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Abstract: This paper presents an estimation of a bank angle for bus rollover prediction when the bus is driving around a curved road.
An estimator for the dynamic road bank, as well as vehicle sideslip angle estimation, using the dynamic simplex algorithm is designed
to consider the influence of road bank on rollover prediction. An application of the estimated bank angle in rollover prediction was
then provided. The proposed estimator is evaluated by TruckSim software, and simulation results show that the estimator can generate
acceptable bus rollover prediction in typical scenarios.
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1 Introduction
Many researchers have investigated transportation safety
topics from all fields [1–5]. Vehicle rollover is the most
serious among all types of fatalities [1]. Rollovers cause
nearly 33% of all deaths in bus crashes, according to
previous statistical data [6]. Buses have a higher rate of
rollover because of its higher center of gravity (CG)
compared with other types of vehicles. Rollovers cause
approximately 15% of serious injuries and 20% to 25% of
fatalities in the US [7]. Therefore, developing effective
rollover prevention systems would be of great importance
to improve highway safety. Several studies have been
conducted on rollover threat detection [1]. These rollover
detection methodologies highly depend on vehicle lateral
acceleration [8]. Road bank has a direct impact on vehicle
dynamics and lateral acceleration measurement. Road
bank needs to be calculated first to minimize the
estimation errors of vehicle states. Although road bank
disturbance has a significant effect on vehicle state
estimation, this requirement has been neglected in the
academic discussion of lateral velocity estimation [11]
and lightly portrayed as information already available in
the discussions of industrial applications [12]. Bank angle
was directly obtained from some sensors [9]. Several
previous studies have analyzed the influence of bank
angle on roll stability when a vehicle stops on a bank
angle [10]. However, reference [11] only studied roll
stability on a static bank angle. Estimation method is
often used for estimating state parameter because of
∗ Corresponding

expensive sensors or inconvenient installation in vehicle
intelligent and safety fields [11, 19]. Although the
analysis on how the road bank angle affects roll stability
is found in the literature, most of the rollover warning
algorithms are designed without considering dynamic
road bank estimation. In this paper, we mainly discuss
dynamic road bank estimation. The rest of the paper is
organized as follows. Road Bank Estimation is presented
in Section 2. In Section 3, the proposed algorithm is
evaluated using TruckSim [13]. Section 4 discusses how
to estimate bank angle on rollover prediction. Section 5
presents the conclusions.

2 Road Bank Estimation
2.1 A 2-DOF Vehicle Model
A 2-DOF (DOF, Degree of Freedom) vehicle model with
4 wheels is presented in Fig. 1. The model is used for
online computation of lateral acceleration and yaw rate
based on vehicle states and road friction. Considering
road bank angles, equations governing the lateral and yaw
motions of a vehicle are as follows [14]:
m(v̇ + ru) = (Fy f l + Fy f r ) cos(δ f )
+(Fyrl + Fyrr ) + mg sin φB
Iz ṙ = a(Fy f l + Fy f r ) cos(δ f ) − b(Fyrl + Fyrr )
tw
− (Fy f l − Fy f r ) sin(δ f )
2

(1)

(2)
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Note that VG is the vehicle velocity at the CG, which
is the resultant vector of longitudinal and lateral velocities
denoted by u and v, respectively. Tire slip angles can be
determined according to kinematic relationships (Fig. 1),

α f l = ξ f l − δ f = tan

−1

[(v + ra) / (u + rtw /2)] − δ f

α f r = ξ f r − δ f = tan−1 (v + ra) / [u − rtw /2] − δ f

Vf r

y
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ξf l
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Fig. 1: A 2-DOF vehicle model with four wheels.

2.2 Architecture of the Estimator
j = l, r

(8)

tan α
f (λ )
1+s

(9)

where λ is related to tire/road friction coefficient µ .
Virtual force on tireFz and function f (λ ) are defined,
respectively, as follows:

µ Fz (1 + s)
λ= q
2 (κ s)2 + (Cα tan α )2
(
(2 − λ )λ , λ < 1
f (λ ) =
λ ≥1
1,

(10)

(11)

The modified Dugoff tire model uses the definition of
absolute lateral slip ratio and an increase factor to
overcome the discrepancies in the calculated lateral force
of the peak value and under large slip ratios.
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y

where the + and − signs are applicable to the rightand left-side wheels, respectively. âx is the estimated
longitudinal acceleration according to the estimated
longitudinal speed.
A modified Dugoff tire model [15] is used in the
estimation. Calculation of lateral tire force in Dugoff-tire
model can be summarized as follows:
Fy = Cα

Fy rr

αrl

Wheel load transfer is included in the calculation of
tire normal forces. Only the effect caused by roll motion
of sprung mass is included in the derivation of load
transfer equations. Wheel normal load can be
approximated as follows:
Fz f j =

r

a

αrl = ξrl = tan−1 [(v − rb) / (u + rtw /2)]

Vr r

αrr

Lateral acceleration can be calculated by the following
equation:
ay = v̇ + ur + g sin φB
(12)
Road bank can be estimated from Equation (12) as
follows when motion mode of the vehicle is static [16]
because v̇ is zero at steady states.

φB,S = sin−1 [(ay − ru) /g]

(13)

where φB,S is called a static road bank angle.
However, static bank angle is not applicable to
transient states because measurement of lateral
acceleration includes a disturbance component caused by
road bank angle. Therefore, in this study, we apply a
dynamic simplex method to estimate dynamic road bank
and vehicle sideslip angle. The work presented here is
based on modifications to the original version of the
dynamic simplex algorithm (DSA) in [17], which is an
iterative algorithm with variables that can be scaled to
regularize it.
Unlike the traditional Nelder-Mead simplex method
and other optimization algorithms, a convergence
criterion is not required in the proposed algorithm. The
DSA uses fixed-sized simplices, and no operations other
than reflection are used. Therefore, each reflected simplex
is also a regular simplex. Interested readers can refer
to [17] for more details about this version of DSA. The
schematic explanation and flowchart of performing DSA
are shown in Figs 2 and 3.
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N +1

Generation of initial simplex S0 = { z j } j =1

Find the objective function values on all
vertices of S0 :

g j = g ( z j ) , j = 1, 2, ⋯ , N + 1 .
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.
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N j =2
find its objective function value g N + 2 = g ( z N + 2 ) ;
Perform a reflection of point z2 of the simplex S1 , form the
N +3
2 N +2
second new simplex S 2 = { z j } j =3 with z N +3 = ∑ z j − z2 ,
N j =3
and find its objective function value g N +3 = g ( z N +3 ) ;
Repeatedly perform reflection operations of remaining points
until all vertices are reflected in order and M new simplices

{S }
p

M
p =1

{ }
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M
p =0

.

Yes
q = 0?
No
Sort the vertices of simplex S q
and renumber them such that
g1 ≥ g 2 ≥ ⋯ ≥ g N +1 ;
Update the function value on
vertex z N +1 and set the simplex Sq

( M = N + 1) are formed, and find the objective

as S0 for the next iteration.

function value on each new point.

Fig. 2: Flowchart of modified DSA.

The road bank and sideslip angles are used as
optimization variables. The higher the accuracy of these
variables, the closer the estimated vehicle lateral
acceleration ây and yaw acceleration ṙˆ will be to the
measured values ay,m and ṙm . The squared error between
the predictions and measurements is consequently utilized
as an objective function.
The optimization model is described as follows:


X = [φB , β ]



min f (X) = ρ (ây − ay,m )2 + (ṙˆ − ṙm )2

s.t. φBmin ≤ φB ≤ φBmax



βmin ≤ β ≤ βmax

f pφ
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(14)

if x1 < −φB,max
if −φB,max ≤ x1 ≤ φB,max ;
if x1 > φB,max .
(15)

Z3

Z3

Z3

Violation of the constraints in (14) is processed using
penalty functions, which are given as follows:


λφ (φB,min −x1 ),
= 0,

λ (x −φ
B,max ),
φ 1

Z1

Z4
S0

Z1

S1
Z2
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Fig. 3: Schematic explanation of DSA in two-dimensional space.

f pβ



λβ (−βmax − η x2 ),
= 0,

λ (η x − β ),
max
2
β

if η x2 < −βmax ;
if − βmax ≤ η x2 ≤ βmax ;
if η x2 > βmax .
(16)
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Table 1: Parameters Used in DSA
Value

Parameter

Value

l
ρ
η
λβ

0.025
1.0
0.75
15

λφ
φB,max
βmax

15
0.45
0.2

Road bank(%)

Parameter

0
-20
A

B

C

D
Location

E

F

Fig. 5: Estimated results on high friction surface.
F

R=40m

R=40m

A

E

B

C

D

200m

Fig. 4: The virtual ground for tests.

By adding f pφ and f pβ to f (X), the final objective
function becomes g(X) = f (X) + f pφ + f pβ , which is an
optimization model without constraints.
The simplex size should be properly chosen and
sufficiently large to keep up with the moving optimum.
Oversized simplices usually result in large estimation
errors. Therefore, a trade-off exists between dynamic
response and static accuracy of the estimation. We
carefully tune the simplex size by trial and error.
The estimator parameters are listed in Table 1.

Fig. 6: Estimated results on low friction surface.

parts. The initial road bank is set at −20% starting from
location A.

3.1 Maneuver on high friction road surface
3 Simulation Test
The estimator is evaluated using TruckSim and Matlab. A
bus model with non-linear suspension is built into
TruckSim, which assumes that the bus is equipped with
virtual sensors to measure the steering wheel angle, wheel
speeds, yaw rate, and lateral acceleration. The simulation
is conducted with a driver model. Estimated results of
road bank and vehicle sideslip angle are compared with
those measured by virtual sensors.
Transient maneuver on a variable banked road is
simulated to verify the proposed estimator (Fig. 4). The
bus runs on a 200 m long oval road with 40 m radius, and
the road bank dynamically changes between −20% and
0% at the transition areas between linear and circular
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The friction coefficient and the target vehicle speed in this
driving scenario are set to 0.85 and 50 km/h, respectively.
Estimated results of road bank and vehicle sideslip angle
are compared with those measured by the bus model (Fig.
5).
Both sideslip angle and road bank varied in transient
regions (Fig. 5). Comparison of estimated road bank
using DSA and static bank angle calculated using
Equation (10) indicates that the static bank angle contains
significant bias when vehicle is turning. The estimated
vehicle sideslip angle agrees with its actual value, in
contrast to the estimated road bank that follows the actual
value with a higher accuracy.
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Fig. 7: Steering wheel angle of step-steer.
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3.2 Maneuver on low friction road surface

Kφ j

Fy,RC

Fz,RC

This maneuver is performed on a road surface with a
friction coefficient of 0.4 and target vehicle speed of 30
km/h. Simulation results are shown in Fig. 6.
The estimation errors of road bank angle in this low
friction case using DSA and static bank angle calculated
using Equation (13) are less than those on a high friction
road surface because of the smaller amplitude of vehicle
lateral response. The proposed estimator still has a higher
accuracy than the static bank angle calculation.

Fig. 8: Schematic representation of suspended vehicle model.

and φmax,φ ) are as follows:

Kφ φmax,φ = − ms ay max,φ − ms gφB HRC
 tw
+ ms g + ms ay max,φ φB
2

∑ MRC = ms ay d cos φS + ms gd sin φS − Kφ φ = 0

4 Rollover Prediction with Bank Angle
Many warning systems use a prediction algorithm based
on the values of vehicle roll angle and/or lateral
acceleration. NHTSA uses the Static Stability Factor
(SSF) [18]. However, this factor does not consider the
effects of bank angle. Thus, it may not warn drivers even
when a vehicle rollover happens on a bank angle curve.
A dynamic roll stability limit (RSL), which indicates
the maximum stable lateral acceleration, is proposed in
this study. The proposed RSL changes with the road bank.
The resultant moments about the outer tire contact
point in roll plane (Fig.7) is given as

∑ Mo = Kφ φ + Fy,RC HRC − Fz,RCtw /2 + Fi,ztw = 0

(17)

Equations (1) and (2) under the small angle assumption
become
(18)
Fy,RC = ms ay − ms gφB
Fz,RC = ms g + ms ay φB

(19)

The vertical force on the inner wheels Fi,z becomes
zero as the inner wheel lifts off. Hence, lateral
acceleration and roll angle in this case (named ay max,φ

(20)
(21)

According to the geometrical relationships shown in
Figure 7,
d = (HCG,s − HRC ) / cos φ
(22)
By assuming small angles, Equations (21) and (22)
become
(23)
Kφ φ ≈ ms ay m + ms gd (φ − φB )
Substituting Equation (23) into Equation (20) and
using the definition of the roll gain,


φB HCG,s + (HCG,s − HRC ) Rφ + (tw /2)
ay max,φ
(24)
=
g
HCG,s + (HCG,s − HRC ) Rφ − φB (tw /2)
For a rigid vehicle model (HCG,s = HCG ), road bank
disturbance is neglected (φB = 0), and Equation (24)
becomes the SSF form described by Equation (25).
ay max,φ /g = tw / (2HCG )

(25)

The performance of the proposed RSL is evaluated by
a set of rollover maneuvers compared with SSF. The
moment when the vertical force of the inner wheel
becomes zero or lifts off is marked by a vertical line in the
following related figures. The tire that leaves the ground
earlier is chosen and compared with the lateral
acceleration.
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Fig. 9: Step-steer at 80 km/h on road bank 10%.

Fig. 11: Fishhook maneuver at 60 km/h on road bank 10%.

Fig. 12: Maneuver at 50 km/h with a variant road bank.
Fig. 10: Steering wheel angle of Fishhook steering.

4.1 Step-steer Maneuver
The steering wheel angle is 180◦ , and the initial vehicle
speed is 80 km/h in step-steer maneuver with a road bank
of 10% (Fig. 8). The vertical force of the inner wheel and
lateral acceleration are shown in Fig. 9. The vertical line
in each diagram indicates the approximate time when the
vertical force of the inner wheel becomes zero. When the
vertical force of the inner wheel falls below zero, the
lateral acceleration exceeds the value of RSL almost
simultaneously. The value of lateral acceleration also does
not exceed the value of SSF threshold, which does not
reflect that the vertical force of the inner wheel has
become zero and does not warn the driver of a possible
crash.

4.2 Fishhook Maneuver
The NHTSA Fishhook is one of the standard rollover
maneuvers on a road bank of 10%. The steering wheel
angle of the maneuver is shown in Fig. 10. The vertical
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tire forces on both sides, as well as the comparison of
lateral acceleration and its threshold, are illustrated in Fig.
11. Lateral acceleration slightly exceeds the value of RSL
when the vertical force of the left front tire becomes zero.
However, the bus does not roll over until the second
steering. The vertical force of the right front tire becomes
zero when the lateral acceleration exceeds the threshold
value.

4.3 Maneuver on a dynamic banked road
The calculated RSL is based on the estimation results on
high friction surfaces (Fig. 12). The value of the proposed
RSL dynamically changes with varying road bank. The
lateral acceleration does not exceed the increased RSL
value because of the estimated bank angle, and a possible
false alarm at point A is avoided.
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Table 3: Variables and Parameters

5 Conclusions
Variables

In this paper, a dynamic road bank estimator using DSA
is first built, and its performance is evaluated using a
transient maneuver on a variant banked road in TruckSim
software. Simulation results show that the estimated road
bank sufficiently tracks the actual value on both high- and
low-friction road surfaces. The estimation is then used in
rollover prediction, and the simulation result shows more
accurate and reliable predictions.
Future work may include the evaluation of the road
bank estimation from the driver’s perspective in loop
simulator or road tests.

a
ay
ay max,φ
ay,m
b
d
f
f pβ
f pφ
Fy
Fz
Fi,z
g

Appendix
Table 2 and Table 3 show the subscripts as well as the
variables and parameters used in this paper, respectively.

Table 2: Subscripts
Subscripts
f
l
r
fl
fr
rl
rr

2033

Definitions
Front axle
Left side of vehicle
Rear axle or left side of vehicle
Front left
Front right
Rear left
Rear right
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