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Abstract: In this paper, we introduce new separation axioms called strong supra regularly ordered spaces, strong supra normally
ordered spaces and strong supraTi−ordered spaces(i = 0,1,2,3,4) on supra topological ordered spaces and investigate the main
properties of them. The relationships among these new separation axioms are studied and illustrated with the help of examples. Also,
we point out the equivalent betweenT1−ordered and strongT1−ordered spaces which are introduced in [10].
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1 Introduction

In 1965, Nachbin [11] studied topological ordered spaces
by adding a partial ordered relation to a topological space.
In 1968, McCartan [10] introducedTi-separation axioms
(i = 1,2,3,4) in topological ordered spaces and
investigated some properties. Also, he obtained strong
order separation axioms by replacing neighbourhood with
open neighbourhood. Mashhour et al. [9] introduced a
concept of supra topological spaces by dropping only the
intersection condition in 1983. In 1991, Arya and Gupta
[4] introduced and studied some new separation axioms
in topological ordered spaces, namely semiT1−ordered
and semiT2−ordered. In 2002, Kumar [8] introduced a
concept of homeomorphism maps between topological
ordered spaces. In 2004, Das [5] presented some ordered
separation axioms in ordered spaces and supra topological
ordered spaces. A concept of supra homeomorphism
maps [1] in supra topological ordered spaces are studied
in detail. By using a concept of supraR-open sets [6],
El-Shafei et al. [7] introduced and investigated supra
R-homeomorphism maps between supra topological
ordered spaces in 2017. Recently, Abo-elhamayel and
Al-shami [2] introduced new separation axioms called
Tci(i = 0, 1

2,1,1
1
2,2) by utilizing limit points of the closed

sets with respect to the topological ordered spaces.
In this paper, we introduce new separation axioms called

strong supra regularly spaces, strong supra normally
spaces and strong supraTi−ordered spaces, for
i = 0,1,2,3,4, on supra topological ordered spaces and
investigate several properties for them. In particular, we
illustrate their relationships with supraTi−ordered spaces
[5] and supraTi−spaces [8] (i = 0,1,2). Apart from that,
McCartan’s assertion [9] which state that every strong
Ti−order space is aTi−order space, fori = 0,1,2,3,4, is
modified in the cases ofi = 0,1. At the end, we present a
notion of supra topological ordered subspaces and verify
that the property of being strong supraTi−ordered spaces
is hereditary, fori = 0,1,2.

2 Preliminaries

Throughout this paper, A triple(X ,µ ,�), whereµ is a
supra topology onX and� is a partial order relation on
X , is said to be a supra topological ordered space. A
diagonal relation is denoted by△.

Definition 2.1.[11] Let (X ,�) be a partially ordered set.
Then
(i) i(a) = {b ∈ X : a � b} andd(a) = {b ∈ X : b � a}, for
eacha ∈ X .
(ii) i(A) =

⋃
{i(a) : a ∈ A} andd(A) =

⋃
{d(a) : a ∈ A},
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for eachA ⊆ X .
(iii) A set A is called increasing (decreasing), If
A = i(A)(A = d(A)).

Definition 2.2. [10] A topological ordered space(X ,τ,�)
is called:
(i) Lower (Upper)T1−ordered if for eacha,b ∈ X such
that a 6� b, there exists an increasing (a decreasing)
neighborhoodW of a(b) such thatb(a) belongs toW c.
(ii) T2−ordered if for eacha,b ∈ X such thata 6� b, there
exist disjoint neighborhoodsW1 and W2 of a and b,
respectively, such thatW1 is increasing andW2 is
decreasing.
(iii) Lower (upper) regularly ordered if for every
decreasing (increasing) closed setF and for eacha 6∈ F ,
there exist disjoint neighborhoodsW1 andW2 of F anda,
respectively, such thatW1 is decreasing (increasing) and
W2 is increasing (decreasing).
(iv) Normally ordered if for every disjoint closed setsF1
and F2 such thatF1 is decreasing andF2 is increasing,
there exist disjoint neighborhoodsW1 andW2 of F1 and
F2, respectively, such thatW1 is decreasing andW2 is
increasing.
(v) Lower (Upper)T3−ordered if it is both lower (upper)
T1−ordered and lower (upper) regularly ordered.
(vi) T4−ordered if it is bothT1−ordered and normally
ordered.

Remark 1. McCartan defined strong separation axioms
by replacing the word ’neighborhood’ by the expression
’open neighbourhood’ in Definition 2.2 and inferred that
every strongTi−order space is aTi−order space, for
i = 0,1,2,3,4.

Definition 2.3.[5] A supra topological ordered space
(X ,µ ,�) is called:
(i) Lower (Upper) supraT1−ordered if for eacha,b ∈ X
such thata 6� b, there exists an increasing (a decreasing)
supra open setG containinga(b) such thatb(a) belongs
to Gc.
(ii) Supra T2−ordered if for everya,b ∈ X such that
a 6� b, there exist disjoint supra neighborhoodsW1 andW2
of a andb, respectively, such thatW1 is increasing andW2
is decreasing.
(iii) Lower (upper) regularly ordered if for every
decreasing (increasing) supra closed setF and for each
a 6∈ F, there exist disjoint supra neighborhoodsW1 andW2
of F and a, respectively, such thatW1 is decreasing
(increasing) andW2 is increasing (decreasing).
(iv) Normally ordered if for every disjoint supra closed
sets F1 and F2 such thatF1 is decreasing andF2 is
increasing, there exist disjoint supra neighborhoodsW1
and W2 of F1 and F2, respectively, such thatW1 is
decreasing andW2 is increasing.
A map f of (X ,�1) into (Y,�2) is called order
embedding if for eacha,b ∈ X , then a �1 b iff
f (a) �2 f (b). A preordered set(X ,�) is called directed

set iff every two elements inX have an upper bound. A
subsetB of a directed set(X ,�) is called residual (or
eventual) if there is an elementb ∈ B such thatx � a
impliesx ∈ B, for all x ∈ X . A net is a map of a directed
set into a non-empty set.

Definition 2.4.[9] A map f of X into Y is called
S⋆-continuous if the inverse image of each supra open
subset ofY is a supra open subset ofX .

Definition 2.5.[1] A subsetG of (X ,µ ,�) is said to be:
(i) I-supra open ifG is supra open and increasing.
(ii) D-supra open ifG is supra open and decreasing.

Throughout this paper, SSTi−order space is
abbreviation for strong supraTi−order space. The set of
natural number is denoted byN .

3 Some remarks in McCartan’s work and
Das’s work

In this section, we correct McCartan’s assertion in the
cases ofi = 0,1. Also, we introduce the concepts of
SST0−ordered andSST1−ordered spaces and illustrate a
relationship between them.

Remark 2. In [10], McCartan mentioned that every
strongT1−ordered space is aT1−ordered space. We point
out that strong T1−ordered spaces equivalent to
T1−ordered spaces as follows
Let (X ,τ,�) be aT1−ordered space anda,b ∈ X such
thata 6� b. By Theorem 1 in [10], we obtain thati(a) and
d(b) are closed sets. Now,i(a) is increasing andd(b) is
increasing. Then(d(b))c is an increasing open set
containing a and (i(a))c is a decreasing open set
containing b. Obviously, b 6∈ (d(b))c and a 6∈ (i(a))c.
Hence(X ,τ,�) is a strongT1−ordered space.

Remark 3.In [4], Das defined lower (upper) supra
T1−ordered spaces utilizing supra open neighbourhoods.
If we replace supra open neighbourhoods by supra
neighbourhoods and utilize Theorem 2.2 in [4], we get the
same result which mentioned in Remark(3). Then we
rename lower (upper) supraT1−ordered to lower (upper)
SST1−ordered space.
In the following, we introduce the notions of
SST0−ordered andSST1−ordered spaces.

Definition 3.1. A supra topological ordered space
(X ,µ ,�) is called
(i) SST0−ordered if it is lowerSST1−ordered or upper
SST1-ordered.
(ii) SST1−ordered if it is both lowerSST1−ordered and
upperSST1−ordered.
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Theorem 3.1. Every SST1−ordered space is an
SST0−ordered space.
Proof. It is clear.�

The converse of the above theorem need not be true in
general as illustrated in the following two examples.

Example 3.1. Let µ = { /0,X ,{a,b},{a,c},{b,c}} be a
supra topology on X = {a,b,c}, and
�=△

⋃
{(a,c),(b,c)} be a partial order relation onX .

Sincec 6� a, thenc ∈ i({b,c}) = {b,c}.
Sincec 6� b, thenc ∈ i({a,c}) = {a,c}.
Sincea 6� b, thena ∈ i({a,c}) = {a,c}.
Sinceb 6� a, thenb ∈ i({b,c}) = {b,c}.
Thus (X ,µ ,�) is a lower SST1−ordered space. But
(X ,µ ,�) is not an upperSST1−ordered space, asa 6� b
and there does not exist a decreasing supra
neighbourhoodW of b such thata 6∈W .

Example 3.2. Let µ = { /0,X ,{a},{a,b},{b,c}} be a
supra topology on X = {a,b,c}, and
�=△

⋃
{(a,b),(b,c),(a,c)} be a partial order relation on

X .
Sinceb 6� a, thena ∈ d({a}) = {a}.
Sincec 6� b, thenb ∈ d({a,b}) = {a,b}.
Sincec 6� a, thena ∈ d({a}) = {a}.
Thus (X ,µ ,�) is an upperSST1−ordered space. But
(X ,µ ,�) is not a lowerSST1−ordered space, asc 6� b and
there does not exist a supra neighbourhoodW of c such
thatb 6∈W .

Theorem 3.2. If a supra topological ordered space
(X ,µ ,�) is lower (upper) SST1−ordered, then
scl(d(a)) 6= scl(d(b)) (scl(i(a)) 6= scl(i(b))), for each
a,b ∈ X .
Proof. If (X ,τ,�) is a lowerSST1−ordered space.

Let a,b ∈ X . Thena 6� b or b 6� a. Say,a 6� b. Obviously,
a 6∈ d(b) and a ∈ d(a). Therefored(a) 6= d(b). Since
(X ,τ,�) is a lowerSST1−ordered space, thend(a) and
d(b) are supra closed sets. Thusscl(d(a)) 6= scl(d(b)).
A similar proof can be given in the case of upper
SST1−ordered space.�

Corollary 3.1. If a supra topological ordered space
(X ,µ ,�) is SST1−ordered, thenscl(d(a)) 6= scl(d(b))
andscl(i(a)) 6= scl(i(b)), for eacha,b ∈ X .
The converse of the above theorem generally is not true as
shown in the following example.

Example 3.3.Let µ = { /0,X ,{b},{a,b},{a,c},{b,c}} be
a supra topology on X = {a,b,c}, and
�= △

⋃
{(a,c),(b,c)} be a partial order relation onX .

On the one hand, we have the following:
(i) i(a) = {a,c} andscl({a,c}) = {a,c}.
(ii) i(b) = {b,c} andscl({b,c}) = X .
(iii) i(c) = {c} andscl({c}) = {c}.
Thereforescl(i(a)) 6= scl(i(b)) 6= scl(i(c)). On the other

hand,(X ,µ ,�) is not an upperSST1−ordered space, as
b 6� a and there does not exist a decreasing supra open set
W containinga such thatb 6∈W .

4 New separation axioms in supra topological
ordered spaces

In this section, we use a notion of monotone supra open
neighbourhoods to introduce strong supra regularly
spaces, strong supra normally spaces and strong supra
Ti−ordered spaces(i = 2,3,4) on supra topological
ordered spaces. Also, we investigate several properties for
these separation axioms.

Definition 4.1. A supra topological ordered space
(X ,µ ,�) is called SST2−ordered if for everya,b ∈ X
such thata 6� b, there exist disjoint supra open setsG and
H containing a and b, respectively, such thatG is
increasing andH is decreasing.

Theorem 4.1. Every SST2−ordered space is an
SST1−ordered space.
Proof. It is clear.�

The converse of the above theorem need not be true as
illustrated in the following example

Example 4.1.Let µ = { /0,X ,{b},{a,b},{b,c},{a,c} be
a supra topology onX = {a,b,c}, and�= △

⋃
{(a,c)}

be a partial order relation onX .
Then (X ,µ ,�) is an SST1−ordered space. On the other
hand,c 6� a and the intersection of any supra open set
containing c and any supra open set containinga is
non-empty. Therefore(X ,µ ,�) is not anSST2−ordered
space.
In the following example, we illustrate thatSST2−ordered
spaces is strictly stronger than supraT2−ordered spaces.

Example 4.2.Let µ = { /0,X ,{a},{d},{a,c},{a,d},
{b,c},{b,d},{c,d},{a,b,c},{a,b,d},{b,c,d},{a,c,d}}
be a supra topology onX = {a,b,c,d}, and�=△⋃
{(a,b),(c,b)} be a partial order relation onX .

Then we have the following ten cases:
(i) b 6� a, b ∈ i({b,c}) = {b,c} anda ∈ d({a}) = {a}.
(ii) b 6� c, b ∈ i({b,d}) = {b,d} and
c ∈ d({a,c}) = {a,c}.
(iii) b 6� d, b ∈ i({b,c}) = {b,c} andd ∈ d({d}) = {d}.
(iv) d 6� b, d ∈ i({d}) = {d} and
b ∈ d({a,b,c}) = {a,b,c}.
(v) a 6� c, a ∈ i({a}) = {a,b} 6∈ µ and
c ∈ d({c,d}) = {c,d}.
(vi) c 6� a, c ∈ i({b,c}) = {b,c} anda ∈ d({a}) = {a}.
(vii) a 6� d, a ∈ i({a,b,c}) = {a,b,c} and
d ∈ d({d}) = {d}.
(viii) d 6� a, d ∈ i({d}) = {d} anda ∈ d({a}) = {a}.
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(ix) c 6� d, c ∈ i({b,c}) = {b,c} andd ∈ d({d}) = {d}.
(x) d 6� c, d ∈ i({d}) = {d} andc ∈ d({b,c}) = {b,c}.
Therefore(X ,µ ,�) is a supraT2−ordered space. On the
other hand,(X ,µ ,�) is not anSST2−ordered space, as
a 6� c and each increasing supra open set containinga
intersects each supra open set containingc.

Theorem 4.2. If (X ,µ ,�) is an SST2−ordered space,
then the graph of the partial order relation� on X is a
supra closed subset of the product supra spaceX ×X .
Proof. Consider(a,b) ⊆ X ×X\ �. Since(X ,µ ,�) is an

SST2−ordered space, then there exist disjoint supra open
setsG andH containinga andb, respectively, such thatG
is increasing andH is decreasing. ThereforeG×H is a
supra open set with respect to the product supra topology
on X ×X containing(a,b). Assume that�

⋂
G×H 6= /0.

In this case, there exists(x,y) ∈�
⋂

G × H and this
implies that (x,y) ∈ G × H. But this contradicts the
disjointness ofG andH. Then�

⋂
G×H = /0. Therefore

G×H ⊆ X ×X\ �. ThusX ×X\ � is a supra open set in
the product supra spaces.�

Corollary 4.1. Let (X ,µ ,�) be SST2−ordered and the
nets{xα : α ∈ Λ} and{yα : α ∈ Λ} in X converge toa
andb, respectively. Ifxα � yα for all α ∈ Λ , thena � b.
Proof. Consider the nets{xα} converges toa and {yα}

converges tob such that xα � yα for all α ∈ Λ .
Obviously, (xα ,yα) converge to (a,b). Let
A = {(xα ,yα) : α ∈ Λ}. ThenA ⊆�. Since(X ,µ ,�) is
anSST2−ordered space, then� is supra closed. Therefore
(a,b) ∈�. This completes the proof.�

Theorem 4.3. Every SSTi−ordered space is a supra
Ti−space, fori = 0,1,2.
Proof. It is clear.�

The following two examples illustrate that the converse of
the above theorem does not hold in general.

Example 4.3. Let
µ = { /0,X ,{a},{b},{a,b},{a,c},{b,c}} be a supra
topology onX = {a,b,c}, and�=△

⋃
{(a,b),(c,b)} be

a partial order relation onX .
Then (X ,µ ,�) is a supraT2−space. But it is not an
SST1−ordered space, Sincea 6� c and there does not
exists a decreasing supra open setW containingc such
thata 6∈W .

Example 4.4. Let µ = { /0,X ,{a,b},{a,c}} be a supra
topology on X = {a,b,c} and
�=△

⋃
{(a,b),(b,c),(a,c)} be a partial order relation on

X .
Then (X ,µ ,�) is a supraT0-space. But is not a supra
T0−ordered space, Sinceb 6� a and there do not exist
decreasing supra open setW1 containinga and increasing
supra open setW2 containingb such thatb 6∈ W1 and

a 6∈W2.

Definition 4.2. A supra topological ordered space
(X ,µ ,�) is called
(i) Lower (upper) strong supra regularly ordered if for
every decreasing (increasing) supra closed setF and for
eacha 6∈ F , there exist disjoint supra open setsG andH
containing F and a, respectively, such thatG is
decreasing (increasing) andH is increasing (decreasing).
(ii) Strong supra regularly ordered if it is both lower and
upper strong supra regularly ordered.
In the following two examples, we show that the concepts
of lower strong supra regularly ordered and upper strong
supra regularly ordered are non-coincidence.

Example 4.5. Let µ = { /0,X ,{c},{a,b},{b,c}} be a
supra topology onX = {a,b,c}, and�= △

⋃
{(a,c)} be

a partial order relation onX .
Then(X ,µ ,�) is an upper strong supra regularly ordered
space. Now,{a} is a decreasing supra closed set and
b 6∈ {a}. Since the intersection of all decreasing supra
open sets containing{a} and all increasing supra open
sets containingb is non-empty. Then(X ,µ ,�) is not
strong lower supra regularly ordered.

Example 4.6.If the partial order relation� in the above
example is replaced bý� =△

⋃
{(c,a)}. Then(X ,µ ,�́)

is a lower strong supra regularly ordered space. Now,{a}
is an increasing supra closed set andb 6∈ {a}. Since the
intersection of all increasing supra open sets containing
{a} and all decreasing supra open sets containingb is
non-empty. Then(X ,µ ,�́) is not upper strong supra
regularly ordered.

Theorem 4.4.Consider(X ,µ ,�) is a supra topological
ordered space. Then the following statements are
equivalent:
(i) (X ,µ ,�) is lower (upper) strong supra regularly
ordered;
(ii) For all x ∈ X and every increasing (decreasing) supra
open setV containing x, there is an increasing (a
decreasing) supra open setU containing x such that
scl(U)⊆V ;
(iii) If a net {xα : α ∈ Λ} is residually included in every
increasing (decreasing) supra open set containing an
elementa and a net{yα : α ∈ Λ} is residually included in
every decreasing (increasing)supra open set containing an
increasing (decreasing) supra closed setF such that
xα � yα , thena ∈ F .
Proof. (i) → (ii) : Consider(X ,µ ,�) is a strong lower
supra regularly ordered space andV is an increasing supra
open set containingx. Then V c is a decreasing supra
closed set andx 6∈ V c. Therefore there exist disjoint an
increasing supra open setU containingx and a decreasing
supra open setW containingV c. ThusU ⊆W c ⊆V . Since
W c is a supra closed set, thenscl(U)⊆V .
(ii) → (iii) : Considera, F , {xα : α ∈ Λ} and{yα : α ∈ Λ}
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are as given in(iii) . Suppose thata 6∈ F . Then a ∈ Fc

which is an increasing supra open set. By(ii) there exist
an increasing supra open setV of a such thatscl(V )⊆ Fc.
ThereforeF ⊆ (scl(V ))c ⊆ V c. Sincexα � yα for each
α ∈ Λ andV c is a decreasing supra closed set including
F , then{xα : α ∈ Λ} is residually included in bothV and
V c. But this is a contradiction. Thusa ∈ F .
(iii) → (i): Assume thatX is not strong lower supra
regularly ordered. Then there is a decreasing supra closed
F subset ofX anda ∈ Fc such that every decreasing supra
open setV containingF and every increasing supra open
set U containing a have a non-empty intersection.
ConsiderW1 is the family of all decreasing supra open set
containingF , W2 is the family of all increasing supra
open set containinga and letW1 andW2 be directed by set
inclusion. LetW1 ×W2 be directed by the rule: for all
(U1,V1), (U2,V2) ∈ W1×W2 such that(U1,V1)� (U2,V2)
if and only if U2 ⊆U1,V2 ⊆ V1. For all (U,V ) ∈ W1×W2,
there exists x(U,V ) ∈ U

⋂
V . Then the net

{x(U,V ) : (U,V ) ∈ W1 × W2} is residually included in
every increasing supra open setU containinga and every
decreasing supra open setV containingF . But a 6∈ F
which contradicts(iii) . Thus(X ,µ ,�) is a lower strong
regularly ordered.
A similar proof can be given for the case between
parentheses.�

Theorem 4.5. Consider (X ,µ ,�) is a lower (upper)
strong supra regularly ordered space. Then the following
statements are equivalent:
(i) (X ,µ ,�) is SST2−ordered;
(ii) (X ,µ ,�) is SST1−ordered;
(iii) (X ,µ ,�) is lower (upper)SST1−ordered.
Proof. Let (X ,µ ,�) be lower strong supra regularly
ordered.
Obviously,(i) → (ii) → (iii) .
(iii) → (i) Let a,b ∈ X such thata 6� b. Since(X ,µ ,�) is
lower SST1-ordered, thend(b) is a supra closed set.
Obviously,d(b) is decreasing closed anda 6∈ d(b). Since
(X ,µ ,�) is lower strong supra regularly ordered, then
there exist disjoint supra open setsG andH containinga
andd(b), respectively, such thatG is increasing andH is
decreasing. Thus(X ,µ ,�) is SST2−ordered.
A similar proof can be given for the case between
parentheses.�

Corollary 4.2. Consider (X ,µ ,�) is a strong supra
regularly ordered space. Then the following statements
are equivalent:
(i) (X ,µ ,�) is SST2−ordered;
(ii) (X ,µ ,�) is SST1−ordered;
(iii) (X ,µ ,�) is SST0−ordered.

Definition 4.3. A supra topological ordered space
(X ,µ ,�) is called
(i) Lower (upper)SST3−ordered if it is both lower (upper)
supra regularly ordered and lower (upper)SST1−ordered.

(ii) SST3−ordered if it is both lower supraT3−ordered
and upper supraT3−ordered.

Theorem 4.6.Every lower (upper)SST3−ordered space
is anSST2−ordered space.
Proof. Consider (X ,µ ,�) is a lower (upper)

SST3−ordered. Then(X ,µ ,�) is both lower (upper)
supra regularly ordered and lower (upper)SST1−ordered
space. From Theorem 3.6,(X ,µ ,�) is SST2−ordered.�

Corollary 4.3. Every SST3−ordered space is an
SST2−ordered space.
The following example illustrates that the converse of the
above theorem and corollary does not hold in general.

Example 4.7. Consider the supra topology
µ ={ /0,X ,{a},{b},{e},{b,e},{a,b},{a,e},
{a,c},{c,e},{a,b,e},{a,b,c},{b,c,e},{b,d,e},{a,c,e},
{a,d,e},{c,d,e},{a,b,c,d},{a,b,c,e},{a,b,d,e},
{a,c,d,e},{b,c,d,e}} on X = {a,b,c,d,e}, and
�=△

⋃
{(a,b),(a,c),(a,d)} is a partial order relation on

X .
Then(X ,µ ,�) is a strong supraT2−ordered space.
Obviously, {a,d} is a decreasing supra closed set and
c 6∈ {a,d}. Since the intersection of all decreasing supra
open sets containing{a,d} and all increasing supra open
sets containingc is non-empty. Then(X ,µ ,�) is not a
lower SST3−ordered. Obviously,{b,c} is an increasing
supra closed set andd 6∈ {b,c}. Since the intersection of
all increasing supra open sets containing{b,c} and all
decreasing supra open sets containingd is non-empty.
Then (X ,µ ,�) is not an upperSST3−ordered. Thus
(X ,µ ,�) is not anSST3−ordered space.

Definition 4.4. A supra topological ordered space
(X ,µ ,�) is called
(i) Strong supra normally ordered if for every disjoint
supra closed setsF1 andF2 such thatF1 is decreasing and
F2 is increasing, there exist disjoint supra open setsG and
H containing F1 and F2, respectively, such thatG is
decreasing andH is increasing.
(ii) SST4−ordered if it is both strong supra normally
ordered andSST1−ordered.

Remark 4. Let (X ,µ ,�) be a supra topological ordered
space. Then the smallest decreasing (increasing) closed
set containingF denote byD(F)(I(F)).

Theorem 4.7. A supra topological ordered space
(X ,µ ,�) is strong supra normally ordered iff for all
decreasing (increasing) supra closed setF and every
decreasing (increasing) supra open neighborhoodU
including F , there exists a decreasing (increasing) supra
neighborhoodV of F such thatD(V )⊆U(I(V )⊆U).
Proof. Necessity: letF be a decreasing supra closed

subset of X and U be an increasing supra open
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neighborhood includingF . ThenUc is a decreasing supra
closed set andF

⋂
Uc = /0. Since(X ,µ ,�) is a strong

supra normally ordered space, then there exist disjoint
decreasing supra open setV including F and increasing
supra open setG including Uc. Now, Uc ⊆ G and
V
⋂

G = /0 imply Gc ⊆ U and V ⊆ Gc. Therefore
F ⊆ V ⊆ Gc ⊆ U . Thus F ⊆ D(V ) ⊆ Gc ⊆ U . Hence
D(V )⊆U .
Sufficiency: LetF1 andF2 be disjoint closed subsets ofX
such thatF1 is decreasing andF2 is increasing. Then
F1 ⊆ Fc

2 . Now, Fc
2 is a decreasing supra open

neighborhood includingF1. Therefore there exists a
decreasing supra neighborhoodU including Fc

2 such that
F1 ⊆ D(U) ⊆ Fc

2 . PuttingH = X \D(U) implies H is an
increasing supra open set includingF2. Thus F2 ⊆ H,
F1 ⊆U andH

⋂
U = /0. Hence(X ,µ ,�) is a strong supra

normally ordered space.�

Theorem 4.8. Every SST4−ordered space is an
SST3−ordered space.
Proof. Consider(X ,µ ,�) is strong supraT4−ordered.
Let a ∈ X andF be decreasing or increasing closed such
that a 6∈ F. SupposeF is decreasing. SinceX is
SST1−ordered, theni(a) is an increasing supra closed set.
Since X is supra normally ordered, there exist disjoint
supra open setsG and H containing i(a) and F ,
respectively, such thatG is increasing andH is
decreasing. Thus(X ,µ ,�) is a lower strong supra
regularly ordered. Similarity, whenF is increasing we
prove that(X ,µ ,�) is an upper strong supra regularly
ordered.
Hence(X ,µ ,�) is a strong supra regularly ordered.�

The following example illustrates that the converse of the
above theorem does not hold in general.

Example 4.8. Let (X ,µ) be the Niemytzki space. We
define a partial order relation onX as follows
�= △

⋃
{((1,2),(1,3))}. Then (X ,µ ,�) is an

SST3-space, but is not anSST4−ordered space.
The following example ensure the existence of an
SST4−ordered space.

Example 4.9. Let µ = {G ⊆ N such that 1∈ G or
2 ∈ G} be a supra topology onN and�= △

⋃
{(1,a) :

for all a ∈ N } be a partial order relation onN . Then
Since a 6� 1, then a ∈ i({a,2}) = {a,2}, and
1∈ d({1}) = {1}.
For all b 6= c 6= 1 ∈ N such that b 6� c, then
b ∈ i({b,2}) = {b,2}, and c ∈ d({c,1}) = {c,1}. Then
(N ,µ ,�) is anSST2−ordered space. Also, it is a strong
supra normally ordered space. Therefore(N ,µ ,�) is an
SST4−ordered space.
We summarize the relationships amongSSTi−ordered
spaces(i = 0,1,2,3,4) in the following figure.

Definition 4.5.Let Y ⊆ X and (X ,µ ,�) be a supra
topological ordered space. Then(Y,µY ,�́) is called supra

Fig. 1: the relationships amongSSTi−ordered spaces(i =
0,1,2,3,4)

topological ordered subspace of(X ,µ ,�) provided that
(Y,µY ) is subspace of(X ,µ) and�́=�

⋂
A×A.

lemma 4.1.If U is an increasing (a decreasing) subset of
an ordered set(X ,�) and A ⊆ X , then U

⋂
A is an

increasing (a decreasing) subset of an ordered set
(A,�

⋂
A×A).

Proof. Let U be an increasing subset of an ordered set

(X ,�) and A ⊆ X . In an ordered set(A,�
⋂

A×A), let
a ∈ i(U

⋂
A). Sincei(U

⋂
A)⊆ i(U)

⋂
i(A)⊆U

⋂
A, then

a ∈ U
⋂

A. Thereforei(U
⋂

A) = U
⋂

A. ThusU
⋂

A is an
increasing subset of an ordered set(A,�

⋂
A×A).

The proof is similar, whenU is a decreasing set.�

Theorem 4.9.Every supra topological ordered subspace
(Y,µY ,�́) of SSTi−ordered space(X ,µ ,�) is an
SSTi−ordered space, fori = 0,1,2.
Proof. We prove theorem wheni = 2 and other cases are

similar.
Let (Y,τY ,�́) be a supra topological ordered subspace of
an SST2−ordered space(X ,τ,�) and let a,b ∈ Y ⊆ X
such thata ´6�b. Thena 6� b. Therefore there exist disjoint
supra open setsU andV containinga andb, respectively,
such thatU is increasing andV is decreasing. ThusU

⋂
Y

and V
⋂

Y are disjoint supra open subsets of(Y,τY ,�́)
containing a and b, respectively, such thatU

⋂
Y is

increasing andV
⋂

Y is decreasing. Hence(Y,τY ,�́) is an
SST2−ordered space.�

Theorem 4.10. Let a bijective map
f : (X ,µ ,�1) → (Y,ν,�2) be ordered embedding
S⋆-continuous. If (Y,ν,�2) is an SSTi−ordered space,
then(X ,µ ,�1) is anSSTi−ordered space, fori = 0,1,2.
Proof. Wheni = 1.

Let a,b ∈ X such thata �1 b. Then there existx,y ∈ Y
such thatx = f (a) and y = f (b). Since f is ordered
embedding, then x �2 y. Since (Y,ν,�2) is an
SST1−ordered space, then there exist an increasing supra
open setG1 containingx and a decreasing supra open set
G2 containingy such thaty 6∈ G1 andx 6∈ G2. Since f is
S⋆-continuous and order preserving, thenf−1(G1) is an
increasing supra open containinga and f−1(G2) is a
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decreasing supra open containingb such thatb 6∈ f−1(G1)
and a 6∈ f−1(G2). Thus (X ,µ ,�1) is an SST1−ordered
space.
A similar proof can be given fori = 0,2.�

5 Conclusion

In the present paper, we have introduced and studied
new separation axioms called strong supra regularly
ordered spaces, strong supra normally ordered spaces and
SSTi−ordered spaces (i = 0,1,2,3,4) on supra
topological ordered spaces. We point out thatT1−ordered
(supra T1−ordered) equivalent to strongT1−ordered
(SST1−ordered) andSST2−ordered is a proper extension
of supraT2−ordered. Serval examples are established to
illustrate relationships among these separation axioms.
The concepts initiated in this work can be applied in the
field of ordered information system. Using these
separation axioms will help to distinguish between
connected objects or attributes in information system. In
an upcoming paper, we shall study the relationships
between supra compact spaces [3] and SST1−ordered
spaces.
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