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Abstract: In this paper, is discuted about the formal local homologylute and the formal local cohomology module, this last which
is the dual of the formal local homology module. For the dé&bniof this two modules are used the definitions of the lochlamology
module with respect to an ideal and of the local homology nedkith respect to an ideal, where this modules are menciagmed
the text. Also are put some connection between the formal loshomology module and the formal local homology modugng
some results of the theory of commutative algebra. Moreaveiinvolve the theory of graphs within of such modules adghig some
applications for the edge ideal of a graph.
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1 Introduction P. Schenzel's concept of formal local cohomology. The
. . ) , . notion of the formal local homology module brings the

Throughout this paperR is a commutative ring with he nossibility of solving problems about the structure of
non-zero identity. The local cohomology theory of {his module, such as the module to be Noetherian,
Grothendieck has proved to be an important tool in artinjan, finitely generated, between others; moreover, as
commutative algebra. The theory of local cohomology if is the dual of the formal local cohomology provides
has developed so much six decades after its introductiok,itions of duality of this last module. THeth I-formal
by Grothendieck. Its theory dual of local homology is |ocal homology modulg! ; (M) of an R-moduleM with
also studied by many mathematicians. The theory of Ioca}espect tal is defined by b
homology was initiated by Matlis1f2, in 1974. The
study of this theory was continued in Simof1] and | ol Lot
[22]. More after, Greenlees9] and Alonso Tarrio, s‘»J(M)_l'—mI:IH‘ (O 1))
Jeremias Lopez and Lipma?g] [has initiated a new era in c
the study of local homology. Moreover, it is worth noting
at this moment that there are already articles with relationlr.‘ the case of =m, We set{?{‘m (M) =} (M) and speak
to generalized local homology and generalized IocalSlmply about the-th | -formal local homology module.
cohomology modules, according tog and [13]. In [24] we have some results about' tmnodule of

In [18], P. Schenzel has introduced the concept offormal Igcal_ cohomology, s_uch_ as vanishing results and
formal local cohomology module and theh I-formal ~ @n application which consist in to prove that théh
local cohomology module of aR-moduleM with respect I-formal local cohomology module belongs to a Serre

tom can be defined by subcategory& of the category ofR-modules. The
: o . importance of the results ir2f] consists in the fact that
81 (M) = lmH;, (M/I'M), they provide relationships betweeg{ (M) and others
teN algebraic structures.
wherel is an ideal of the local ringR, m) and the module In the Section 2, we put some definitions and
M is arbitrary. prerequisites for a better understanding of the theory and

Tran Tuan Nam in14], has introduced the concept of results. We introduce preliminaries of the theory of
formal local homology with the objective to do the dual to graphs which involving the edge ideal of a gragh
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associated to the graghis a monomial ideal Suppose thatR,m) is a Noetherian local ring. Far
other ideal of R, we consider the family of local

I(G) = (vivj | vivj is an edge 06G), with i # |, cohomology modules given as it follows by

. o _ {Hi (M) bpee fOr all i > 0, with M an arbitrary
in the polynomial ringR = K [v1, v, ..., vs| over afieldK,  R.module. According to18], for everyn € N, there exists
called theedge idealof G. The preliminaries of the theory 3 natural homomorphism
of graphs were introduced in this Section 2 together with
the concepts suitable for the work. i M i M
In the Section 3, we presented some results for the hitn: Hi (an+—1|\/|> — Hin <an—|\/|> '
formal local cohomology module, and for this we had to
do some results about the formal local homology module.  These families form an inverse system. Their inverse
In the Section 4, we put some results involving the limit that is given of the following manner by
Noetherian dimension of aR-module. The Noetherian
dimension can be understood as the dual of the Krull
dimension.
Throughout of the paper, we mean by a grdpha
finite simple graph with the vertex s&t(G) and with no

is called, according to 18], the i-th formal local

isolated vertices. Here we use properties of commutativeohomology module oM with respect ton, and will be
algebra and homological algebra for the development ofdenoted byg!, (M).

the results (seed] and [17)]).

2 Some prerequisites and preliminaries of the
graphs theory

Letl be anideal oR, and letM be anR-module. In #], the
i-th local cohomology moduleHM) of M with respect to
| is defined by

H} (M) = lim Exti (R/1, M),
teN

for all 0 <i € Z. By [5 Remark 35.3(a)], we have
HO (M) = 7 (M), where we have that

N (M) :={meM |I'm=0 for somet € N},

is anR-submodule of th&-moduleM. Moreover, also we
have that

(0w 1Y) ={meM|I'm=0, for somet € N},

is anR-submodule of th&k-moduleM. It is clear that also
we have the definition

Oml)y={meM|Im=0}.

We can also see the definition of local cohomology

module of the following form.

Definition 1.([5, Definition 35.2]) The local cohomology
functors, denoted by He), are the right derived functors
of I7 (e). In other words, ifl* is an injective resolution of

the R-moduleM, then H (M) = H' (I (I,)) for all i > 0,
wherel}, denotes the deleted injective resolutiorivbf

We present now the definition of the formal local

Now, the definition of local cohomology module
suggests the following definition.

Definition 2.([7, Definition 31]) Let| be an ideal oRand
let M be anR-module. Thei-th local homology module
H! (M) of M with respect td is defined by

HL (M) = m Torf (R, M),

teN
foralli > 0.

Wheni = 0, we have that

M
Ho (W) = m (7 = (M),

is thel-adic completion oM. This suggests the following
definition, according tol4].

Let I, J be two ideals ofR. Thei-th I-formal local
homology moduleg!;(M) of an R-module M with
respect tdl is defined by

Sla(M) :=limH ((0:m1Y).

—
teN

In the case of) = m we setg|,, (M) = §! (M) and
speak simply about théth I-formal local homology
module.

We recall also the concept of Matlis dual, which can
be found in f]. Let M be anR-module and ER/m) the
injective  envelope of R/m. The module
D (M) = Homg (M,E(R/m)) is called the Matlis dual of
M. We observe that we have

D (3 (M)) =5} (M) and D(5| (M)) = §! (M), for alli > 0.

The concept of Hausdorff linearly topologized,

cohomology module, the object principal of the study of semi-discrete and linearly compact module, according to

the paper.

[11, 3.1], which will be used in the next sections, is the
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following: a Hausdorff linearly topologizeB-moduleM Thecomplementof a graphG, for which we writeG€,

is said to beinearly compactf 2 is a family of closed is the graph on the same vertex set in whiphy = vjyv;,
cosets, i.e., cosets of closed submoduled/iwhich has  with j #1, is an edge o€ if and only if it is not an edge
the finite intersection property, then the cosetglihave a  of G. Finally, letC, denote the cycle okvertices; achord
non-empty intersection. A Hausdorff linearly topologized is an edge which is not in the edge setGaf A cycle is
R-moduleM is calledsemi-discretéf every submodule of  calledminimal if it has no a chord.

M is closed. Moreover, we have that ArtiniBamodules If G is a graph without isolated vertices, simple and
are linearly compact with the discrete topolog®, [ finite, then lefR denote the polynomial ring on the vertices
Theorem 21]. So the class of semi-discrete linearly of G over some fixed fieldK.

compact modules contains all the Artinian modules. ) )

Moreover, if (R;m) is a complete ring, then the finitely Definition 6.([1]) According to the previous context, the

generatedR-modules are also linearly compact and €dge idealof a finite simple graptG, with no isolated
semi-discrete. vertices, is defined by

[ (G) = (vivj | vivj is an edge 06).

2.1 Edge ideal of a graph The figure 1 illustrates a connected graph with six
vertices and nine edges. Some edge ideals of this graph
This subsection is in accordance with) &nd [20]. are  given by 1(G) = (VaV2,VaV3,VaVa),

LetR=Kvy,...,Vvs] be a polynomial ring over a field 1(G) = (V5Va, VaVe, VeV2), | (G) = (V1vs, VsVe)-
K, and letZ = {zl, ... ,zq} be a finite set of monomials in
R. The monomial subring spanned by Z is the
K-subalgebra, 3 Results for the formal local homology and
formal local cohomology modules
KZ]=Klz,...,zg] CR
We consider agairfR,m) a local Noetherian ring. We
In general, it is very difficult to certify whethe¢[Z]  recall the concept of Macdonald dual. As before Mebe
has a given algebraic property - e.g., Cohen-MacaulayanR-module and consider (R/m) the injective envelope
normal - or to obtain a measure of its numerical invariantsof R/m. According to [L1], if M is a Hausdorff linearly
- e.g., Hilbert function. This arises because the nungper topologizedR-module, then the Macdonald dual bf is

of monomials is usually large. defined by
Thus, consider any graph, simple and finite without .
isolated vertices, with vertex Set(G) = {v1,...,Vs}. Let M* = Homg (M, E(R/m)),

Z be the set of all monomialgvj = vjvi, with j #1i, in
R=K|[vi,...,vs], such that{vivj} is an edge of5, i.e.,
the graph finite and simpl&, with no isolated vertices,
is such that the squarefree monomials of degree two arg,
defining the edges of the gragh

i.e.,, is the set of continuous homomorphisms of
R-modules.

The topology onM* is defined as in 1, 8.1].
reover, if M is a semi-discretdR-module, then the
topology of M* coincides with that induced on it as a

M
Definition 3.A walk of length s in G is an alternating submodule of ER/m)™, where

sequence of vertices and edges
w={Vv1,21,V1,...,Vs_1,Zn,Vs}, Wherez, = {vi_1vi} is the
edge joiningv;_1 andy;.

ER/mM = [ (ER/m)*,

XeM

with (E(R/m))* = E(R/m) for all x € M (see [L1, 8.6]).
Definition 4.A walk is closed ifv; = vs. A walk may also Also, note thatM* C D(M) and the equality holds if
be denoted by{vi,...,Vs}, the edges being evident by and only ifM is semi-discrete in the following lemma.
context. Acycleof lengthsis a closed walk, in which the
pointsvy, ..., Vs are distinct. Lemma 1([11, 58]) Let M be a Hausdorff linearly
topologized R-module. Then M is semi-discrete if and
A pathis a walk with all the points distinct. Areeis ~ only if M* = D(M).
a connected graph without cycles and a graphipartite
if all its cycles are even. A vertex of degree one will be Lémma 2([11, 9.3, 9.12, 913]) Let (R m) be a complete
called arend point local Noetherian ring.

LIf M is linearly compact, then Mis semi-discrete. If

Definition 5.A subgraphG C G is called induced if M is semi-discrete, then Ms linearly compact. _
Vivj = Vjvi, with j # i, is an edge ofs’ wheneven; and 2.If M is linearly compact, then we have a topological
vj are vertices o5’ andv;v; is an edge 0. isomorphism £ M — M**.
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Fig. 1: A graph simple and finite

We have the following dual theorem, as it follows
below.

Theorem 1Let (R,m) be a local Noetherian ring, where
we have that the ring R K|[vy,Vz,...,Vs], and suppose
that R is a complete ring. LetG) be the edge ideal, of a
graph G, in the polynomial ring R. Suppose thé&B)) is a
linearly compact R-module. Let J be an ideal of R. Then,
we have that:

L3 (1(6)) = (85((3) ",
23501(6)) = (F(1(6))",
foralli > 0.

Prooflt should be noted byg, 6.7] that:
@iy = (043", and
1(G) \* ~ .
®)(#1) = (030 9),
for allt > 0 in Z. Then, we have that:

>* (cf. [6, 6.4(ii)])

) =35(1(G))" (cf. [11,9.14)

" (cf. [6, 6.4(i)])

(IS JU)) =5(1(G)" (cf. [11,26)).

Thus, the proof is complete.

In this section, we presented some results about the
formal local cohomology and formal local homology
modules which involve the theory of graphs together with
the edge ideal of a grapB. For the concept of linearly
compact modules, which are we going to use, skk [
Definition 31], according to the which was placed in the
Section 2.

Here, we takeK a fixed field and we consider
K [vi,...,Vs] the polynomial ring over the field. SinceK
is a field, we have thaK is a Noetherian ring and then
K[vi,...,Vs) is also a Noetherian ring (Theorem of the
Hilbert Basis). MoreoverK [vi,...,Vs is a local ring
becausK is a field.

Corollary Let(R m) be a local Noetherian ring, where
we have that the rindqR = K [v,Vvs,...,Vvs], and suppose
thatR is a complete ring. Lelt(G) be the edge ideal, of a
graphG, in the polynomial ringR. Suppose thdt(G) is a
linearly compacR-module. Let] be an ideal oR. Then:

155(1(G)")* = §(1(G)), and
2301(6)) =840 (6)),
foralli > 0.

ProofCombining the Lemma (2) with the Theoreni we
have that:

1.&f(| (G)) = gf(l (G)™) 2§51 (G)")*, and
235(1(6) = F(1(G)™) =F(1(G)")",
as required.

In order to state the next theorem about the long exact
sequence of formal local cohomology modules we need of
the following lemmas.

Lemma 3Let (R,m) be a local Noetherian ring, where
we have that the ring R K[vy,V,...,Vs], and suppose
that R is a complete ring. Let{G) be the edge ideal, of a
graph G, in the polynomial ring R. Note that®) is an
R-module.
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111 (G) is a finitely generated R-module, thef@)* is  an R-submodule. Thus, we now consider the short exact

Artinian; sequence of ArtiniaR-modules
21f 1 (G) is an Artinian R-module, then(G)" is finitely
generated. 0—=1(G) ANy (G) =y (G) —o0.

Proof According to the hypothesis, we have tliRtm) is

Lt Note that the ArtinianR-modules are linearly compact
a complete local Noetherian ring.

and semi-discrete, then the homomorphisisg are
1.As | (G) is a finitely generatedR-module over the continuous. Combining 6.5] with the Lemma3 we
complete local Noetherian ringR, m), it follows from  have the following short exact sequence of finitely
[11, 7.3] that I(G) is linearly compact and generate@R-modules
semi-discrete. Then, by Lemmad, we have that i X
I (G)" = D(I(G)). Now, the conclusion it follows 0 (1(G)")* AN 6% (1(G)) =0,
from [23, 3.4.11], as required.
2.It should be noted that an ArtiniaR-module is a  where the induced homomorphisifis g* are continuous.
linearly compacR-module with the discrete topology It givesrise by 18 3.11] along exact sequenceleformal
(see B, 2.1]). Then, by Lemmal, it follows that local cohomology modules

I (G)" = D(I(G)). Finally, the conclusion it follows _ , _ v e . ,

Lemma 4Let(Rm) be a local Noetherian ring, where we It should be mentioned from Ii_emmtgthat ithel-fo[rr*lal
have that the ring R= K [v3,Vs,...,Vg|. Let I(G) be the local cohomology moduless;(1 (G)°), §5((1(G))"),
edgeideal, of agraph G, in the polynomial ring R. Supposeg'((I (G) )*) are linearly compact and the
that I(G) is a semi-discrete linearly compact R-module. homomorphisms of the long exact sequence are inverse
Let J be an ideal of R. Then the formal local cohomologylimits of the homomorphisms of Artinian modules. Note

modules,(I (G)) are linearly compact R-modules, for all ~ that the homomorphisms of Artinian modules are
i>0. continuous, because the topologies on the Artinian

modules are semi-discrete. Moreover, the inverse limits of

the continuous homomorphisms are also continuous.
Proof.E?g) [6, 7.9], the local cohomology modules Then the homomorphisms of the long exact sequence are

HL (Jq'm) are ArtinianR-modules, for ali > 0 and for  continuous. Therefore the long exact sequence induces an
allt € N. Note that, by definition, we have exact sequence b¥[6.5], of the following form

1 (G) o (300)) = (331©)) = (350©))) =
HG) )’

§5(01(G)) =ljmHi,
teN Now, it follows from Corollary 3 (1) that we have

i A\ F AU ] .
for alli > 0. Therefore, the conclusion it follows frorh], (SIJ(! (G))) = 3§ (1(Q)), for all i > 0. Therefore, we
3.7,3.10], as required. obtain the long exact sequence for formal local homology

modules. The conclusion now it follows applying the
Theorem 2Let (R,m) be a local Noetherian ring, where Matlis dual module to long exact sequence of formal local
we have that the ring R= K[vq,Vy,...,Vs]. Moreover, homology modules. .
suppose that R is a complete ring. Lé@), 1 (G) and o E)ént?g al_rgrglrlnl?r?éa\\lrle Qg‘r‘r’f gf‘;c}gﬁlgc’dmes of this
I(G)” be edge ideals, of a graph G, in the polynomial g y P '
ring R, and suppose that they are Artinian R-modules. Let Remark In the Theorem2 we can consider, for

J be an ideal of R. Also, suppose that example, thaR = K [v1,V2,V3], and in this case the edge
, Y ideal I(G) can be of the form, for example,
0—=1(G) =1(G)—=1(G) —0 I (G) = (Vavo,Vav3), | (G) = (v1v2), etc. The grapl, in

. . this case, or is a cycle of lenggh= 3, or is a graph of the
is a short exact sequence. Then there exists a long exaq§,pe tree.

sequence of I-formal local cohomology modules
B 1(6) = F5(1(6)) = H1(6)) = §H1(6) »

Moreover, the modules of this sequence are all linearly
compact R-modules. We now recall the concept dfoetherian dimensioaf an

. R-moduleM denoted by NdiniM). Note that the notion
Prooflt should be noted byl[9, 1.11] that an Artinian  of Noetherian dimension was introduced first by R.N.
R-module, over a local Noetherian rinR m), has a  Roperts in L6 by the name Krull dimension. Later, D.
natural structure of Artinian module over= MIEN gfv Kirby in [10] changed this terminology of Roberts and
and a subset df(G) is anR-submodule if and only ifitis  refereed tdNoetherian dimensiofor to avoid confusion

4 Results involving Noetherian dimension
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with well-know Krull-dimension of finitely generated
modules. LetM be anR-module. WhenM = 0 we put
Ndim(M) = —1. Then by induction, for any ordinal, we
put Ndim(M) = a when

1.Ndim(M) < a is false, and

2.for every ascending chaifMyg C M; C of
submodules oM, there exists a positive integem
such that NdifMp1/Mm) < a for all m > my.

Thus,M is non-zero and finitely generated if and only

if Ndim(M) =0.1f0 - M" — M — M — 0 is a short
exact sequence of  R-modules, then

Ndim(M) = max{Ndim(M”), Ndim(M/)}.

Proposition Let (R m) be a local Noetherian ring,
where we have that the rinB = K|[vy,vo,...,vq]. Let
I (G) be the edge ideal, of a gragh in the polynomial
ring R. Suppose thdt(G) is an ArtinianR-module. LetJ

be an ideal oR. If Ndim ((0 ) J)) =0, then
135(1(G)) =0, if i #£0;
235(1(G)) =D(1(G)),if i=0

ProofSince Ndim((0: J)) = 0, we have that
(0:()J) has finite length (cf. 16, p. 269]) and then
(0:(g) J) is m-separated. It follows fromg] 3.8] that

a.H" ((05(g JY)) =0,if i £0;
b.H™ ((0 (g J")) = (0 o) JY,if i=0
forall 0 < t € N. By passing to direct limits we have
13 (1(G) =0,if i #0;
257(1(G) = (1(G)), if i =0.

Now, it follows from [19, 1.4], that asl (G) is an
Artinian R-module over the local rindR,m), we have
[3(1(G)) =1(G). By passing to Matlis dual module, we
have that

1.35(1(G)) = D(0) =0, if i #0;
235(1(G))=D(1(G)),if i=0
as required.

Remember that the (Krull) dimension difM) of a
non-zeroR-module M is the supremum of lengths of
chains of primes ideals in the support df if this
supremum there exists, ando otherwise. For
convenience, we set digtM) = —1, if M = 0. Note that
if M is non-zero and Artinian, then digiM) = 0. If M is
a finitely generate®-module, then we have that

dimg(M) = max{dimR <§) |pe AssR(M)} .

In [6, 4.10], if M is a non-zero semi-discrete linearly

2.Ndim(M) = max{i | H™ (M) # 0}, if Ndim(M) # 1.

We have the non-vanishing theorem of formal local
homology modules.

Theorem 3Let (R m) be a local Noetherian ring, where
we have that the ring R K[vi,V2,...,Vg. Let 1(G) be
the edge ideal, of a graph G, in the polynomial ring R.
Suppose that(IG) is a semi-discrete linearly compact R-
module. Let J be an ideal of R. Then,

1.Ndim((03(g) J)) = max{i|F(1(G)) #0}, if we
have that0 < Ndim ((0 (g J)) # 1,
2.Ndim((0:r,, (1(a)) J)) = max{i |SJ (G)) #0}, ifwe

have the followingNdim ((0 :r,, ((a)) J)) #O.
Proof,(1). We begin by proving that
Ndim ((0 56y 3)) = Ndim ((0 g J)) ,

forall 0 <t e Z. As | (G) is a semi-discrete linearly
compactR-module, it should be noted bg,[7.1,7.2] that

I (G) has a natural structure of semi-discrete linearly
compact module over the ring R and
Ndimg(l (G)) = Ndimg(l (G)). Thus, we may assume
that (R,m) is a complete ring. At first, we prove in the
special case whelnG) is an ArtinianR-module. Then, in
this case, DI (G)) is a finitely generatedR-module, by
Matlis dual. We have then that

. D((G)) \ . D(1 (G))
am( 54 &57) =™ (3001 (@)
Combining Lemmad. with [6, 7.4] yields

Ndim ((o 16) Jt)> = dim (D ((0 1) Jt)))

%)

- dim( ((o Q) J))) - Ndim((o 16 J)).

We now assume thdt(G) is a semi-discrete linearly
compactR-module. By P5 there exists a short exact
sequence

0—-N—=I1(G)—-A—=0,

where N is a finitely generated?-module andA is an
Artinian R-module. It induces an exact sequence

(0116 ) 2 (0:43Y) S Extk (R/ILN).

Then we have two short exact sequences

0— (0 3) 5

compactiR-module, then 0—s (0 N Jt) _f> (O Q) Jt) ~Im(g) — 0,
1.Ndim(Fm (M) = max{i | H™(M) # 0}, if (M) #
0; 0—Im(g) — (0:aJ") — Im(8) — 0.
(@© 2018 NSP
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Since (0:nJ') and Imd) are finitely generated
R-modules, we get Ndirf0 :y J') = Ndim(Im(d)) = 0. It
follows that

Ndim ((0 ;) J')) = Ndim(Im(g))
= Ndim((0:4J")
= Ndim((0:4J))
= Ndim((0 g J)).

Now, it follows from [6, 4.10(ii )] that
d = Ndim (036 J)) = Ndim ((0 36 3V)) = max{i | H™ ((0:g) 3")) # 0}

forallt>0. Then H* ((03g) J')) #0and H* (0 3)) =0, foralli >d
andt > 0. The short exact sequences fortall 0

0 (0356 3') = (046 ") = (056 3™/ (04 I')) =0
induces exact sequences
o L (056) 3076y ) 2 HE (036) ) = HE (03563 H) =

for all t > 0, by 6, 3.7]. As
Ndim ((0 5y " /(0 56y 3'))) < d, [6, 4.8] shows that

HE 1 (096 3 /(05dY) = 0. Then the
homomorphisms
HE ((05(6)3") — HF ((056) 3h)

are injective for alt > 0. Therefore, it follows that
@lin, . Hg' ((0:4g) ) #0,

(b)MtEN H™ ((0 1(G) Jt)) =0,
foralli > d. Hence,(1) is proved.

(2). It should be noted that

(0:r0(6)J) =Mm ((0:) J)). Set
d = Ndim((0 1, 1)) J)) = Ndim (0, 1(a) I)) -
From [6, 4.10(i)] we have that
d = Ndim((0 . 1(e) J))
= Ndim (I ((056) "))
=max{i |H ((07g) J')) #0}.
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The rest of the proof is analogous to that was made ir{15] T.T. Nam, Left-derived functors of the generalized

the proof of(1).

We have the following corollary.

Corollary In the same previous context, I€iG) be an
Artinian R-module, with(R,m) a local Noetherian ring,
such that{0 ;g J) # 0. Then

Ndim (0 3g) J)) = max{i | §(1 (G)) #0}.

Prooflt should be noted that an ArtiniaR-module is
semi-discrete and linearly compact (sé&).[ Moreover,

(1 (G)) = I (G). Therefore, the conclusion it follows

from TheorenB (2), as required.
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