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Abstract: In this paper, we introduce new separation axioms callezhgtisupra regularly ordered spaces, strong supra normally
ordered spaces and strong supiraordered space§ = 0,1,2,3,4) on supra topological ordered spaces and investigate the mai
properties of them. The relationships among these new apaaxioms are studied and illustrated with the help ohgxas. Also,

we point out the equivalent betwe&p—ordered and strong; —ordered spaces which are introducedlifi] [

Keywords: Strong suprd;—ordered space$ =0,1,2,3,4), Strong supra regularly ordered spaces and strong supretipiordered
spaces.

1 Introduction strong supra regularly spaces, strong supra normally
spaces and strong suprd;—ordered spaces, for

In 1965, Nachbin11] studied topological ordered spaces i = 0,1,2,3,4, on supra topological ordered spaces and

by adding a partial ordered relation to a topological spaceinvestigate several properties for them. In particular, we

In 1968, McCartan I0] introducedT;-separation axioms illustrate their relationships with supii@—ordered spaces

(i = 1,2,3,4) in topological ordered spaces and [5] and suprdl;—spaces§] (i =0,1,2). Apart from that,

investigated some properties. Also, he obtained strongvicCartan’s assertion9] which state that every strong

order separation axioms by replacing neighbourhood withT; —order space is & —order space, for=0,1,2,3,4, is

open neighbourhood. Mashhour et &) jntroduced a  modified in the cases of= 0,1. At the end, we present a

concept of supra topological spaces by dropping only thenotion of supra topological ordered subspaces and verify

intersection condition in 1983. In 1991, Arya and Guptathat the property of being strong supka-ordered spaces

[4] introduced and studied some new separation axiomss hereditary, foi = 0,1,2.

in topological ordered spaces, namely sémi-ordered

and semiT,—ordered. In 2002, Kumarg] introduced a

concept of homeomorphism maps between topologica T

ordered spaces. In 2004, Ddg presented some ordered b Preliminaries

separation axioms in ordered spaces and supra topological ) ) )

ordered spaces. A concept of supra homeomorphism] Nroughout this paper, A tripleX, yi, <), wherep is a

maps [] in supra topological ordered spaces are studiecSUPra topology orX and = is a partial order relation on

in detail. By using a concept of supfopen sets ], X., is said to'be'a supra topological ordered space. A

El-Shafei et al. 7] introduced and investigated supra diagonalrelation is denoted l.

R-homeomorphism maps between supra topological

ordered spaces in 2017. Recently, Abo-elhamayel andefinition 2.1[11] Let (X, <) be a partially ordered set.

Al-shami [2] introduced new separation axioms called Then

Te(i=0,3,1,13,2) by utilizing limit points of the closed (i) i(a) = {b€ X :a=< b} andd(a) = {be X : b < a}, for

sets with respect to the topological ordered spaces. eachae X.

In this paper, we introduce new separation axioms calledii) i(A) = J{i(a) : a€ A} andd(A) = J{d(a) : a € A},
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for eachA C X. set iff every two elements iXX have an upper bound. A
(i) A set A is called increasing (decreasing), If subsetB of a directed se{X,=) is called residual (or
A=i(A)(A=d(A)). eventual) if there is an elemebte B such thatx < a

impliesx € B, for all x € X. A net is a map of a directed

Definition 2.2.[10] A topological ordered spageX,7,<)  Setinto anon-empty set.

is called:

(i) Lower (Upper)T,—ordered if for eacta,b € X such  Definition 2.4[9] A map f of X into Y is called
that a £ b, there exists an increasing (a decreasing)S‘-continuous if the inverse image of each supra open
neighborhoodV of a(b) such thab(a) belongs tone©. subset ofY is a supra open subsetXf

(iiy T,—ordered if for eacla,b € X such thata £ b, there

exist disjoint neighborhood®y and W, of a and b,  pefinition 2.5[1] A subsetG of (X, i, <) is said to be:
respectively, such thaiVy is increasing andWs is (i) I-supra open ifG is supra open and increasing.

Qgcreasing. ) (ii) D-supra open ifG is supra open and decreasing.
(i) Lower (upper) regularly ordered if for every
decreasing (increasing) closed setind for eacta ¢ F, Throughout this paper, SST—order space is

there exist disjoint neighborhooWé andW, of F anda,  apbreviation for strong suprB—order space. The set of
respectively, such thaw; is decreasing (increasing) and natural number is denoted by’
W is increasing (decreasing).
(iv) Normally ordered if for every disjoint closed sefs
and F, such thatF; is decreasing anék, is increasing, . )
there exist disjoint neighborhoodlgy andW, of F; and 3 Some remarks in McCartan’s work and

F,, respectively, such thati is decreasing andl, is ~ Das’s work

increasing.

(v) Lower (Upper)T;—ordered if it is both lower (upper) In this section, we correct McCartan’s assertion in the
T,—ordered and lower (upper) regularly ordered. cases ofi = 0,1. Also, we introduce the concepts of

(vi) T4—ordered if it is bothT;—ordered and normally SSTo—ordered andSST,—ordered spaces and illustrate a
ordered. relationship between them.

Remark 1. McCartan defined strong separation axiomsRemark 2. In [10], McCartan mentioned that every
by replacing the word 'neighborhood’ by the expressionStrongTi—ordered space is'R—ordered space. We point
‘open neighbourhood’ in Definition 2.2 and inferred that Out that strong Ty—ordered spaces equivalent to
every strongT,—order space is &—order space, for Ti—ordered spaces as follows

i=0,1,2,3,4. Let (X,1,<) be aT,—ordered space and,b € X such
thata £ b. By Theorem 1 in 10], we obtain thai(a) and
_— . d(b) are closed sets. Nowa) is increasing andl(b) is
D;f'”"_'fr! 2'3”[5(]1_ A supra topological ordered space increasing. Then(d(b))¢ is an increasing open set
(X, u,x) is called: : containing a and (i(a))® is a decreasing open set
(0) Lr?vxéler (L;pge?] supraly —ordered if for e?crg,b X )containing b. Obviously,b ¢ (d(b))® anda ¢ (i(a))°.
such thata £ b, there exists an increasing (a decreasing i g

supra open seb containinga(b) such thatb(a) belongs Hence(X, 7,=) Is a strongT, —ordered space.

to GC.

(i) Supra T,—ordered if for everya,b € X such that ~Remark 3.n [4], Das defined lower (upper) supra
a £ b, there exist disjoint supra neighborhodtisandw, ~ 11—ordered spaces utilizing supra open neighbourhoods.
of aandb, respectively, such that; is increasing antl, ~ |f we replace supra open neighbourhoods by supra
is decreasing. neighbourhoods and utilize Theorem 2.24i e get the

(i) Lower (upper) regularly ordered if for every Same result which mentioned in Rem&k(Then we
decreasing (increasing) supra closed Betnd for each ~ 'eéname lower (upper) supfia—ordered to lower (upper)
a¢ F, there exist disjoint supra neighborhodtisandw, ~ SSTi—ordered space. , _

of F and a, respectively, such that\; is decreasing In the following, we introduce the notions of
(increasing) andi\, is increasing (decreasing). SSTo—ordered andST; —ordered spaces.

(iv) Normally ordered if for every disjoint supra closed

setsF; and F, such thatF; is decreasing and~, is Definition 3.1. A supra topological ordered space
increasing, there exist disjoint supra neighborhodds (X, u,=) is called

and W, of F; and F,, respectively, such thai\y is (i) SSTp—ordered if it is lowerSST;—ordered or upper
decreasing ands is increasing. SST-ordered.

A map f of (X,=71) into (Y,=,) is called order (i) SST;—ordered if it is both lowelSST;—ordered and
embedding if for eachab € X, then a <; b iff upperSST; —ordered.

f(a) <2 f(b). A preordered setX, <) is called directed
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Theorem 3.1. Every SST;—ordered space
SSTp—ordered space.
Proof. Itis clear]

is an hand,(X,u,=) is not an uppelSST;—ordered space, as

b A aand there does not exist a decreasing supra open set

W containinga such thab ¢ W.

The converse of the above theorem need not be true in

general as illustrated in the following two examples.

Example 3.1.Let u = {0,X,{a,b},{a,c},{b,c}} be a
supra topology on X = {ab,c}, and
== AU{(a,c),(b,c)} be a partial order relation ox.
Sincec £ a, thenc € i({b,c}) = {b,c}.

Sincec £ b, thenc e i({a,c}) = {a,c}.

Sincea A b, thenaci({a,c}) = {a,c}.

Sinceb £ a, thenb € i({b,c}) = {b,c}.

Thus (X,u,=<) is a lower SST;—ordered space. But

(X,u,=) is not an uppeSST;—ordered space, a4 b
and there does not exist a decreasing
neighbourhoodlV of b such thaia ¢ W.

Example 3.2.Let u = {0,X,{a},{a,b},{b,c}} be a
supra topology on X = {ab,c}, and

== AH{(a,b),(b,c),(a,c)} be a partial order relation on

X.

Sinceb £ a, thenae d({a}) = {a}.
Sincec A b, thenb € d({a,b}) = {a,b}.
Sincec # a, thenae d({a}) = {a}.

Thus (X,u,=) is an upperSST;—ordered space. But

(X, u, =) is not a loweIrSST; —ordered space, &£ b and
there does not exist a supra neighbourh@éaf ¢ such
thatb ¢ W.

Theorem 3.2. If a supra topological ordered space

(X,u,=) is lower (upper) SSTi—ordered, then
scl(d(a)) # scl(d(b)) (scl(i(a)) # scl(i(b))), for each
a,beX.

Proof. If (X, 1,=) is a lowerSST; —ordered space.
Leta,be X. ThenaZA borb £ a. Say,a Z b. Obviously,
a ¢ d(b) and a € d(a). Therefored(a) # d(b). Since
(X,1,=) is a lowerSST;—ordered space, thet(a) and
d(b) are supra closed sets. Thas(d(a)) # scl (d(b)).

A similar proof can be given in the case of upper

SST,—ordered spacgl

Corollary 3.1. If a supra topological ordered space

(X,u,=) is SST;—ordered, thenscl(d(a)) # scl(d(b))
andscl (i(a)) # scl(i(b)), for eacha,b € X.

The converse of the above theorem generally is not true agj)

shown in the following example.

Example 3.3.Let u = {0,X,{b},{a,b},{a,c},{b,c}} be
a supra topology on X = {ab,c}, and
== AU{(a,c),(b,c)} be a partial order relation oX.
On the one hand, we have the following:

(i) i(a) = {a,c} andscl ({a,c}) = {a,c}.

(i) i(b) = {b,c} andscl ({b,c}) = X.

(iii) i(c) = {c} andscl ({c}) = {c}.

Thereforescl (i(a)) # scl(i(b)) # scl(i(c)). On the other

4 New separation axioms in supra topological
ordered spaces

In this section, we use a notion of monotone supra open
neighbourhoods to introduce strong supra regularly
spaces, strong supra normally spaces and strong supra
T,—ordered spacegi = 2,3,4) on supra topological
ordered spaces. Also, we investigate several properties fo
these separation axioms.

supra

Definition 4.1. A supra topological ordered space
(X,u,=) is called SST,—ordered if for everya,b € X
such that Z b, there exist disjoint supra open s&sand

H containing a and b, respectively, such thaG is
increasing andH is decreasing.

Theorem 4.1. Every SST,—ordered space is an
SST;—ordered space.

Proof. Itis clear]

The converse of the above theorem need not be true as
illustrated in the following example

Example 4.1.Let u = {0,X,{b},{a,b},{b,c},{a,c} be

a supra topology oX = {a,b,c}, and <= AJ{(a,c)}

be a partial order relation oX.

Then (X, u, <) is an SST;—ordered space. On the other
hand,c £ a and the intersection of any supra open set
containingc and any supra open set containiagis
non-empty. ThereforéX, i, <) is not anSST,—ordered
space.

In the following example, we illustrate th&5T,—ordered
spaces is strictly stronger than suppa-ordered spaces.

Example 4.2.Let u = {0,X,{a},{d},{ac}, {a d},
{b,c},{b,d},{c,d},{a,b,c},{a b,d},{b,c,d},{a,cd}}
be a supra topology oX = {a,b,c,d}, and<= A
U{(a,b),(c,b)} be a partial order relation oX.

Then we have the following ten cases:

() bAa bei({b,c})={b,c}andacd({a})={a}.
b £ c b e if{bd}) = {bd}
ced({ac})={ac}.

(i) bAd,bei({b,c})={b,c} andd € d({d}) = {d}.

and

vy d £ b d e i{d) = {d} and
bed({ab,c})={ab,c}.
v a£c¢ aci(fa) = {ab} ¢ u and

ced({c,d}) ={c,d}.

(vijcAa cei({b,c})={b,c} andacd({a}) = {a}.
(vil a £ d, a € i({ab,c}) = {abc} and
d € d({d}) = {d}.

(vii) d Aa,dei({d})={d} andac d({a}) = {a}.
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(ix) cAd,cei({b,c})={b,c} andd € d({d}) = {d}.
(x)d £c,dei({d}) ={d} andc e d({b,c}) = {b,c}.
Therefore(X, 1, <) is a supral,—ordered space. On the
other hand,(X, u, =) is not anSST,—ordered space, as
a A ¢ and each increasing supra open set contaiaing
intersects each supra open set contaiging

Theorem 4.2.If (X,u,=) is an SST,—ordered space,
then the graph of the partial order relatiehon X is a
supra closed subset of the product supra space.
Proof. Consider(a,b) C X x X\ <. Since(X,u, =) is an

SST,—ordered space, then there exist disjoint supra ope
setsG andH containinga andb, respectively, such th&
is increasing andH is decreasing. Therefoi® x H is a

supra open set with respect to the product supra topolog

on X x X containing(a,b). Assume that< NG x H # 0.
In this case, there exist&,y) €e<X NG x H and this
implies that (x,y) € G x H. But this contradicts the
disjointness ofs andH. Then< (NG x H = 0. Therefore
G x H C X x X\ <. ThusX x X\ < is a supra open set in
the product supra spaces.

Corollary 4.1. Let (X,u,=) be SST,—ordered and the
nets{xq : 0 € A} and{ys : 0 € A} in X converge tca
andb, respectively. Iy <y, forall a € A, thena=<b.
Proof. Consider the net$xq} converges ta and {yq}

converges tob such thatxy <X yq for all a € A.
Obviously, (Xq,Ya) converge to (ab). Let
A={(Xa,Ya) : @ € A}. ThenA C=. Since(X,u, =) is
anSST,—ordered space, theR is supra closed. Therefore
(a,b) €=. This completes the proai.

Theorem 4.3. Every SSTi—ordered space is a supra
T,—space, foi =0,1,2.
Proof. Itis clearld

The following two examples illustrate that the converse of

the above theorem does not hold in general.

Example 4.3. Let
u = {0.X,{a}.{b},{a,b}.{ac}{bc}} be a supra
topology onX = {a,b,c}, and== AJ{(a,b),(c,b)} be
a partial order relation oK.

Then (X,u,=) is a supraT,—space. But it is not an
SST;—ordered space, Sinca A ¢ and there does not
exists a decreasing supra open \détcontainingc such
thatag W.

Example 4.4.Let u = {0,X,{a,b},{a,c}} be a supra
topology on X {a,b,c} and
<= AU{(a,b),(b,c),(a,c)} be a partial order relation on
X.

Then (X, u, =) is a supraTp-space. But is not a supra
To—ordered space, Sinde Z a and there do not exist

agWo.

Definition 4.2. A supra topological ordered space
(X, u, =) is called

(i) Lower (upper) strong supra regularly ordered if for
every decreasing (increasing) supra closedrsand for
eacha € F, there exist disjoint supra open s&sandH
containing F and a, respectively, such thaiG is
decreasing (increasing) aktlis increasing (decreasing).
(ii) Strong supra regularly ordered if it is both lower and
upper strong supra regularly ordered.

In the following two examples, we show that the concepts

'S¢ lower strong supra regularly ordered and upper strong

supra regularly ordered are non-coincidence.

%xample 45. Let u = {0,X,{c},{a,b},{b,c}} be a
supra topology oiX = {a,b,c}, and== AJ{(a,c)} be

a partial order relation oX.

Then(X, i, <) is an upper strong supra regularly ordered
space. Now,{a} is a decreasing supra closed set and
b ¢ {a}. Since the intersection of all decreasing supra
open sets containinga} and all increasing supra open
sets containingd is non-empty. Then X, u,=<) is not
strong lower supra regularly ordered.

Example 4.6.1f the partial order relation< in the above
example is replaced by = AJ{(c,a)}. Then(X,u, =)

is a lower strong supra regularly ordered space. Nay,

is an increasing supra closed set dnd {a}. Since the
intersection of all increasing supra open sets containing
{a} and all decreasing supra open sets contairirig
non-empty. Then(X,u,=) is not upper strong supra
regularly ordered.

Theorem 4.4.Consider(X, u,=) is a supra topological
ordered space. Then the following statements are
equivalent:

(i) (X,u,=) is lower (upper) strong supra regularly
ordered,;

(i) For all x € X and every increasing (decreasing) supra
open setV containing x, there is an increasing (a
decreasing) supra open set containing x such that
scl(U) CV;

(i) If a net {X4 : o € A} is residually included in every
increasing (decreasing) supra open set containing an
elementaand a nefy, : a € A} is residually included in
every decreasing (increasing)supra open set containing an
increasing (decreasing) supra closed Betsuch that

Xa 2 VYaq,thenacF.

Proof. (i) — (ii): Consider(X,u,=) is a strong lower
supra regularly ordered space ahis an increasing supra
open set containing. ThenV¢ is a decreasing supra
closed set ana ¢ VC. Therefore there exist disjoint an
increasing supra open gétcontainingx and a decreasing
supra open s&/ containingv®. ThusU C W° C V. Since

decreasing supra open % containinga and increasing WF¢ is a supra closed set, thet (U) C V.

supra open set\, containingb such thatb ¢ Wy and

(i) — (iii) : Considera, F, {xs : a e A} and{yq : a € A}
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are as given in(iii). Suppose thaa ¢ F. Thena € F°
which is an increasing supra open set. @y there exist
an increasing supra open 8ebf a such thascl (V) C F€.
ThereforeF C (scl(V))¢ C VE. Sincexq < yy for each

(i) SSTz—ordered if it is both lower suprdz—ordered
and upper suprdz—ordered.

Theorem 4.6.Every lower (upper)SST;—ordered space

a € A andV® is a decreasing supra closed set includingjs anssT,—ordered space.

F.then{Xs : 0 € A} is residually included in botkl and
V. But this is a contradiction. Thuse F.
(i) — (i): Assume thatX is not strong lower supra

regularly ordered. Then there is a decreasing supra clos
F subset ofX anda € F° such that every decreasing supra
open sel/ containingF and every increasing supra open
set U containing a have a non-empty intersection.

Proof. Consider (X,u,=<) is a lower (upper)
SST;—ordered. Then(X,u, =) is both lower (upper)

csppra regularly ordered and lower (upp&8T;—ordered

Space. From Theorem 3.4, i, <) is SST,—ordered.]

Corollary 4.3. Every SSTz—ordered space is an

Considei is the family of all decreasing supra open set SSTz—ordered space.

containingF, W, is the family of all increasing supra
open set containing and letW; andW, be directed by set
inclusion. LetW; x W, be directed by the rule: for all
(U1,V1), (U2,Vo) € Wi x W5 such thatfUq, V1) < (Uz,Vz)

if and only if Uy C U1V, C V4. For all (U,V) € Wy x W,
there exists xyy) € UMNV. Then the net
Xuv) 1 (U,V) € Wi x Wo} is residually included in
every increasing supra open &kttontaininga and every
decreasing supra open SétcontainingF. But a ¢ F
which contradictgiii) . Thus (X, u,=) is a lower strong
regularly ordered.

The following example illustrates that the converse of the
above theorem and corollary does not hold in general.

Example 4.7. Consider the supra
u={0.X,{a},{b},{e},{b,e},{a b} {ae}
{a,c}.{c.e}.{a b,e} {ab,c} {bce} {bd e} {ac e},
{a,d,e},{c,d,e},{a,b,c,d},{a,b,ce}, {ab,d e},
{a,c,d,e},{b,c,d,e}} on X = {ab,cde}, and
<= AU{(a,b),(a,c),(a,d)} is a partial order relation on
X.

Then(X, u, <) is a strong suprd,—ordered space.

topology

A similar proof can be given for the case between Obviously, {a,d} is a decreasing supra closed set and

parentheses.

Theorem 4.5. Consider (X, u,=<) is a lower (upper)

¢ ¢ {a,d}. Since the intersection of all decreasing supra
open sets containingg,d} and all increasing supra open
sets containing is non-empty. Then(X,u,=) is not a

strong supra regularly ordered space. Then the followingdoWer SSTs—ordered. Obviously{b,c} is an increasing

statements are equivalent;

() (X, u, =) is SST,—ordered;

(i) (X,u,=) is SST;—ordered,;

(iii) (X, u,=) is lower (upper)SST;—ordered.

Proof. Let (X,u,=) be lower strong supra regularly
ordered.

Obviously,(i) — (ii) — (i) .

(iii) — (i) Leta,b € X such that # b. Since(X,u, =) is
lower SST;-ordered, thend(b) is a supra closed set.
Obviously,d(b) is decreasing closed ardZ d(b). Since

supra closed set ardi¢ {b,c}. Since the intersection of
all increasing supra open sets containifigc} and all

decreasing supra open sets containthgs non-empty.
Then (X,u,=) is not an upperSST;—ordered. Thus
(X, u,=) is not anSSTz—ordered space.

Definition 4.4. A supra topological ordered space
(X, u,=) is called

(i) Strong supra normally ordered if for every disjoint
supra closed sef§ andF, such thaf; is decreasing and

(X,u,=) is lower strong supra regularly ordered, then F2 is increasing, there exist disjoint supra open setsd

there exist disjoint supra open s&sandH containinga
andd(b), respectively, such th& is increasing andH is
decreasing. ThugX, u, <) is SST,—ordered.

H containing F; and F,, respectively, such thaG is
decreasing anHl is increasing.
(i) SSTy—ordered if it is both strong supra normally

A similar proof can be given for the case betweenOrdered andST;—ordered.

parenthesesl

Corollary 4.2. Consider (X,u,=) is a strong supra

Remark 4. Let (X, i, <) be a supra topological ordered
space. Then the smallest decreasing (increasing) closed

regularly ordered space. Then the following statementsSet containing= denote byd(F)(I (F)).

are equivalent:

(i) (X, u, =) is SST,—ordered,
(i) (X,u,=)is SST;—ordered;
(iii) (X, u,=) is SSTp—ordered.

Theorem 4.7. A supra topological ordered space
(X,u,=) is strong supra normally ordered iff for all
decreasing (increasing) supra closed Betand every
decreasing (increasing) supra open neighborhabd

Definiton 4.3. A supra topological ordered space including F, there exists a decreasing (increasing) supra

(X,u,=)is called
(i) Lower (upper)SSTs;—ordered if it is both lower (upper)
supra regularly ordered and lower (upp88J;—ordered.

neighborhood of F such thaD(V) CU(I(V) CU).
Proof. Necessity: letF be a decreasing supra closed

subset of X and U be an increasing supra open

(@© 2017 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

276 NS 2 M. E. El-Shafei et al.: Strong separation axioms in supra...

neighborhood including. ThenU¢ is a decreasing supra

closed set and-NU°® = 0. Since(X,u,=) is a strong eld /\ w3
supra normally ordered space, then there exist disjoint ' '
decreasing supra open 3étincluding F and increasing i,

bl

supra open seG including U®. Now, U® € G and
VAG =0 imply G°* C U and V C G Therefore
FCV CG* CU. ThusF C D(V) C G°* C U. Hence
D(V) CU.

Sufficiency: LetF; andF, be disjoint closed subsets Xf
such thatF, is decreasing and, is increasing. Then fjg 1: the relationships amon@ST,—ordered spacesi =
Fi € F7. Now, Fj is a decreasing supra open g1 2 3 4)

neighborhood includingF;. Therefore there exists a

decreasing supra neighborhdddncluding F5 such that

F1 € D(U) C F5. PuttingH = X\ D(U) impliesH is an

increasing supra open set includifig. ThusF, € H,  topological ordered subspace (%, 1, <) provided that
F1 CU andHNU = 0. Hence(X, i, <) is a strong supra (Y, uy) is subspace ofX, ) and< =< NAx A.

normally ordered spade.

. lemma 4.1If U is an increasing (a decreasing) subset of
Theorem 4.8. Every SSI;—ordered space is an zn ordered se(X,=) and A C X, then UNA is an
SSTz—ordered space. . increasing (a decreasing) subset of an ordered set
Proof. Consider (X, u, =) is strong suprals—ordered. (A <NAxA).
Leta e X andF be decreasing or increasing closed suchProof. Let U be an increasing subset of an ordered set

that a ¢ F. Supp.ose.F is. decreasing. SinceX s (X,=) andA C X. In an ordered setA, < NA x A), let
SST,—ordered, thei(a) is an increasing supra closed set. 5 i(UNA). Sincei(UNA) Ci(U)Ni(A) CUNA, then
Since X is supra normally ordered, there exist disjoint 5 - 4 NA. Therefore (U ﬂA)_Z UNA. ThusU NAis an
supra open sets3 and H containing i(a) and F,  jncreasing subset of an ordered g&t=< A x A).

respectively, such thatG is increasing andH IS The proofis similar, wheb is a decreasing sél.
decreasing. Thus(X,u,=) is a lower strong supra

regularly ordered. Similarity, whel is increasing we
prove that(X, u,=<) is an upper strong supra regularly
ordered.

Theorem 4.9.Every supra topological ordered subspace
(Y,uy,=<) of SSTi—ordered space(X,u,=<) is an

Hence(X, u, =) is a strong supra regularly ordered. SSTi—ordered space, for=0,1,2.
The following example illustrates that the converse of thePro0f- We prove theorem when= 2 and other cases are
above theorem does not hold in general. similar.

Let (Y, 1y, =) be a supra topological ordered subspace of
Example 4.8.Let (X,u) be the Niemytzki space. We an SST—ordered spacéX,7,<) and leta,b €Y C X
define a partial order relation onX as follows such thataZb. Thena £ b. Therefore there exist disjoint
<= AU{((1,2),(1,3))}. Then (X,u,=<) is an supraopen setd andV containinga andb, respectively,

SST3-space, but is not aBST,—ordered space. such that) is increasing anll is decreasing. Thud ﬂY
The following example ensure the existence of anandV(Y are disjoint supra open subsets (0f v, <)
SST,—ordered space. containing a and b, respectively, such thal Y s

increasing an®¥ Y is decreasing. Hend®, 7y, <) is an

Example 4.9.Let u = {G C .4 such that 1€ G or SST,—ordered spacel
2 € G} be a supra topology ont” and <= AJ{(L,a) :

forallac .4} be a partial order relation o”. Then Theorem 4.10. Let a bijective map
Since a £ 1, then a € i({a2}) = {a2}, and f : (X,u,=1) — (Y,v,=2) be ordered embedding
led({1}) ={1}. S-continuous. If(Y,v, =) is an SSTj—ordered space,

For all b # ¢ # 1 € .# such thatb £ ¢, then then(X,u,=1)is anSST—ordered space, far=0,1,2.
bei({b,2}) = {b,2}, andc € d({c,1}) = {c,1}. Then  Proof. Wheni = 1.

(.4, 1, =) is anSST,—ordered space. Also, itis a strong | et a,b € X such thata %; b. Then there exisk,y € Y
supra normally ordered space. Thereforé, u,<)isan  sych thatx = f(a) andy = f(b). Since f is ordered

SST;—ordered space. embedding, thenx #£ y. Since (Y,v,=<z) is an
We summarize the relationships amo&§Ti—ordered  sST;—ordered space, then there exist an increasing supra
spacegi = 0,1,2,3,4) in the following figure. open setG; containingx and a decreasing supra open set

G, containingy such thaty ¢ G; andx € Gy. Sincef is
Definition 4.5Let Y C X and (X,u,=) be a supra S‘-continuous and order preserving, thén(G;) is an
topological ordered space. Thén v, <) is called supra  increasing supra open containirgand f~1(G,) is a

(@© 2017 NSP
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decreasing supra open containmguch thab ¢ f~1(G;)
anda ¢ f~1(Gy). Thus (X,u,=1) is an SST;—ordered
space.

A similar proof can be given far=0,2.]

5 Conclusion

In the present paper, we have introduced and studie
new separation axioms called strong supra regularly

[7] M. E. El-Shafei, M. Abo-elhamayel and T. M. Al-shami,
Supra R-homeomorphism in supra topological ordered
spaces, Submitted.

[B] M. K. R. S. V. Kumar, Homeomorphism in topological
ordered spaces, Acta Ciencia Indig&VIII(M)(1) (2002)
67-76.

[9] A. S. Mashhour, A. A. Allam, F. S. Mahmoud and F. H.
Khedr, On supra topological spaces, Indain Journal Pure and
Appllied Mathematics14 (1983) 502-510.

([110] S. D. McCartan, Separation axioms for topological oede

spaces, Mathematical Proceedings of the Cambridge

Philosophical Society34 (1968) 965-973.

ordered spaces, strong supra normally ordered spaces af] L. Nachbin, Topology and ordered, D. Van Nostrand Inc.

SSTi—ordered  spaces (i 0,1,2,3,4) on supra
topological ordered spaces. We point out thatordered
(supra Ty—ordered) equivalent to strond;—ordered
(SSTy—ordered) andSST,—ordered is a proper extension
of supraT,—ordered. Serval examples are established to
illustrate relationships among these separation axioms.
The concepts initiated in this work can be applied in the
field of ordered information system. Using these
separation axioms will help to distinguish between
connected objects or attributes in information system. In
an upcoming paper, we shall study the relationships
between supra compact space and SST;—ordered
spaces.

Princeton, New Jersey, (1965).
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