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Abstract: According to the similarity between the infectious disease transmission and the rumor spreading, we introduce this
manuscript. In this work, the dynamical behavior of the fractional-order rumor model (FOM) is investigated in details. Also, we
determine all the equilibrium fixed points of model. Nevertheless, the stability at this equilibrium points is studied. The basic
reproduction number of FOM is obtained. Some valuable and essential definitions about the Caputo fractional derivative are
introduced. Various methods use to solve this model such as Generalized Mittag-Leffler Function method (GMLFM) is an
approximate solution and Predictor-Corrector method (PCM) as a numerical solution. Numerical simulations are performed to confirm
our analytical results and elucidates the effect of various parameters on the rumor spreading.
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1 Introduction

Despite the development and increasing use of social media platforms for information and news gatherings however its
leads to spread and emergence rumors. At the same time, the openness of using social media platforms provide
opportunities to investigate how users discuss and share rumors. Rumors play an effective and important role in social
topics such that their spreading has obvious effect on people’s life. Recently, online social networks such as Facebook,
Wechat, Twitter and Instagram become an innovative and effective channel for spreading information and news between
millions of people’s. There are many definitions of rumors that differ from one to another [1,2,3] but the common
definition of rumors are the spreading of public interested things, some events or disinformation of problems which
usually spread widely through different channels. Many scholars have focused in their studies on the spreading of rumors
[4,5,6,7,8,9,10,11,12], also some scholar have identified rumor as subset of sociology, propaganda and psychology
[13]. The rapidly spread of rumors or disinformation has a negative impact on many fields of your life such political
consequence, economic damage and reputation damage [14, 15,16]. At is well known, the disease spreading from person
to another implies physical contacts but the spreading of rumor thought online connection is widest in spreading from the
traditional face to face communications.

In 1965, the rumor spreading named DK was introduced by Daley and Kendall [17]. In [18], both Maki and Thomson
focused in studying on developing the DK model and interested to the analysis of the rumor spreading based on
mathematical theory. A lot of authors investigated the spreading of rumor and dynamical behaviors of model depends on
the theory of mathematical and related them to topological properties of social networks [19,20,21,22,23,24,25],
Zenette determined the spreading of rumor model on small-world networks and establish the rumor spread threshold [26,
27], Zhao et al [28] explained the rumor spreading processes by forgetting mechanism in SIR model on small world
networks. Furthermore, many of researcher have been investigated various kinds of rumor spreading by using different
ways [29,30,31,32,33,34,35,36]. In this work, we focus our studying on the fractional-order rumor model such that

* Corresponding author e-mail: hegagi_math@aswu.edu.eg

© 2023 NSP
Natural Sciences Publishing Cor.


http://dx.doi.org/10.18576/pfda/090308

428 NS B H. M. Ali et al.: Dynamical behavior of fractional-order Rumor model...

individuals divide into four species:

A is called ignorants (individuals who never heard the rumors), B tends to the low rate of active spreaders (individuals
who spread rumors with low probability), C stand for the high rate of active spreaders (individuals who spread rumors
with high probability) and G refer to stiflers (individuals who know the rumor but never spread it).

The fractional-order of rumor spreading is described as follows:

§D¥A = p* —n*c%AB — E%GYAC — ¢“A,

DB =n%c%AB+y*C — 1;*6%*BG — ¢“B — 0B,
§DYC = E%CYAC — y*C — 1,*6%CG — ¢*C+ 0B,
EDYG = 1 *6*BG + 1,*6*CG — ¢*G,

)]

where both p,g denote to the coming rate of ignorant (or inflow rate) and the leaving rate of the population (or outflow
rate) respectively such that p = ¢, 1 is the probability of the ignorants who become the low rate of active spreader, &
refer to the transmission probability from ignorants to the high rate of active spreaders and we suppose that & > n, yy is
called the stifling rate such that the first rumor spreader may become a stifler, u, stand for the probability of the high rate
of active spreader becomes removed, 7 is called the decay rate, assume that (; = t, = i , 6 tends to the probability of
the high active spreaders lead to the low active spreaders also the probability of the low rate of active spreader lead to the
high rate of active spreader where we assume that it equal to zero i.e 8 = 0, o is the average degree of freedom, and both
A(t),B(t),C(1),G(r) express to the density of ignorants, the low rate of active spreaders, the high rate of active spreaders,
and stiflers at time t, respectively and satisfy the normalization condition A(z) + B(r) + C(t) + G(t) = 1.

According to the relation between the given parameters, the system (1) is transformed to

SDYA = g% —n*c%AB — E%G*AC — ¢“A,
$D*B=n%c%AB+y*C — u*c*BG — ¢°B,
§DYC = E*GYAC — y*C — u%c*CG — ¢°C,
DYG = u*c*BG + u*c*CG — ¢°G.

2)

The main aim of this work is to formulate a rumor model using fractional-order derivatives which have an advantage
over their corresponding integer-order counterparts because of their memory effect property. Also, solve this model by
two methods GMLFM as an analytical solution and PCM is numerical solution

The rest of this paper is organized as follows. Many various definitions concerned to fractional-order differential
equations (FODEs) are introduced in Section 2. In section 3, we illustrate the non-negative solution of the rumor model.
Also, the stability and the equilibrium fixed points of model are analyzed in details in Section 4. in Section 5, we explain
the used methods and its applications. Numerical simulation are presented to confirm the obtained theoretical results in
Section 6. Finally, we offer our conclusion in Section 7.

2 Preliminaries
In this section, we introduce some important definitions concerned to fractional calculus (see [37]):

Definition 1.7he Riemann-Liouville fractional integral of order o« > 0 is given by

1

0 = o[-0 @0, az0. >

JPf() = f(2),

where I' (&) is Eular Gamma function is defined as follows
r(z)= / ey, R(z)>0.
0

Definition 2.7he Riemann-Liouville fractional derivatives is defined by

l d_nf[ f(gzwr]déa n71<a<nanENa

I(o—n) di" Ja (1-&)
aDtaf(t) =

%, a=nneN.
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Definition 3.The Caputo fractional derivative of order o. > 0 is defined as follows

roayJat =60 f(E)dE, n—1<a<nnéeN,

d"
é?,(lx), a=nmneN.

aDif(r) =

Also, we present some properties of fractional calculus their detailedly explained in references [38,39]

EDYIE f(x) = f(x),

n—1 k
o o ) = f(x) — (k) a (x_a)
DES0) = 100 = X MY @y

Definition 4./n (1902-1905), the Mittag-Leffler functions Eq and Eq g defined by the power series as

> X" > X"
Ea(x)zngama Ea,ﬁ(x)zr;)ma a,p >0, 3)

the Caputo fractional derivative of GMLFM is decomposed by an infinite series of components [40,41,42,43] is given by

x(nfl)a

0PI Eala®) = Y " r e a1y

n=1

“

3 Non-negative solution

Assume that RY = {X € R* : X > 0}, and X(¢) = (A,B,C,G)". To prove the non-negative solution, we investigate the
following theorem and corollary.

Theorem 1./44](Generalized mean value theorem). Suppose that f(x) € C(0,a] and D* f(x) € C(0,d], for 0 < a < 1.
Then we have

£2) = £(0) + ﬁ(D“f)(C)(X)“

with 0 < § <x, Vx € (0,d],

Corollary 1.Lez f(x) € C[0,a] and D*f(x) € C(0,a], for 0 < o < 1.. It is clear that from Theorem 1 that if D* f(x) > 0,
Vx € (0,al, then f(x) is non-decreasing and if D* f(x) <0, Vx € (0,a, then f(x) is non-increasing ¥x € [0,a].

Proof.In [45], the proof is explained in theorem (1).
Theorem 2.There is a unique solution X (t) = (A,B,C,G)T for (2) at t > 0 and the solution will remain in RY..

Proof.From [46], we can get the existence and uniqueness of the solution of the initial value problem (2) in (0,c0). Now,
we will clear that Ri is positively invariant domain.
Then

DA |a—o=p* 20,

6D/'B [p—o=Y"C >0,
§DYC |c=0=0,
$DYG |g=0=0.

According to corollary 1, we will deduce that the solution remain in Ri.
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4 Stability and equilibrium points

To determine the equilibrium points of the fractional-order model (2), Assume that

DA =0,
6Df'B =0,
§DfC =0,
$DEG =0.

By simple calculating, the system (2) has five equilibrium points as:

—The axial equilibrium point (rumor-free equilibrium point) Ey = (Ag, Bo,Co, Go) = (1,0,0,0).

ey . . qa T’acaiqa
—The boundary equilibrium fixed point E; = (A1,B;,C1,Gp) = (W’ W,O,O),
u g% nipo®—q'n®—q*p“
ua+na I uOCgOC; ) )’

—The boundary equilibrium fixed point E; = (A2,B»,Co,Gy) = ( ECanery

—The equilibrium fixed point E3 where

QIO ) (g7 4y~ E90Y) (g 0%+ YN — g%

E3 = (A3,B3,C5,G3) = ; ; ,0),
( )= Ceaga gagart yayea—ne) Eot(q + y#) (84 — ) )
—The positive equilibrium fixed point (the interior point) E. = (A,,By,Cx, G ), where
JIN
A, = M
oo (ue+85%)
R v e
T u%o(yr+uoo®) (&% —n®)’
D e o bl T )
' KO Ro(y* + pu%o®)(n® — £ ’
T

peo*(u +8%)
where Ry refer to the basic reproduction number [47] is given by the following relation:
n o GO{

-
Ro=p(FV ") = e

)

where
F= ( e’ 8) :
Ve (q"‘ —7* > _
0 —&%*+y*+¢*
Stability analysis of the rumor-free equilibrium point E,

To study the asymptotic stability of the rumor-free equilibrium point Ey = (1,0,0,0), we calculate the Jacobian matrix
of the model (2) at E as follows

7qa —T]O‘Ga 7€a6a 0
I O L 0
J(EO)* 0 0 éaca_,ya_qa 0 ) (5)
0 0 0 —q
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the characteristic equation of matrix J(Ey) is given by

7qa7/1 —T]O‘Ga 7505605 0
B 0 n%%—q%—A e 0
|J(EO)*/’LI|* 0 0 {:aca_ya_qa_ 0 ) (6)
0 0 0 —q%—A

=(—¢"-2)(M%c* —¢* = A)(E%* —y* —¢" = A)(—q" — 1),
has four eigenvalues are Ag; = —q"‘ Adox = N%0%* — g%, Aoz = E%0% — y* — g%, Aps = —q“. The equilibrium point Ej is

locally asymptotically stable if 5(, =z < 1, qgatg; <1.

Stability analysis of the boundary equilibrium point £,

o

In the following, we estimate the stability of the boundary equilibrium fixed point E| = (ngw, %#,0,0). The
Jacobian matrix at E| take the form

n(xca _q(x *%U;qa 0
naoaiqa 0 },oc —H (ﬂng' —q%)
J(E) = sage . , (7)
0 0 g Y*—q 0
0 0 0 u%(n no(-x —4%) qa
the characteristic equation of E; is described as
—N%e% — A —g® *%";q“ 0
naoa 7qa 0—2A },oc *Ha(ﬂaga*qa)
V(E) = Al| = o g , (®)
0 0 —Y*—qg%*—A 0
0 0 0 L*m%*c%—q%) _qa -

= (=g —A)(-n%" q—l)(_io;qa—W—qa—l)(w—qa—l),

has the following eigenvalues

M1 = —q% Ap = q* — no‘o“ M3 = —y*—q%, g = % q*. The equilibrium point E; is locally
n%(q +V“ n%q”
asymptotically stable if Tl"‘ Ga <1, gage < 1, HEMTeT—q®) < 1.

Stability analysis of the boundary equilibrium point £,

In this subsection we investigate the asymptotic stability of the model (2) at the equilibrium point
o

XG50 _ 0,0 . o . .
E, = (na‘i#a : ,uao-oc 0,12 “u“c“(%“iu“q) L), the Jacobian matrix is given by
7naqa o 7” o—a#a 75“0‘“#“ 0
173 q L L
n%g* *n*+q*u® _ a o
J(E>) — T TEEuTa— r* -q 9
( 2) = EXGU T GOy g% g%y ® o N )
O 0 ga+ua - ya —q 0
0 oAU g% g%y ® et g% g%y ® 0
na+ua na+ua

the characteristic equation of matrix J(E,) is given by

7nocqa o —n%c%u® —Eagoyd
o na aq )’ na+“a na+#a O
¢ —A I —q*
J(E)) — Al = H O 0L Oy O <0 O s (10)
[ (E2) | 0 0 56%1&;2116# —y¥—1 0
0 N u%—q%n%—q%u® N%eou%— g n% g% u® —),
na+ua na+ua
UGl O pOga
:(é ] H — P V) (AP+ MAZ AL+ A).

ne+us
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) . O 0L, 0Ol ~Cy O
From the previous equation, we deduce that Ay = 820K 170" po gpg

ne+u
M+ A2+ AL +40=0, (11)
where ,
Ay = %—Z + 4% Ay = n%%% — ¢*%, Ay = £ (n%o ”#E" (% », we can deduce that both Ay > 0, A; > 0, and

a2 02 —a o
AAy — Ay = % > 1. The equilibrium point E, is locally asymptotically stable if 7137 < 1 and
éacauainacauaJrqanaJrqaua < ]
M*+pu*)(g%+0%) ’

Stability analysis of the boundary equilibrium point £3

Similarly, we compute the Jacobin matrix of the model (2) at the equilibrium
By = (L0 Xerot—ar ") (g% —L70 ) e n 1" —4"¢%) () and evaluate its the eigenvalues as follows

E%o® 7 0% (g% +y*)(E¥—n%)’ Exo%(q+y*)(E*—n?) ’
—N%uy —ur — g* a(ﬂﬂ:(%%;ﬂa) —y g 0
n(xul n 4506 _qa yoz _Naul
J(E3) = a , 12
(E3) " 0 0 s (12
0 0 0 77“#“+u“6i§jga“(u“+n“)

where

_ Y% —q%—¥*) _ (g% 4+r* 8% *)(¢*n*+y*n*—¢%E%) : ot : : . :
u.l = ErEege) - W = Ty B . The characteristic equation of the Jacobian matrix J(E3) is
given by

—naul—uz_qa_l M _y(x_q(x 0
(g% +7%) a a
n%u I — g — A ve —HTu
J(E3) — Al| = ¢ e, : (13)
u 0 —A {;a
0 0 0 fvau“+u“62§‘f¢ﬂu“+n“)g,k
_ Oy OGREX _ 0 (& 4 po
We can obtain one eigenvalue is A3} = ”%aéaﬂﬂ’éz*qa(“am%, and the following equation
AP+ DA%+ DA+ Py =0, (14)
from the equation (14) both &,, @ and & are given by
Py — g% (0%EX P+ (E4—20%))+4% (E¥—n%)—y**n® P — (P —0%ER) (Y20 +4% (¥ —2E %) +q%y* (20 * —E%)) —g* E*
2 E%(q*+7%) » =1 Ex(q*+v%) ’
o) = qa(ya"%rqa("a7;:)(qa+7a76a§a)), we note that @, > 0,P; > 0, and PP, — Py > 0. The equilibrium point E3 is
. UEGHED
locally asymptotically stable at VIO g (o) < 1.
Stability analysis of the positive equilibrium point E,
The Jacobian matrix at the interior equilibrium point E, = (A, B,,Cy,G) of model (2) is given by the form
vi  —n%c%A, —&%® 0
[ n%c“B. 1% Y* —u%*c%B.
J(E*) - 50!6(1(:* O V3 —HaGaC* ) (15)

0 u*c*G, u*c%G. V4

where vi = —0%N%B, — 0%E%C, — g%, vo = 0*N%A, — o%U%G, — g%, vz = 0%E%A, — o*u%G, — ¥* — ¢%,
va=U*C*B, + u*c*C, —g“.
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The characteristic equation of matrix J(E,) is described as
vi—A —n%%A, —E%c“ 0
oy | n%0%B. v2—A4 Y* —u%*c“B,
|J(E*) Afl|_ éaoac* 0 V37)L 7”(%6&6‘* 9 (16)
0 u*c*G, u*c%*G, v4—A
=AM+ WA+ AT+ A+ =0,

where

¥ =n%0%(B: —A:) +§%0%(C — As) + U¥0* (26, — B, — Co) + 7Y + 44",

Y = (— Nn%c%B, — E%c*C, — q"‘) (nO‘GO‘A* +E%0%A + u%0*(Bi+Ci —2G,) — y* — Sq“)
+(n%6%4. — p%c%G, — %) (£467A, + u6%(B. + C. ~ G.) —1* ~ 2¢°)
+(E%6%A, — n%69G, —y* _qoc) (uaGaB* —utetc, _qa) + u*6%2C, (B, +G.)
0% 6%A,B, + E¥ 6%?A.C.,

‘I’]:(n“GO‘B*Jr?;“GO‘C*Jrq“)(n %A, — u%c%G, —¢q )( Y%A+ u*c*(B *+C*fG*)—V°‘—2q°‘)
~(£%0%A, ~ u%6G. — 1" — %) (n*0*(B, + C.) — g% ) (0%(~n"B. — E°C. + %A, — u%G,) — 2¢°)
+u“26“2C*(G*+B*)(n 6B, + E%GYC, + ¢ ) ac, (u"‘zG*—i—é"‘z )(n“c"‘A*—u“G“G*—q"‘)
—6%B, (u?*C. + na, (éaGaA*iu GaG*iyaiqa)7Ga2”a27aG*7naéaGa2yaA*C*

0%?A, (n%*B, + £%°C, (u“G“B*er“G“C*—q“),

= [ (~ %%, — £4a%C. —4%) (n°0%. ~ %G, ~4°) (840, ~ w0~ 1)
UeGOB, + uGC, 76]&)} 1 Goﬂuoﬂc*G*(i n*GoB, — E%GUC, 7qoc) (naGaA* — UGG, 7qoc)
_GaZMaZYaC*G*(_ n%c%B, — E%GOC, _q(x) +o%ue?B.C, K_ n*G%B, — E%GOC, _qa)
ECGUA, — u®GoG, — _qa)} +6%2n@2A.B, [(gaGaA* —U%G%G, — _qa)
UGB, + uGeC, 7qa)} _peERGUZyaA C, (uaGaB* +utsoc, 7qoc) 262 %A, B.C, G,
+E@2 502224 C, (n"‘c"‘A* —u%®c%G, — q“) (u"‘c"‘B* +u%c*C, — q"‘) + E92 62 %24, B,C,G,.

This clear that the interior equilibrium point E, of model (2) is global asymptotic stable when Ry < 1.

Sensitivity analysis of the basic reproduction number R

In this subsection, we study the sensitivity of Ry at all its parameters

Q

8R0 (e}
ZO_Z S0
e~ g%
aR() T]a
=—>0
Jdo? q“ > Y,
JRy —n%c“”
9 = g

According to previous results deduce that Ry is increasing at N and 6% , decreasing at g*.

S Applications and results

In this section, we investigate the used methods for solving the nonlinear FOM (2) in details.
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Generalized Mittag-Leffler function method

No doubt, we know that the efficiency and performance of the generalized Mittag-Leffler function method for solving
the fractional-order differential equations (see [21,22,23]) for the reason will use it for solving our model (2) as an
approximate solution.

Assume that

oo tnot ad no
A=Y a"————
r;)a F(nOhLl)7 2:‘ nOtJrl)
et - et 17)
C=
Z oc+1) 2:‘ na+1)
by using Caputo fractional derivative we get
c oo t(nfl)ot oo " e
DA=Yd"——— =Y " ——
0 Z '((n —1)a+1) Z‘O I'(na+1)
c (n—1)o oo " e
DOt bn _ n
0 Z n—l)aJrl) Z‘O I'(na+1)’
c (1) . et (18)
g ZC “Da+1) ”;OC T(no+1)’
c t(rzfl)a oo " e
DG=Yd"——— =) AT ——,
o n; r((n—1a+1) Z;) I'(na+1)
by substituting from equations (17) and (18) in model (2) we obtain
Z,Zozoanﬂm _Cla—naGZZ::oaan;:obnr ,iaﬂ — &% %y oa"r,t,aH Y0 FonasT ,[,(H])
=" L0 " o)
oo 1 no no ila no
Yoob"" F(rIzOhLI) n“o* - oaarnaﬂ)):n Obnar(naﬂ +7 EioC W
—HES Lo b Mg Lac0@" Faarm) — 4% Lamo ¥ Flvarty
(19)
Z:lo:()cn+11":,a+] é o Zn 0d {naﬂ)z;o:ocnrrtzaﬂ ya):n Ocn{;rtzaﬂ)
—HOOY Yo ¢ oy Enmo 4 ey — 4% Lo € ToaTT
o 1 no o I not I not I no
Eneod™" P = K70 Lo rem Lncod” e 470" Lo Muerm Lo
4" T od"
after make some calculation the equation (19) transformed to
?:oanﬂr(,lli;ﬂ) =q% —n% Ly I'M" —=EF Ly m"t" Y — g% Y a —,[,’;H),
Z::Obn+11"(;l;;+1) :naca): lntna+ya2n OC (yl,:x+1) ” o Zn Okntnaiq Zn Obn (y[,:lx+1)
(20)
Z;o:ocn+1 mx+] fg'ot OCZ mho — '}/OCZn OC FnOtJrl) ”acazzozog”tnafqazzozocnm7
Z::O dn+l F(rtz’(lirl) _ uao-(x Z::O Ko +“a6a Z::O gntmx _ q(x Z::O d"%,

where

n akbnfk n akC —k
r=y : =) :
Z T(ka+1)((n—k)a+1) & T(ka+ 1) ((n—k)o+1)
n bkdnfk n kdn k
=Y , =Y :
= T(ka+ 1) ((n—k)o+1) & T(ka+ 1) ((n—k)o+1)
© 2023 NSP
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Additionally, after sum the similar quantities in equation (20) we have

at 1

Z;T:O [m+naaaln+€a6amn+qa%}tna:qa7

oo bn+l o o B
o | o — 190" — ¥ g 0K g i | =0,
(21)
o n+1 n n
Zn:O [mféaoamn+yam +[.La6ag”+qam}tna:(),
o0 n+1 n
Zrz:O [F(Lfla+l) _Nacakn —[,LaGag” +qami| e — ().
By taking the first limit of the equation (21) we deduce that
al :q(x_nacaaobo_{:acaaoco_qaao,
bl _ n"‘o“aob0+y“co—yo‘o“bodo—q“bo,
1 oo 0.0 0 o o 0 ;0 o 0 (22)
c =&E%%" —y*’ —u*c%’d’ — q%c’,
dl :uacabodo_’_uacacodo_qadol
According to equation (22), equation (21) turned into
oo n+1 n
Lt |y 1000+ § 0+ g | =0,
oo e om _ o oGO pn o b Mo — ()
Lt [ M 170 = Y gy T HOOK + 0% g |1 =0,
(23)

o0 Cn+l n o
n=1 [m - éacam” —i—’yam +Na0ag"+qam}t”“ =0,

antl

L | il — MO B 4 g e 1 =0,

In equation (23) ** is not equal zero then the rest of coefficients equal to zero therefore we deduce that the following
relations that are called recurrence relations and we can get the values of constants a”,b",c",d", where n = 1,2,3,4,- - - co.

d" = —n%c¥I"T (noe+ 1) — E%m"T (no+ 1) — ¢%a",

" =% (not+ 1) + ¥*" — u*c*kK'I (not+ 1) — g%b",

(24)
M =E% ' T (nat+ 1) — ¢ — u®*c%g"I'(na + 1) — g%c",
A" = uc* k' (not+1) + u®c%g"I'(not+ 1) — g%d".
Atn =1, we obtain
az _ (*T]adaboféa(iacofqa)al 7nocooca0b1 76066060061,
bz — nacaboal + (nacaao_ulacado_qa)bl +yacl —uaGabOdl,
(25)

czzéac‘xcoa'+(§“6“a0—y“—uacado—q“)c'—uz"‘cf“cod',

d2:u“o"‘dobl+u°‘o°‘d0c1+(u“o“b0+u“o“c0—q“)dl.
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Also when n =2, we get

3 o 0,0 o a0 ay 2 oo 072 oo 02 (naoaalbl éaoaalcl)l (Qa+1)
a’ =— c'b"+E&%c " +q")a"—n"c%a’ b —E%c%a ¢ — ,

(n%c%a'b! — u*c*p'd"\I 2a +1)

b3= o ab02 a~a 0 o adO_ ab2 2 0 abOdZ
n“c“v’a”+(n*c%a’ - u“c q*)b"+v%c" — o + @) :

(26)
o%l'c!' —pu%e®d"\r 20+1)
(F(a+1))? ’

o
c3:é“o“coaer(éo‘o‘xaofu“o“dofy“‘fq“)cz—yaoacod%r(é

(uW%c*p'd' + u*c%*cld"\r2a +1)
(I'(a+1))?

d3 — uacad0b2+“a6adocz+ (“acab0+“a6aco_qa)d2+
In additionally to at n = 3 we obtain the following relations as follows
a4 — _(nacab0+{:a6ac0+qa)a3 o nacaaObB _{:acaaOCB
(nada(a1b2+azb1)Jréaoo‘(alchrazcl))F(SaJr1)
I'la+1)I'2a+1) ’

b4 _ nacab0a3+ (naGaaO—[,LaGadO _qa)b3+yac3 —[,LaGabOd3
(n"‘o“(alszrazbl)fuo‘o"‘(bldanbzdl))F(SaJr1)

* Tlat ) 2atl) !

27)
c4:§“G“c0a3+(:§“G“a0—u“6ado—y“—q“)c3—u"‘c“codz
(é“oa(alchrazc])—yaoa(c]derczd]))F(SaJrl)

* Tlatr)2atl) !

d4 :“acad0b3+ua6adoc3+(uacab0+ua6aco_qa)d3
(u“c“(b'dz—i—bzd')+u“6“(c'd2+c2d'))1"(3a+1)

+ NCESVACES)) !

similarly by using the recurrence relations (24) and substituting the value of n = 4,5,6,7,- - -c we can obtain the another
values of required constants >, b, ¢>,d>,a® b®,c0,d°, - --.

By substituting from equations (25), (26) and (27) in (17) we get the following relations in the infinite series form as
follows:

o 20 3a 4a Sa
A=d’+a' ! +d? ! +a’ ! +a* ! +a ! 4+
I'oe+1) I'Co+1) I'Ga+1) I'do+1) I'So+1) ’

0 . o ) 20 5 3o 4 tho 5 o
B=b"+b b b b b
Tty " Tear) " TGar) P Taarn) U TGarn T

% tZa t3a t4a tSoc
C=c"+c! +c? +c +c* + + -

F(a+1) ~TQRa+1) ~TBa+l)  TMa+l)  TGatl)

o t2a tSa t4oc tSoc

d2 d3 d4 ds
Flat) “Tarl) “TGatrl) “TharD ‘TGarD)

G=d+d'

Predictor-corrector method
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Here, we illustrate our method is called the Predictor-Corrector method (PCM) [48] for solving the fractional-order
rumor model (2) to confirm our theoretical results. We study the approximate solution of FOM by given this algorithm in

the following approach.
The considered differential equation

Dy(t) = f(t,y(t)), 0<t<T,

y(k)(o):yék)7 k:07]727[a]_]7

is equivalent to the Volterra integral equation

Leth= %, tn=nh,andn=0,1,--- ,N € Z". Then (29) transformed to

[(X]*l ()tk 1 hOt p h(x
Yaltns1) = Z Yo r;:r, + = f O (tn1)) + = ZajnJrlf yn(l/))

= I'a+2) I'a+2)
where
nl— (n—a)(n+1)%, ifj=0

Ajni1 = (n=j+2)% 4 (n= ) =2(n—j+ 1)**if0 < j<n,
Also, the predicted value y? (¢, 1) is given by

» [a]—1 ) tk n

Vo (tag1) = Z Yo Z Jn+lf Yn t] ))s

k=0

where
o

it = (= 4 1)~ (= )%

(28)

(29)

(30)

€19

(32)

(33)

This is clear that the Predictor-Corrector method is an approximation for the fractional-order integration. By applying the

above method, system (2) turned into

o

P pP P P
Aup1=Ap+ m [qa —N%0%A, 1By — 5aGaAn+1Cn+1 q"‘AnH}

h* . o oa
- . _ A:B: —EX0%A.C; — OtA}
+1“(oc+2),Zoa”"“[q n%o%A;B; —E%0%A,C; —q%A; |,

o

m[naGaAfﬂBfﬂ +Y°Cy — 0By Gy — aniJrl}

he n
+ m;aﬂrﬁl {naGaAij-i-’)/aCj—uaGaBjGj —anj},

Byy1=Bo+

o

h
Cn+1:Co+m[fa YA Gy — Y Ch — %6 Cy Gy — qaCrfﬁ»l}

hen
T L [E70 G~ 7C w6, g

o

Gut1 :Go—f-m{uagaBnHGnﬂ—}—u o +1Gn+l an5+]:|
h¢ n
FTlat2) & (KG“B,G;+u"6"CiG 4G
Jj=0

(34)
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6 Numerical simulations

In this section, we introduce many numerical simulations to confirm the analysis results. In system (2), we take the
following parameters of all simulations as follows:

qg=0.1,1=0.03, £ =0.001, y=0.8, c = 10, u = 0.001, o = 1, with the initial condition equal to the values
(1,0.000001,0,0) and t = 15weeks, where ¢ is denote the time of rumor spreading.

Fig. 1 illustrate the density of ignorant A start the peak and descends until reaches to the balance, B start the origin point
and increase even reaches to the balance but both C and G are stable.

Figs. 2 and 3 describes the changing effect in the value of & about the four densities. Figs. 4 and 5 depicts the influence
of the probability of the ignorants who become the low rate of active spreader 1 on the individuals who never heard the
rumors A and the individuals who spread rumors with low probability B.
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Time Time

Fig. 1: The density of four groups over time at @ = 1 by using 1(a) GMLFM and 2(a) PCM.
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Fig. 2: Simulation result of model (2) using previous parameter values at different densities A,B,C,G for different values of a =
1,0.98,0.88 and ¢ by using GMLFM.
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Fig. 3: Simulation result of model (2) using previous parameter values at different densities A,B,C,G for different values of o =
1,0.98,0.88 and ¢ by using PCM.
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Fig. 4: Simulation result of model (2) using previous parameter values at the ignorant individuals A for different values of n =
0.1,0.4,0.9 and t = Sweeks by using GMLFM and PCM.
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Fig. 5: Simulation result of model (2) using previous parameter values at the density B for different values of 1 =0.1,0.4,0.9 and ¢ by
using GMLFM and PCM.

7 Conclusion

In this paper, we investigate the dynamics of the rumor spreading model (2). Also, we have analyzed all equilibrium
points of the system in details. Furthermore, we have concluded that the importance of the basic reproduction number
and its impact on the stability. In addition to, we have explained the fractional-order rumor spreading model by using an
approximate method (Generalized Mittag-Leffler Function) and the numerical method (Predictor-Corrector Method). In
addition to, we have deduced that the effect some parameters on the density of four groups such that the different values
of a, the transmission probability 17 from ignorants to the low rate of active spreaders. Finally, The various numerical
simulations support our obtained theoretical results. These results show that the fractional-order rumor spreading model
(2) have rich dynamics.
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