                                         (18) 

Where  
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bounded as in Eq. (12), then 
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                    ,            (21)                                                   

when the forcing function is a function of  only, the 
Lipschitz constant  and Eq. (21) becomes 

.                (22)                                                                     

Then the following theorem shows the convergence of the 
trigonometric quintic B-spline. 

Theorem 2.1. Let us have the second-order two-point 
boundary value problems (1) and (2)  where the coefficients 

 and the forcing function  are 
satisfied the conditions (11), (15) and (20), then the 
trigonometric quintic B-spline  interpolating to  

converges to  in the maximum error over [𝑎, 𝑏] with 
error norm as (21). 

3 Numerical Examples 

We investigate some examples of the second-order two-
point boundary value problems. We take the interval [0, 1] 
and divide it into different values of n. At each value of n, 
we calculate the absolute error of the difference between 
the exact solution and the numerical solution. 

Example 1. We investigate a linear boundary value 
problem [19] 

𝑍P(𝜏) − 100𝑍(𝜏) = 0,	 

                               𝑍(0) = 𝑍(1) = 1,           (23) 

and the exact solution is given by 𝑍(𝜏) =
𝐶𝑜𝑠ℎ(10	𝜏 − 5) 𝐶𝑜𝑠ℎ(5)⁄ . Thus, we can calculate the 
numerical solution and compare it with the exact solution to 
obtain the maximum absolute errors as shown in Tables 2 
and 3. 

Table 2:The maximum absolute errors for Example 1. 

 Trigonometric 
quintic B-spline 

errors 

Cubic B-
spline errors 

[5] 

Quintic B-
spline 

errors [5] 
5 1.30×10-3 1.00×10-1 7.88×10-3 
10 1.57×10-4 1.69×10-2 2.91×10-4 
15 4.39×10-5 7.30×10-3 4.87×10-5 
20 1.49×10-5 3.93×10-3 2.15×10-5 

 

 

Table 3: The maximum absolute errors for Example 1. 

 Trigo.nometric  
quintic B-spline  

Errors 

Fourth order 
parametric cubic 
spline errors [19] 

8 3.25×10-4 1.74×10-3 

16 3.48×10-5 1.12×10-4 

32 2.38×10-6 7.29×10-6 
 

Example 2. We discuss a linear boundary value problem 
[18] 

𝑍P(𝜏) − 4𝑍(𝜏) − 4𝐶𝑜𝑠ℎ(1) = 0,	 

              𝑍(0) = 𝑍(1) = 0,                      (24) 

and the exact solution is given by 	𝑍(𝜏) = 𝐶𝑜𝑠ℎ(2	𝜏 − 1) −
𝐶𝑜𝑠ℎ(1). Thus, we can do a comparison between the 
numerical results and the exact solution to obtain the 
maximum absolute errors as shown in Tables 4 and 5. 

Table 4:The maximum absolute errors for Example 2. 

 

Table 5: The maximum absolute errors for Example 2. 

 

Example 3. Finally, we examine the nonlinear boundary 
value problem [18] 

𝑍P(𝜏) − 0.5(𝑍(𝜏) + 𝜏 + 1)Z = 0,	 

𝑍(0) = 𝑍(1) = 0,                      (25) 

and the exact solution is given by 𝑍(𝜏) = I
I<[

− 𝜏 − 1. 
Thus, we can calculate the numerical solution and compare 
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n

n

 Trigonometric 
quintic B-spline 

errors 

Cubic B-spline 
 errors [5] 

Quintic B-
spline  

errors [5] 
3 2.45×10-4 1.53×10-2 1.01×10-4 
5 4.57×10-5 5.23×10-3 1.34×10-5 
7 1.27×10-5 2.63×10-3 3.44×10-6 
9 4.85×10-6 1.58×10-3 1.22×10-6 

  Trigonometric 
quintic B-spline 

errors 

Sinc-
collocation 
 errors [18] 

Sinc–
Galerkin  

errors [18] 
50 5.5706×10-9 1.1605×10-9 1.5022×10-9 
75 1.1057×10-9 1.4987×10-11 2.6068×10-11 
10
0 

3.5076×10-10 2.5024×10-13 3.7025×10-13 

n

n
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it with the exact solution to obtain the maximum absolute 
errors as shown in Tables 6 and 7. 

Table 6: The maximum absolute errors for Example 3. 

 Trigonometric 
quintic B-spline 

errors 

Cubic B-
spline errors 

[5] 

Quintic B-
spline  

errors [5] 
4 7.40×10-5 5.04×10-3 9.91×10-5 
6 2.02×10-5 2.13×10-3 1.56×10-5 
8 6.88×10-6 1.18×10-3 5.24×10-6 

 

Table 7: The maximum absolute errors for Example 3. 

  Trigonometric 
quintic B-

spline errors 

Sinc-collocation 
 errors [18] 

Sinc–Galerkin  
errors [18] 

50 5.6981×10-9 3.1411×10-10 7.4032×10-10 
75 1.1369×10-9 9.5502×10-13 4.2103×10-12 
100 3.6148×10-10 2.0625×10-14 5.1452×10-14 
 

4 Conclusions 

In this paper, we investigated the trigonometric quintic B-
spline collocation method to find numerical solutions of 
two-point boundary value problems associated with 
deflection of plates as in examples (1- 3). From the 
numerical results, the proposed collocation method gives 
reliable solutions of the presented problems if compared 
with the existing results at different values of 𝑛.  The 
numerical examples are compared with the analytic 
solutions by finding the maximum absolute errors and are 
compared with numerical results in [5], [18] and [19] as 
shown in the Tables (2- 7), where we can see that the 
numerical accuracy in our method is better than results 
obtained in [19] and similar to results obtained in [5, 18]. 
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