
Math. Sci. Lett.6, No. 3, 287-292 (2017) 287

Mathematical Sciences Letters
An International Journal

http://dx.doi.org/10.18576/msl/060310

Notes on G-Algebra and its Derivations

Deena Al-Kadi1,∗ and Rodyna Hosny1,2

1 Department of Mathematics and Statistic, Taif University,Taif, Saudi Arabia
2 Department of Mathematics, Zagazig University, Zagazig, Egypt

Received: 18 Apr. 2016, Revised: 22 Jul. 2017, Accepted: 28 Jul. 2017
Published online: 1 Sep. 2017

Abstract: In this paper we generate aG-algebra from a non-empty set and we obtain the quotientG-algebra via normal subalgebra.
Furthermore, we prove a fundamental theorem on homomorphism for G-algebra. We prove that everyG-algebra satisfying the
associative law is a 2-group. We also show that everyBP-algebra is aG-algebra and introduce a necessary condition for which the
converse will be true. Finally, we introduce the notion of a left-right (resp. right-left) derivation ofG-algebra. We show that the
composition of two derivations is a derivation and we investigate some related properties.
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1 Introduction and preliminaries

The notion of G-algebra was introduced in [1], as a
generalization ofQS-algebra. It has been shown in [1]
that everyQS-algebra is aG-algebra but the converse
need not, in general, be true. The notion of derivations as
defined in rings and near-rings theory (see [2]) has been
applied toBCI-algebra in 2004 by Jun and Xin. Then they
introduced a new concept of derivations inBCI-algebra.
As in [3], a mapd : X −→ X is said to be a left-right
derivation (briefly(l,r)-derivation) ofX if it satisfies the
identity d(x∗ y) = (d(x)∗ y)∧ (x∗ d(y)) for all x,y ∈ X . If
d satisfies the identityd(x∗ y) = (x∗ d(y))∧ (d(x)∗ y) for
all x,y ∈ X , then d is said to be a right-left derivation
(briefly (r, l)-derivation) of X . If d is both (l,r)-and
(r, l)-derivation, then d is a derivation of X . Many
researches have been done on derivations ofBCI-algebra
in different aspects. For example,(α,β )-derivations of
BCI-algebra was introduced in [4] and some related
properties are investigated. In [5], the notion of
t-derivations ofBCI-algebra was given and the study was
extended tot-derivations in ap-semisimpleBCI-algebra.
A new kind of derivations inBCI-algebra has been
introduced in [6]. Other authors applied the notion of
derivations, as defined above, on different classes of
abstract algebras: BCC-algebra, B-algebra and
BCI-algebra and some related properties have been
investigated ([7], [8], [9]).

Motivated by the work done on derivations of
BCI-algebras and derivations of other algebra classes, we
study in this paper derivations ofG-algebra. We start in
Section 1 by giving definitions and propositions needed.
In Section 2, inspired by the work done onBG-algebras
[10], we construct aG-algebra from a non-empty set; we
use the notion of normal subalgebra to obtain the quotient
G-algebra. As a consequence, we obtain the fundamental
theorem of homomorphisms ofG-algebra. Also we show
that everyBP-algebra is aG-algebra and we show that
every G-algebra satisfying the identity
(z∗ x)∗ (z∗ y) = y∗ x, is aBP-algebra. In the final section,
we start with the concept of(l,r)- and(r, l)-derivations as
defined in [3] then the concept is applied toG-algebra and
a new form of the definition is introduced using the fact
thatx∧ y = x in G-algebra. We conclude the section with
Theorem 3.2 and Theorem 3.3 where we show that the
composition of two derivationsd1 and d2 is also a
derivation and thatd1 ◦ d2 = d2 ◦ d1 when d2 is a
(l,r)-derivation andd1 is a(r, l)- derivation.

We recall the following definitions and propositions
related toQS-algebra,BP-algebra andG-algebra.

Definition 1.1.([11],[12]) Let X be a set with a binary
operation∗ and a constant 0. Then(X ,∗,0) is called a
QS-algebra, if it satisfies the following conditions:

(1) x∗0= x,
(2) (z∗ x)∗ (z∗ y) = y∗ x,
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(3) x∗ x = 0,
(4) (x∗ y)∗ z = (x∗ z)∗ y, for all x,y,z ∈ X .

Definition 1.2.([11], [13]) An algebra(X ,∗,0) is called a
BP-algebra if it satisfies the following conditions:

(1) x∗ x = 0,
(2) x∗ (x∗ y) = y,
(3) (x∗ z)∗ (y∗ z) = x∗ y, for all x,y,z ∈ X .

Definition 1.3.([1, Definition 2.1]) AG-algebra is a non-
empty setX with a constant 0 and a binary operation∗
satisfying the axioms:

(1) x∗ x = 0,
(2) x∗ (x∗ y) = y, for all x,y ∈ X .

Proposition 1.1.([1, Proposition 2.1]) If(X ,∗,0) is a G-
algebra, then the following conditions hold:

(1) x∗0= x,
(2) 0∗ (0∗ x) = x, for anyx ∈ X .

Proposition 1.2.([1, Proposition 2.2]) Let(X ,∗,0) be aG-
algebra. Then, the following conditions hold for anyx,y ∈
X ,

(1) (x∗ (x∗ y))∗ y= 0,
(2) x∗ y = 0 =⇒ x = y,
(3) 0∗ x = 0∗ y =⇒ x = y.

Lemma 1.1.([1, Lemma 2.1]) Let (X ,∗,0) be a
G-algebra. Thena ∗ x= a ∗ y implies x = y for any
a,x,y ∈ X .

Definition 1.4.([10]) A non-empty subsetN of X is said
to be normal ofX if:

(x∗ a)∗ (y∗ b)∈ N for anyx∗ y,a ∗ b ∈ N.

Definition 1.5.([1]) For anyG-algebraX , consider the set
B(X) = {x ∈ X | 0∗ x = 0}. If B(X) = {0} thenG-algebra
is said to bep-semisimple.

2 G-algebra

In this section, we construct aG-algebra from a given
binary operation, we also create aG-algebra from a given
one using normal subalgebra.

In any G-algebra, we can define a partial order≤ by
putting x ≤ y if and only if y ∗ x = 0. This means that a
G-algebra can be considered as a partially ordered set
with x ≤ x andx ≤ y ∗ (y ∗ x). Denotey ∗ (y ∗ x) by x∧ y

Table 1: Cayley table
∗ 0 1 2 3 4
0 0 1 2 3 4
1 1 0 2 3 4
2 2 1 0 3 4
3 3 1 2 0 4
4 4 1 2 3 0

for all x,y ∈ X . Thus using Definition 1.3(2), we have
x∧ y = x.

Proposition 2.1.Let (X ,∗,0) be aG-algebra. Then for any
x,y,z ∈ X , we have:

(1) Forx 6= y, x∧ y 6= y∧ x,
(2) x∧ (y∧ z) = (x∧ y)∧ z,
(3) x∧0= x and 0∧ x = 0,
(4) Forx 6= 0, x∧ (y∗ z) 6= (x∧ y)∗ (x∧ z).

Proof. Direct to prove.

Next we define a binary operation∗ on X as follows:

Definition 2.1. Let X be a set with 0∈ X . Define a binary
operation∗ on X for all x,y ∈ X by:

x∗ y :=











x i f y = 0,
0 i f y 6= 0,x = y,
y i f y 6= 0,x 6= y.

Theorem 2.1.If we define a binary operation∗ on X as in
Definition 2.1, then(X ,∗,0) is aG-algebra.
Proof. We will show thatx∗ (x∗ y) = y, in the three cases
as follows:

If x 6= y thenx∗ (x∗ y) = x∗ y = y.
If x = y then it is easy to see thatx ∗ (x ∗ y) = x ∗ (x ∗ x) =

x∗0= x = y.
If y = 0, we havex∗ (x∗ y) = x∗ (x∗0) = x∗ x = 0= y.

The following G-algebra is constructed using
Theorem 2.1.

Example 2.1.Let X = {0,1,2,3,4} in which ∗ is defined
by the Cayley table (Table 1). Then(X ,∗,0) is a
G-algebra.

Definition 2.2. A non-empty subsetS of a G-algebraX is
called aG-subalgebra if for allx,y ∈ S impliesx∗ y ∈ S.

Theorem 2.2.Let (X ,∗,0) be a G-algebra. Then every
normal subsetN of X is a subalgebra ofX but the
converse is not true.
Proof. Let x,y ∈ N, then by Proposition 2.1(1),x ∗ 0,
y∗0∈ N. SinceN is normal, we have(x∗ y)∗ (0∗0)∈ N.
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Table 2: Cayley table
∗ 0 1 2
0 0 1 2
1 1 0 2
2 2 1 0

That is,x ∗ y ∈ N. Therefore,N is a subalgebra ofX . The
converse is proved using the following example.

Example 2.2. Consider theG-algebra given by the
Cayley table (Table 2). It is easy to see thatN = {0,2} is
a subalgebra ofX but is not normal ofX as 0∗2, 1∗2∈ N
but (0∗1)∗ (2∗2)= 1∗0= 1 /∈ N.

Lemma 2.1.Let (X ,∗,0) be aG-algebra andN a normal
subalgebra ofX . The relationR on X defined by:xRy if and
only if x∗ y ∈ N, wherex,y ∈ X , is an equivalence relation
on X .
Proof. Let x ∈ X . Since N is normal, we have 0∈ N.
Thus,x ∗ x ∈ N. Hence,R is reflexive. To prove thatR is
symmetry, considery ∗ y ∈ N and x ∗ y ∈ N. As N is
normal, we have(y ∗ x) ∗ (y ∗ y) = (y ∗ x) ∗ 0= y ∗ x ∈ N.
For transitivity, suppose thatx∗ y ∈ N andy∗ z ∈ N. Then,
x∗ y ∈ N andz∗ y ∈ N. As N is normal, we have,x∗ z ∈ N.
This proves thatR is an equivalence relation onX .

Definition 2.3. For each elementx ∈ X , the equivalence
class ofx denoted by[x]N is the set of all elementsy ∈ Y
such thatx is related toy. That is,[x]N = {y ∈ X | xRy}.

Consider the set of all equivalence classes
{[x]N | x ∈ X} =: X/N. We show in the next theorem that
X/N the quotient ofG-algebraX by N is a G-algebra as
well. Furthermore, we obtain the fundamental theorem of
homomorphisms ofG-algebras as a consequence.

Theorem 2.3.Let (X ,∗,0) be a G-algebra andN be a
normal subalgebra ofX . ThenX/N is aG-algebra.
Proof. Define the operation∗ by [x]N ∗ [y]N := [x∗y]N . The
operation is well defined as ifxRp andyRq thenx∗ p ∈ N
andy ∗ q ∈ N. From the definition of normality, we have
(x∗y)∗ (p∗q)∈ N, that is,(x∗y)R(p∗q). Thus,[x∗y]N =
[p ∗ q]N . To check thatX/N is a G-algebra, take[x]N ∈
X/N. Then[x]N ∗ [x]N = [x∗ x]N = [0]N = {x ∈ X | xR0}=
{x ∈ X | x ∗ 0 ∈ N} = {x ∈ X | x ∈ N} = N, (whereN is
the zero element inX/N). Hence the first condition holds.
Also,

[x]N ∗ ([x]N ∗ [y]N) = [x∗ (x∗ y)]N = [y]N .

Therefore,X/N is aG-algebra.

In the next part, known notions are applied to
G-algebras.

Definition 2.4.Let X andY beG-algebras. A mappingφ :
X −→ Y is called a homomorphism if
φ(x ∗ y) =φ(x) ∗ φ(y), ∀ x,y ∈ X . The homomorphismφ
is said to be a monomorphism (resp., an epimorphism) if
it is injective (resp., surjective). If the mapφ is both
injective and surjective thenX and Y are said to be
isomorphic, writtenX ∼= Y . For any homomorphismφ :
X −→ Y , the set{x ∈ X | φ(x) = 0Y} is called the kernel
of φ and denoted byKerφ .

Lemma 2.2. Let φ : (X ,∗,0X) −→ (Y,◦,0Y ) be a
homomorphism of G-algebras, then we have the
following:
(i) φ(0X ) = 0Y ,
(ii) Kerφ is a normalG-subalgebra ofX ,
(iii) Imφ = {y ∈ Y | y = φ(x), for somex ∈ X} is a
G-subalgebra.

Proof.
(i) Using Definition 1.3(1), φ(0X ) = φ(0X ∗ 0X)
= φ(0X)∗φ(0X) = 0Y .
(ii) Obviously, Kerφ 6= /0, as 0X ∈ Kerφ . Let x ∗ y,
a ∗ b ∈ Kerφ . Then,φ(x) ∗ φ(y) =φ(a) ∗ φ(b) =0Y . From
Proposition 1.2(2) we get thatφ(x) =φ(y) and
φ(a) =φ(b). It follows that,φ((x∗a)∗ (y∗b)) =φ(x∗a)∗
φ(y ∗ b) =(φ(x) ∗ φ(a)) ∗ (φ(x) ∗ φ(a)) = 0Y .
Consequently,(x ∗ a) ∗ (y ∗ b) ∈ Kerφ and soKerφ is a
normalG-subalgebra ofX .
(iii) Direct to prove.

Theorem 2.4. Let φ : (X ,∗,0X) −→ (Y,◦,0Y ) be an
epimorphism ofG-algebras andN = Kerφ , then we have
X/N ∼= Y .

Proof. Define a mappingψ : X/Kerφ −→ Y by

ψ([x]Kerφ ) = φ(x),∀x ∈ X .

Suppose[x]Kerφ =[y]Kerφ , then x ∗ y ∈ Kerφ . It follows
that,φ(x∗ y) = 0Y . From Proposition 1.2(2),φ(x) = φ(y).
That is, ψ([x]Kerφ ) =ψ([y]Kerφ ). Hence, ψ is well
defined. The mappingψ is a homomorphism, since
ψ([x]Kerφ ∗ [y]Kerφ ) =ψ([x ∗ y]Kerφ ) =φ(x ∗ y) =φ(x) ∗
φ(y) =ψ([x]Kerφ ) ∗ ψ([y]Kerφ ). To check that ψ is
injective, let [x]Kerφ , [y]Kerφ ∈ X/Kerφ with
[x]Kerφ 6= [y]Kerφ . Then x ∗ y /∈ Kerφ . It follows that
φ(x ∗ y) =φ(x) ∗ φ(y) 6= 0Y i.e. φ(x) 6= φ(y). Hence,
ψ([x]Kerφ ) 6= ψ([y]Kerφ ). The mappingψ is surjective as
for anyy ∈ Y , there existsx ∈ X such thaty = ψ([x]Kerφ ).
Thusψ is an isomorphism. This completes the proof.

Observe thatG-algebra may not satisfy the associative
law as in Example 2.2. If the associative law holds then
we have the following:

Theorem 2.5. Let (X ,∗,0X) be a G-algebra. Then the
following conditions are equivalent:
(i) The associative law holds onX .
(ii) X is a 2-group.
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Proof. Consider the associative law(x∗ y)∗ z = x∗ (y∗ z).
Put x = y = z, we get 0∗ x =x ∗ 0. From Proposition
2.1(1), we will have 0∗ x =x ∗ 0=x. Thus, the element 0
is the identity of X . From Definition 1.3(1), we have
x ∗ x = 0, this means that every elementx has an inverse
which is the elementx its self. Therefore,(X ,∗,0) is a
group. Moreover, havingx ∗ x = 0 makes (X ,∗,0) a
2-group. The converse is obvious.

In the next part we investigate the relation between
G-algebra andBP-algebra.

Theorem 2.6.
(i) EveryBP-algebra is aG-algebra.
(ii) Every G-algebra satisfying(z ∗ x) ∗ (z ∗ y) =y ∗ x is a
BP-algebra.

Proof. Easy and direct to prove.

Definition 2.5. We say that an elementx ∈ X is minimal
if x∗ y = 0 impliesy = x.

Theorem 2.7.Let (X ,∗,0X) be aG-algebra. Then:
(i) X is p-semisimple.
(ii) Every element inX is a minimal element.

Proof. (i) We haveB(X) = {x ∈ X | 0∗ x = 0}. It follows
from Proposition 1.2(2) thatB(X)= {x∈X | x= 0}= {0}.
Hence, everyG-algebra is ap-semisimple.
(ii) Let x be an element inX such thaty ≤ x for some
y ∈ X . Hence,x ∗ y = 0 and so, from Proposition 1.2(2),
x = y. Thusx is a minimal element inX .

3 Derivations of G-algebra

In this section we start by introducing the notation of a
derivation of aG-algebra.

Definition 3.1. Let X be aG-algebra andd a self-map of
X . We say that

d is (l,r)-derivation ofX if d(x∗y) =(d(x)∗y)∧(x∗d(y)),
d is (r, l)-derivation ofX if d(x∗y) =(x∗d(y))∧(d(x)∗y).
If d is both(l,r)-derivation and(r, l)-derivation ofX then

we say thatd is a derivation ofX .

Remark 3.1. In G-algebra, we have definedx ∧ y = x.
Thus, to check thatd is (l,r)-derivation ofX , it is enough
to check that d(x ∗ y) =d(x) ∗ y. Similarly, if
d(x∗ y) =x∗ d(y) thend is (r, l)-derivation ofX .

Hence we can re-write Definition 3.1 as follows:

Definition 3.2. Let X be aG-algebra andd a self-map of
X . We say thatd is a derivation ofX if d is (l,r)-derivation
of X and(r, l)-derivation ofX . That is, for allx,y ∈ X :

Table 3: Cayley table
∗ 0 1 2 3
0 0 3 2 1
1 1 0 3 2
2 2 1 0 3
3 3 2 1 0

d(x∗ y) =d(x)∗ y and
d(x∗ y) =x∗ d(y), respectively.

Example 3.1. Consider theG-algebra given by Cayley
table (Table 2). Define a mapd : X −→ X by:

d(x) =

{

1 i f x ∈ {0,2},
0 i f otherwise.

Then by direct calculations we haved(2∗ 2) =d(0) = 1
andd(2) ∗2 = 1∗2 = 2. As d(2∗2) 6= d(2) ∗2 thend is
not (l,r)-derivation of X . Similarly, d is not
(r, l)-derivation ofX as d(1∗ 2) 6= 1∗ d(2). Hence,d is
not a derivation ofX .

Example 3.2.Let X ={0,1,2,3} in which∗ is defined by
(Table 3). Define a mapd : X −→ X by:

d(x) =



















2 i f x = 0,
3 i f x = 1,
0 i f x = 2,
1 i f x = 3.

Then it is straight forward to check thatd is a derivation
of X .

Theorem 3.1. In G-algebrasX , the identity map is a
derivation onX .
Proof. We need to consider two cases to prove thatd is a
derivation ofX . We will show thatd is a (l,r)-derivation
of X and it can be shown similarly thatd is a
(r, l)-derivation ofX .
Let x,y ∈ X . If x = y then d(x ∗ x) =d(0) = 0. On the
other hand,d(x)∗ x =x∗ x = 0.
If x 6= y then eitherd(x ∗ y) = d(x) or d(x ∗ y) = d(y). If
d(x ∗ y) = d(x) then on one hand,d(x ∗ y) = x. On the
other hand,d(x∗ y) =d(x)∗ y. Thus,x = x∗ y and so, from
Proposition 2.1(1),y = 0. Therefore, d(x) ∗ y = x.
Consider the cased(x ∗ y) = d(y). Thend(x ∗ y) = y. We
have,d(x∗ y) =d(x)∗ y =x∗ y. Therefore,y = x∗ y. Thus,
d(x ∗ y) =d(x ∗ (x ∗ y)) =d(y) =y. Hence, d is a
(l,r)-derivation ofX .

Definition 3.3.A derivationd of a G-algebra is said to be
regular ifd(0) = 0.
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Lemma 3.1.If d is a regular derivation of aG-algebraX ,
thend is the identity map onX .

Proof. If d is a regular derivation of aG-algebraX then
d(0) = 0. From Definition 1.3(1) we know thatx ∗ x = 0
and sod(x ∗ x) = d(0). Hence,d(x) ∗ x = 0. Therefore,
from Proposition 1.2(2), we haved(x) = x.

In the next part we define the composition of two
derivations then we study some related properties.

Definition 3.4. Let X be aG-algebra andd1,d2 be two
self-maps of X . We define d1 ◦ d2: X −→ X , as
(d1◦ d2)(x) = d1(d2(x)), for all x ∈ X .

Theorem 3.2. Let X be a G-algebra andd1,d2 be two
derivations ofX . Thend1◦ d2 is a derivation ofX .

Proof. We will prove thatd1 ◦ d2 is a (l,r)-derivation
using the assumption thatd1,d2 are(l,r)-derivations. Let
x,y ∈ X . Then (d1 ◦ d2)(x ∗ y) = d1(d2(x ∗ y)) =
d1(d2(x)∗ y) = d1(d2(x))∗ y = ((d1◦ d2)(x)∗ y).

We can prove similarly that d1 ◦ d2 is a
(r, l)-derivation ofX and thusd1◦ d2 is a derivation ofX .

Lemma 3.2.Let X be aG-algebra andd1,d2 are either
two (l,r)-derivations or(r, l)-derivations ofX . Then the
composition of the derivations is not necessary
commutative.

Proof. Suppose thatd1,d2 are (l,r)-derivations, then
(d1 ◦ d2)(x ∗ y) = d1(d2(x ∗ y)) = d1(d2(x) ∗ y) =
d1d2(x) ∗ y. On the other hand,(d2 ◦ d1)(x ∗ y) =
d2(d1(x ∗ y)) = d2(d1(x) ∗ y) = d2d1(x) ∗ y. Hence,
(d1◦ d2)(x∗ y) 6= (d2◦ d1)(x∗ y).

Similarly, we can show that if d1, d2 are
(r, l)-derivations, then(d1 ◦ d2)(x ∗ y) = x ∗ d1d2(y) and
(d2 ◦ d1)(x ∗ y) = x ∗ d2d1(y). Therefore,
(d1◦ d2)(x∗ y) 6= (d2◦ d1)(x∗ y) in this case as well.

In the next theorem we give the assumptions needed
for d1,d2 to assure that the composition between them is
commutative.

Theorem 3.3.Let X be aG-algebra and suppose thatd2
is a(l,r)-derivation andd1 is a(r, l)-derivation ofX . Then
the composition of the derivations is commutative.

Proof. We will show thatd1◦ d2 = d2◦ d1 for all x,y ∈ X .
To start, suppose thatd2 is a (l,r)-derivation, then(d1 ◦
d2)(x∗ y) = d1(d2(x∗ y)) = d1(d2(x)∗ y) = (d2(x)∗d1(y))
asd1 is a(r, l)-derivation. Thus,

(d1◦ d2)(x∗ y) = d2(x)∗ d1(y). (1)

Similarly, suppose thatd1 is a (r, l)-derivation, then
(d2 ◦ d1)(x ∗ y) = d2(d1(x ∗ y)) = d2(x ∗ d1(y)) =

(d2(x)∗ d1(y)) asd2 is a(l,r)-derivation. Hence,

(d2◦ d1)(x∗ y) = d2(x)∗ d1(y). (2)

From (1) and (2), we have(d1◦d2)(x∗y) = (d2◦d1)(x∗y).
Let y = 0, then(d1 ◦ d2)(x) = (d2 ◦ d1)(x) as x ∗ 0 = x.
Therefore,d1◦ d2 = d2◦ d1.

4 Conclusion

We have used the notion of normal subalgebra to obtain
the quotientG-algebra. We proved that everyG-algebra
satisfying the associative law is a 2-group. We also
showed that everyBP-algebra is a G-algebra and
introduce a necessary condition for which the converse
will be true. Finally, we introduced the notion of a
left-right (resp. right-left) derivation ofG-algebra and we
investigated some related properties.
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