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Abstract: In this paper, we give an interesting generalization of the Stancu typeaBasiKantorovich operators based on the g-
integers and investigate their approximation properties. Also, we obtaistinga¢es for the rate of convergence for a sequence of them
by the weighted modulus of smoothness.
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1 Introduction (iv) there exists a positive integen(n), such that

In recent years, due to the intensive developmeng-of D'a(qbn(x)) =— [n]qu‘lqu(n) (x), (k=21,2,..;n=1,2...),
calculus, generalizations of some operators relateg-to 2
calculus have emerged (se, B, 7, 12-16]). Aral and (v) lim Mg _ 4

Gupta defined g— generalization of the Baskakov e MMN)lg —

operator and investigated approximation properties of ~NOW, to explain the construction of the neg-
these operators ir8[. In [13], Gupta and Radu introduced OPerators, we mention some basic definitions cpf
the Baskakov- Kantorovich operators based oncalculus and Lemma. o _
g—integers and investigated their weighted statistical L€t d> 0. For each nonnegative integerwe define
approximation properties. They also proved some directhed— integer[njq as

estimations for error using weighted modulus of )

smoothness in case & q < 1. In recent study in] _{(1qn)/(1Q) if q#1
Buyukyazici and Atakut{] introduced a new Stancu type q n if g=1

generalization of|— Baskakov operator is defined as )
and theg— factorial [n]q! as

k .
aBieoy 2 enDg(@n() oy Kyt [Ngn—1q--[1q if n>1
Ln (f’qvx)—kzhow(*x) f(W?n]TB) nlg! = 1 N0
()
where 0< o < B, q€ (0,1), f €C[0,) and the following  For the integers andk, with 0 < k < n, theg— binomial
conditions are provided: coefficients are then defined as follows (S&8);
Let {¢n} (n=1,2,...) ¢y : R — R be a sequence
which is satisfying following conditions, n| _ [ng
(i) ¢n (n=1,2,...), k— times continuouslygq— k q_ Klg!In—Klg!"
differentiable any closed intervéd, A],
(i) pn(0) =1,(n=1,2,...), Note that the following relation is satisfied
(ii) for all x € [0,A], and (k=0,1,..;n=1,2,...),
(—1)*DE(¢n(x) >0, Nlg=[n—1q+q"
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Definition 1.1. The g— derivative of a functiorf with (cl) $n(0)=1,(n=1,2,...),
respect tocis (c2) for k € N = NU {0} and n € N,
o (~1)DE(9n(x)) > 0. X R
Dq(f(x) = % , X#0 ;Dg(f(0)) = limy_0Dq(f(x)) (c3) there exists a positive integei(n), such that
which is also known as the Jackson derivative. High k o k—1 .
derivatives are Dg(9n(x)) = = [MgPq "mn)(X); knEN
. [n]
D§(f(x)) = f(x), D§(f(x)) =Dq(D§ *(f(x)) . n=1,23,..  (c4)lim mrei = 1.

In this paper, under the conditior(gl) — (c4), we
niton a new generalization of Stancu type
g—Baskakov-Kantorovich operators as following

Note that asq — 1, the g— derivative approach the defi
usual derivative.
Definition 1.2. Theq—integration is defined as

a ) k
@ a k1) Dg (¢n (X))
/f(t)dqt =(-gay fdad . a>0 P (f:00 = (g +B) Y a 2 % (="
5 i= K=0 g
Over a general intervdh, b], 0 < a < b, one defines [k*[i]]qijgk“
q
b / f (q‘k+lt) dgt (6)
/f dqt / f dqt — /f dqt [k]q_*_qkfla
a q( Mo +P )
Definition 1.3. Let f(x) be a continuous function on wherex€ Ry ,n€N, 0<a<§p. .
some intervala,b] andc € (a,b). Jackson’s g— Taylor Remark 2.1.Letx e R. If ¢n(x) =eg *, then for
formula (seg[14,19]) is given by all k.n e N we haveD'é(d)n(x)) _ (_1)k[n]la e;[n}qx In
© (D'éf)(c) p this case the operator‘s#a’ﬁ) reduce to Stancu type
f(x) = %T(X— Cg g—Szasz-Kantorovich operators given as follows:
K= g
k
k-1 _ _ o e | [NgX
where(x—c)f = ] (x—cd). L (1,0, = (g +8) & ™™ %q“kz”([kj‘,)
i= _ !
First we need the following auxiliary result. k= d
Throughout the paper, we usgthe test functions defined k+g+€a
by e (t) :=t' for every integer > 0. Mg +B
Lemma 1.4. ([7]) Let LZP be defined by1). Then / f (q—k+1t) Ayt ,

the following identities hold: e
[k]q+q la
q(i{nw >

L5A (e0;0,%) = 1, 3)

—[n]gx . . .

wheregy is g—analogues of the exponential function

; [ﬂ}q o defined by
LYP(eg;0,x) = X+ , (4) X kk-1) xk
(9N = B B G-y
In each of the following theorems, we assume that
2a+1
L3P (e2:0,%) = MelmOlg o [g(2a+1) o an, where{qn} is a sequence of real numbers such that

2 2 2
a([nlg+A) (Inlg+B) (Inlq+A) 0< gy < 1 forallnand lim_e gy = 1.
® Now we give the following Lemmas, which are
necessary to prove our theorems:

. Lemma 2.2.The following relations are satisfied:
2 Some properties of Stancu type

g-Baskakov-Kantorovich operators W[l]]qiigk
Mg
1
Let {¢n} be a sequence of real functions Bn = [0, ) / dgt = Mot B @)
which arek— times continuously— differentiable orR , Ko idk-1a q
satisfying following conditions: q(W)
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lk+2gt¥a
(Ng+B

/ (et = 2]y K +d*(1+2a)
2
q< [k](ﬁq:;a) 2 ([n]q * B)

[k+1]q+qka
[”]q*ﬁ

[Kg+d<1a
N g

(31g[KI2+ ¥ [Klq ((143a)[2]+1) +(1+3a+3a2) g%
Bq(Inlg+8)° :

(9)

Proof. From properties ofi—analogue integration, by

simple computation we obtai79).

L:@P) (ey;q,x) = ([n]q +ﬁ) kz q z
;8

Now for e ,from (3), (4) and @) we can write

[k+1 q+qka
Mo +p

(=X / q "+ itdgt

= 1) DE(¢n(x)
!

k—1g
o M)
i K1) Dk >iq&r1 [Kq+dta
¢ (Inlg+5)
@ ﬁ;)Dé( n(x) g la
& Mot g1 (Inj+8)
q(1+2a) & Kk D¥(¢n(X)

AT 2T gk
T (rn) B K

q(1+2a)

LA (e0;0,%) + LA (e0;0,%)
2], (nly+5)

_a
[nq+B8"

_ e . q@+20)
Ma+F"" (2l (g +8)

= L&P(e;;q,x) —

By the following Lemma Korovkin's conditions are The finally, fore;, we use 8), (4), (5) and @), one has

satisfied.

Lemma 2.3.For allxe R, .)neN, a,8>0 and

0<g<1,wehave

Ln P (e; 00 = 1, (10)
L) ey = o Ar+20) g
NP 12y (Ing+B)
L) (e — e (12)
a(Inlq+B)
+[n]q [[3}q+q((1+3¢1) 2]q+1)} }
2
3q (Inlq+ B)
o? (14 3a +3a?)
2.
3q (Inlq+8)

Proof. From definition ¢) and the identities) and (7),
we can easily obtain

ki) D ($n(X))

«(a,B) ) . l
L ezian) = (Ilg+8) 5 a7~ ("

k+1]g+d¥a
[Ng+B

q—2k+2t2dqt
g+ La
A\ g

|2 DE0) o (Kyrdia ’
& (Klg! a1 (Inlq +8)

] D (¢a(x)) (—xKq2+2g-1g g+ ta

q
& Kt (mg+8)”
& v (ing+p)
Y K—
gtz D§ Ezn‘(x)) (—xq 22 ((1+3a) [2]q+1) Mg tdla 3
& @ 13Jq (Inly+ )
_ v gt Dg ES”‘(X)) (=3 g2 2 1a ((1+3a)[2]q+21)
& @ 3]q (Inlg+B)
®  kk-1) D (¢n 2 (1+3a + 302
+54 7 qES !(X))(_ K 0 (143a + O’Z)
& a 13Ja (nlg+5)
= LiP(exa.x) — [n]ziﬁ LyP (en;0.0 + § L (e0ia.%)
a (Inlq+5)

a((1+30)[2,+1) ((@+3a) (2 +1)
+Wqﬁ(eﬂqﬁx)*qammﬁ(%qx)
“(0,B) (o . 2 KD D) ik “ a\Ma*
L P i) = ([nlg +8) 5 a2 g (- e
= 2 = €0;0,X
[k*[l]]‘ﬁgk“ 3 (Il +8)°
Mg o [n]q[ )]q X2
([k]quqk*la) dqt a{[nlg+ )
AN
g +P Mo (B +a(A+302,+1)) @ (1esatae)
=LA (en;q,%) = 8o (10 +8)° 3o (I +8)”
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This completes the proof of Lemma 2.3.

Proof. Letne€ Nandf € By, (R ). From (13) and (L4),

Using above Lemma, we can obtain following we can write

theorem.
Theorem 2.4.Letq, € (0,1) and lim gn = 1. Then

the sequencx{Lﬁ(“‘m(f;qn, .)} converges td uniformly
on [0,A] for eachf € C(R;) andA > 0.

3 Rate of convergence

By, (R+), the weighted space of real valued functiohs
defined orR; with the property f (x)| < M¢p, (x) where

p,(X) = 1+ x¥*2 and M¢ is constant depending on the
function f. We also consider the weighted subspace

Cp, (Ry) of By, (R+) given by
Cp, (Ry) := {f € Bp, (Ry) : f continuous orR+}.

The norm inB, is defined as

_ quplf®l

1, xel, Py(X)

We can give some estimations of the errors

Li®P)(f:q,x) — f(x)|, n € N, for unbounded functions

by using a weighted modulus of smoothness associated to

the spacd,, (R+.).
We consider

[f(x+h) — f(¥)]

x>0, 0<h<d

6>0, y>0.

(13)
It is evident that for eachf € By, (R), Qp, (f;.) is well
defined and
Qp,(1:8) <2 £, -

The weighted modulus of smoothnesg, (f;.) possesses
the following properties.

Qp,(F;A3) < (A +1)Qp,(f;3), §>0,A>0, (14)

Qp,(f;nd) <nQp (f;8), nEN,

lim Q, (f;0)=0.
Fatia UL

As itis known, weighted Korovkin type theorems have

been proven by Gadjiev (se&(]).
Theorem 3.1.Let q € (0,1) andy > 0. For all non-
decreasing € By, (R ) we have

L (1000 = 109] < L (2,00 (1+%¢ L 4gi0)) @a(1:0),

x > 0, o > 0 n € N, where
Hy(t) == 1+ (x+ [t—x))*Y, yy(t) =]t —x|, t>0.

(1) — F(x)] < (1+ (X+ \t_x|)2+y> (1+ % \t—x|) Qp,(f;9)

= pxy(t) <1+ %wx(t)> Qp,(1;9).

Taking into account the definition @f— integration, we
get

[k+1]q+qka [k+1]q+qku
g +B o 1(ng+)
—k+1 k—1
(a7 dt =g / £ (t) dt.
<[k]q+qk*1a> [k]q+qkila
N g8 o2 ([nig+B)

(15)
Consequently, the operatol:é(o'”3 ) can be expressed as
follows

P (f50.9 = ([l + ) kiqT T

[k+1]q+qka
()

/ f(t) dt.

Kg+dta
a=2(Ing+8)

By using the Cauchy-Schwartz inequality aritb), we
obtain

LA P(f0,0 — £

< ([ng+B) > a X)"q
(Ma+B) 3 a7 =500
[k+1]q+qka
E ()
[f(t) — ()] dgt
[Kg+a1a
¢<2(Inlg+B)

*(a, 1 «(a,
< (Ln(aﬁ)(ux,y?q,)() + SLn(a'ﬁ)(le,yU"XJ%X)) Qp,(1;0)
«(a, 1 / «a,
< VP 2yi0 (l+ 5 Ln<""”(wx2:q,><)> Q,(1;8).
Lemma 3.2.Forme N andq € (0,1) we have

Li " (emi0,X) < Ang(1+X™) , XER,, neN,

whereAn q is a positive constant depending only on o
andq.

Proof. For k € N and 0< g < 1 the following
inequality holds true

1< k+1], < 2[Kq. (16)
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Thus, forme N, from (1) and (L6) we get Fork € N, one obtain
° k1) D (¢n Ko+dlg\™ m+1 _ m+1
L8 a0 = k;q“% o fx” o g (B (k+tg+da) —d™* (Kg+da)
B = ey ) 1 (Kg+da\™ kK \™ K\l
_ n]q% 3 k]l (—x)qu(m71)< et ) (([k+1]q+q a) +q([k+1]q+q a)
m- m
2 en D (¢n(x)) () [Kq+d'a ' ([k]q+qk‘1a)+...+qm([k]q+q"‘la) )
P gt ¢ ([nlq+B)

< (m+1) ([k+ 1]q+qka)m

< (m+ 12" (Kg+da)”,

X[l tra \7°
< [n] +B¢m(n)( ><[n]q+ﬁ>

w kk 1) Dk ¢mn (x)) (x)k< 2[k]q+qka )ml

+B hence, we can write

T a+B L3P (em-1;0.X)
q
m-1 “ On(X)(Mm+21)(1+a)mgm
- [nxliqﬁ"’“")“)([nl]:ﬂ) Ln P (emia,) < ”E[)]( B))rsw[ )1 |
n.+ m-+
) q q
x[nl 2 T s . a ap .
e (3) om0 o e L 2AM D), ap g g %)
d h [m+1]q " o
and we have
éAm7Q(1+Xm)a

m-1
LoP (emiaX) < x+ <?24> [n]%ﬁ (el - ae™ ) L eni)
q

where Amq = m”%ﬂﬁ A 2[H§Tf];) Bmg and Bmgq is

2 m-1 1 (m-1) )
< 2m<a> m ([n]q(1+x )+a qT> given by (7).
Remark 3.3. Since any linear positive operator is
based on the above inequality and by using themonotone, from Lemma 3.2 we can easily see that

mathematical induction oven € N, we obtain L?}("’B)(f;q, )€ BPV(R+) for eachf ¢ BPV(R+)7 y € No.
ap " Theorem 3.4. Let f € By (R;) be a non-decreasing
Lo P (em; 0, X) < Bmg (1+x™), function then

x€R,, ne N, where ’ La P (f;0m,.) —

< Ky,00Qp, (f;n),

Py+1
2\ "7 (m-1)
m(m—
Bmg:=2m () 1+a™Mq 2 . a7) L N]gy+1 . .
q ( ) whered, ;= () andKy o, is a positive constant
independent ori andn.
On the other hand, Proof. The identities 8)-(5) imply
Y - k
L) @m0, = (Inlg+8) 3 a2 g (0 G e Ot
k=0 ¢ g Mg,
[kJr[:]]qj:gka 7% ([“]qn +B)2

q
| em (g% 1t) dgt Ml ([3lgy +0n (14 3a) (2, +1))

q<W) " B (10 +8) "

['ﬂq*ﬁ an an
__[gtP 2 KD DE(#n()) ok gk (304307 { Moy Gn(1+2a) }erz
(a8 2" W (e B (g, +8) Mot 2l (g, +)
m+1 m+1
T R 0 sy | s
(g +8) o (INlgy+8) i (Ingy +B)
. 9(1+B)*po(X)
We consider < =< g, +1
| n ([“]qn+l3> { a }
m-1 m+1
([k+ 1]q+qk0’) —qmt ([k]q+qkfla) : Let y € No and f € B, (R.) be a fixed function. From
@© 2014 NSP
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Theorem 3.1 and above inequality, we can write

L (g0, ) = £(0)

Py+1(X)
<1+ é L.ﬁ”‘“(lﬂf:%%)) Qpy (1:8)

(1+ &J {[n]qn+1}) Qpy (:80)
(H

2
(1+ (X+ [t —x|)2+V) <2 (1+ (2x+t)4+2V)
< 2 (1+ 24+2y ((ZX)4+2y_|_t4+2y)) ,

from Lemma 3.2, we get

L (1200, X)
Pg1(¥)

IN

L (12, 0n. X) po (%)
P?ﬂ(x)

1 1 9(1+B)*m(x)

Cn ([n]qn + B)

IN

Li“P) (12, 0. %)

Pa(yi1) (X)

i [n]qn +1

5 W) Qpy (f:n).

IN

12(1+B)

Since

(t)

2
IJx, y

L;(G’B) (UE,V’ On, X) < /\ianZ(y+l) (X)a

where A7, 25T (24 Mg oy -
[n]Qn +1

o (g, +B)

whereqp := miRr;qn, the proof is finished.
ne

Choosing

Remark 3.5.If limp_o gy = 1, then limy_e & = 0,
which vyields that lim . Qp, (f;8) = 0. Therefore

Theorem 3.4 gives the rate of convergenceﬁ‘f’ﬁ) to f.
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