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Abstract: Modern Nuclear Magnetic Resonance NMR research is highly interested in Bloch equation solutions and their dynamical
evolution using pulse sequences under static or variable radio-frequency “RF” fields. Sophisticated combinations of these pulses enable
the manipulation and extraction of information about the behavior of spin systems. Nonetheless, few analytical exact solutions to Bloch
equations exist to the best of our knowledge. In this context, our research investigates exact analytical solutions of Bloch equations
governing nuclear magnetic resonance NMR signals in response to an external magnetic field. We address the case where external
radio-frequency magnetic field strength is time-dependent, the magnetization of the medium ( which is experimentally equivalent to a
spectrometer magnetic field) is also a time-variable, and, the frequency shift caused by spatial variations in the magnetic field is chirped.
Hence, the temporal dynamics of spin magnetization components are fully determined. These solutions are in terms of the RF magnetic
field, the relaxation times 77 and 7, (representing the rates at which the longitudinal and transverse magnetization recover or decay,
respectively), and the frequency shift. Finally, we numerically derive these signals for two RF excitations: Eburp and Sine, which we
compare to our exact solutions (denoted by the EX pulse). Interestingly, we observe that the magnetization signal is almost identical
for Eburp and EX pulses while the absorption and dispersion are similar for a short excitation time.
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1 Introduction the magnetization components of a spin ensemble, was
proposed by Torrey in the late 1949[27]. The spin-spin
In the physics of nuclear magnetic resonance NMR, Felix ~ time constant 7 (the time needed for a nuclear spin to

Bloch, in 1946 [3] derived a set of equations to describe in‘FeraCt. with neighboring nu.clei or ions, to lose its
the time dependence of the net magnetization in terms of orientation ) was calculated using the Laplace .transform.
the magnetic field and the relaxation time. This relaxation Even though many researchers have 1pvest1gated the
time refers to the energy released to the environment by problem of solving the NMR Bloch equations[17,18,19],

the spin. Bloch introduced two relaxation time constants, ~ deriving a general solution in terms of the relaxation time
denoted by T; and T representing the rates at which the ~ constants, is still a work in progress. For instance,
longitudinal and transverse magnetization recover or analytical solutions were obtained for the square RF pulse

decay, respectively. Besides, these relaxation time and  the  hyperbolic-secant ~ (HS)  pulse ) With
constants are critical in understanding various NMR  frequency-swept[25]. The use of the HS pulse was limited
processes of biological cells and tissues. Indeed, by at the beginning of its application to the NMR for spin
extracting the information from the Bloch equations inversion only, however years later it was found out that it
describing the NMR signal under a weak radio frequency ~ Nas a large utility on the Il-refocusing, as well as other
magnetic field "RF”, we can understand the relative flip angles (I1/2) for excitation. This is attributed to the
clinical state of the biological cells[2]. two-dimensional  (2D) spin—echg imaging wprk .Of

The first solution to the Bloch equations describing ~ Conolly et al[7]. It was also used in echo-planar imaging
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(EPI), in which the HS pulse successfully recovers signal
dropout caused by through-plane dephasing in the
brain[28]. Another practical use of the HS pulse for spin
excitation was proposed in the ultrashort echo-time MRI
technique called SWIFT (Sweep Imaging with Fourier
Transform) [15]. Later on, Zhang et al[29] derived full
magnetizations "My, My, M;” under HS pulse for spin
resonance with an arbitrary initial condition.

Recently, Davydov et al [8] highlighted the necessity
of deriving exact analytical solutions of the Bloch
equations for nuclear magnetic resonance signals, for the
case of liquids. Indeed, it was demonstrated [20,21, 10,9,
12,11] that, the relaxation times 77 and 7> in the recorded
NMR signals offer a limited knowledge about the liquid
medium as it shows only the presence of deviations from
the standard state in it. Any other information is lost due
to the lack of an appropriate model that provides a
complete description of the recorded NMR signal. These
drawbacks can only be overcome if an accurate analytical
solution to the Bloch equations is available.

In addition to the Bloch equations[13, 14,6], there is
considerable interest in quantum computing based on the
NMR. Early attempts to implement quantum computation
with liquid crystals using weak and strong spin couplings
were proposed[16]. Nuclear spins are used as qubits
where, we can manipulate their quantum states to perform
quantum operations such as single- and two-qubit gates
with radio-frequency pulses and magnetic field gradients,
respectively. Recently, other quantum computing
possibilities have outperformed NMR-based approaches
in terms of scalability and coherence times. Nevertheless,
work on NMR-based quantum computing is still ongoing.
It remains a valuable tool for exploring fundamental
quantum phenomena, testing new quantum algorithms,
and expanding our knowledge of quantum information
processing. For instance, J. Reiner et al [23] successfully
controlled electron and nuclear spins in a four-qubit
register with phosphorus donors in silicon, demonstrating
high fidelity. They achieved coherent control of electron
spin qubits with 7, = 12 s and gate fidelities FG around
99.8% through optimized benchmarking. The control of
both electron and nuclear spins in a multi-qubit register
might enable the future development of small-scale
algorithms. In another pertinent work based on solid-state
NMR, C. E. Bradley et al [4] presented a new method for
decoherence-protected gates that dynamically decouple
electron spins and selectively drive nuclear spins. They
created a ten-qubit quantum register with the electron
spin of a nitrogen-vacancy center and nine nuclear spins
in a diamond. Hence, they generated entanglement for up
to seven qubits. In this context, exact solutions to the
Bloch equations are critical for optimizing quantum
computing. Indeed, by enabling precise simulation and
modeling of complex quantum systems, these solutions
provide an understanding of the system dynamics, and the
noise effect, along with information loss and error
generation. Nonetheless, pertinent analytical solutions for
spectral line shapes involving multiple processes between

two states and for steady-state behavior in certain systems
were derived in [5]. These solutions have diverse
applications, such as fitting line shapes, determining
coalescence  points, and developing simplified
representations in scenarios of rapid exchange. Besides
the limitation of the available methods capable of
deriving exact solutions to the Bloch equations, our
technique enables us to establish analytical solutions for
the NMR signals for a variable RF magnetic field and a
variable frequency. We believe that the strength and
frequency of the RF field are important factors in
controlling the behavior of nuclear spins in NMR signals.
Indeed, the RF field is used to control the nuclear spin
orientation. By applying specific RF pulses at precise
frequencies, we can selectively excite the nuclear spin
states to obtain desirable NMR signals. This might allow
for precise control of the nuclear spin dynamics,
resonance conditions, and pulse sequence design, and
thereby achieve accurate NMR signals.

In this work, we derive the exact analytical solutions
for the Bloch equations describing the configuration of
the NMR signal line recorded in a weak (magnetic) field.
Our study provides exact analytical solutions that
consider  variable ”  time-dependent”  external
radio-frequency magnetic field strength. Variable
magnetization of the medium ( experimentally it is the
magnetic field of a spectrometer) and variable frequency
shift caused by spatial variations in the magnetic field.
Finally, we provided the numerical analysis of the NMR
equations by taking various shaped magnetic fields in
addition to the exact case derived by our method. For
instance, we report the absorption dispersion signals for
Sinusoidale and Eburp for a variable frequency shift.

The paper is structured as follows: in Section 2 we
describe the Bloch equations of a recorded NMR signal in
a weak magnetic field. In Section 3 we derive the
solutions and analyze the results. Finally, concluding
remarks are given in Section 4.

2 The Bloch equations of a recorded NMR
signal in a weak magnetic field

The dynamics of the components of nuclear
magnetizations in the presence of a spectrometer coil for
NMR registration is given by [8,22,24,1]:

d;([t) + %) —u(t)Ao(t) = —|y|H (t)M, )
dM,(t) = M(t) - M(t)
a T [YIv(t)H) = T 3)

where 77 is the spin-lattice relaxation time, and 75 is the
spin-spin relaxation time. H; is the detection field (
radio-frequency field RF), and Aw is the detuning
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frequency of the NMR signal from the magnetization
precession frequency. Y is the gyromagnetic ratio of the
nucleus.

Here u, v are the absorption and dispersion signals (
see Table 1). M is the magnetization of the medium under
study in the presence of the magnetic field (
experimentally, it is the magnetic field of a spectrometer).
Aw represents the frequency shift caused by spatial
variations in the magnetic field.

Realistic dynamical NMR variables and their physical
relevance are summarized in Table 1. It is worth noting
that our paper investigates the exact analytical solutions
for all cases where T} # T» and out of the resonance.
Nonetheless, the resonance case for 7 = 1> is solvable
with our method. Besides, to get deeper insights on the
scale, typical realistic values for the case of protons in
water are: Y = 2.675 x 10%rads™!'T~! for the
gyromagnetic ratio for protons, where T is the tesla unit.
Furthermore, the typical magnetic field strength of 3 Tesla
gives a Larmor frequency for protons in water as:

oy = 8.025 x 108 rads™!

The strength of the magnetic field (B) in the Larmor
frequency formula (@y = yB) refers to the intensity of the
main static magnetic field used in NMR (Nuclear
Magnetic Resonance) experiments, and similarly in MRI
(Magnetic Resonance Imaging) procedures. This
magnetic field is typically established by the magnet
within the imaging system. We will consider the values of
our simulations at 3 Tesla.

3 Solutions and Analysis

Table 1: NMR dynamical variables

H, % RF external magnetic field of detection
M Mie™™ Magnetic field (spectrometer)
Aw(r) B x Chirped frequency phase shift
u(t) uje ™ Absorption signal
V(1) vie ™ Dispersion signal
M.(t) | M,(t)e ™ Longitudinal magnetization

Our analysis is directed to the Bloch equations under
a variable magnetic excitation and a chirped frequency
shift ( Aw is time-dependent), u, v, and M, are real. Then,
we let @ = %2,[3 =Aw,I =|y|H| and A = Ti] A, and y
are constants. 3,I" and M) are function of . To solve the
system of differential equations describing the Bloch
equations, we introduce three new variables: v, u; and
M related to the previous u(z), v(¢) and M,(¢) as:

vi(t) = v(t)e™ 4)
ur(t) = u(t)e™ 5)
M, (t) = M,(t)e™ (6)
M (t) = M(t)e™ (7

By considering the new change of variable x = [ (z)dt
and defining g(x) = L& Eq. (1), (2) and (3) become:

d

=l (8)
d

T =)~ (WM () ©)
aM, _

WA = ()i (x) + GAM,, + 5M, (10)

This system of differential equations will serve as a basis
for our future analysis to establish the exact solutions for
the case where:

2c(or — A)eHa—A)r
ﬁ = P
(1 +ceZ(a7L)t)

2(00—A)t

(1)

o ce
T + ce2(a=A)t”
_2y/c(a—A)el >

r= (14 ce(a=2))2 (13)

12)

and
2c3 (a0 —A)e> @A)
1= Al +ce2(a7/l)t)3
with ¢ a positive constant. By repeated differentiation and

substitution of the last three equations (8),(9) and (10) we
get a linear third-order ordinary differential equation

(14)

dPuy 1duy
it 1
dx3  x dx . 5)

Solving the last equation leads to expressions of
ui(1),v1(t) and M, (¢) in terms of Bessel functions (type
1 and 2).

up(x) = %x3 + coxJ2 (2v/%) + c1x¥a (2y/x) —x* 4¢3 (16)
@) = —vx [cm (V) +ey (2v/) 423 —zﬁ} a7

Mz (x) = \/Z [szh(z\/;c) +c1x¥a(2v/x) + %x3

(18)

CQJ()(Z\/;C) +c Yo(z\/);) —x2 +2x—2+ C3:|

where supplementary c1,c; and ¢3 are constants, given in
the annex, derived by considering the following initial
conditions: u;(0) = 0,v(0) = 0 and M;,(0) = 1. In terms
of the constant c, the solutions u(t), v(t) and M.,(¢)
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describing the behavior of nuclear magnetization in the
magnetic field are:

(a—A)t
\/Ee— Y
1+ce2(a*}”)’
; < ﬁe(a—l)r >+ C283(a—l)t
c _
272 1 4 ce2(a=2) (14_062(057&)1)%

ﬁe(a7l>l ]ew
1+cez(ocfl)t

v(t)=—

\/Ee(a—l)t
|+
1+C62(a/l)t>

(19)

v(t) represents the evolution of transverse magnetization
and its interaction with the longitudinal magnetization M,
due to the 75 relaxation and the external magnetic field H;.
This equation includes the effect of the radio frequency
(RF) pulse (yH; M) in flipping the magnetization from
the longitudinal to the transverse plane. v here is related to
the terms A and « that are, in their turns related to 77 and
T>. This full analytical solution allows for obtaining the
dispersion signal while considering various samples under
the RF variable field, the variable frequency shift, and the
variable magnetization.

cez(afl)’.lg( \ﬁe(ﬂf—l)y )

C ¢ 6(o—A)t I +ce2@—Ax
)= :
u(t) 3(1 4 ce2(@—A))3 ta 1 + ce2(a—2)t
(20)
2(a—A) Vee
ce ( ) YZ(W 0264(0171),
‘1 1 1 cela—ay T (14 ce2l@-nry2 +
C3] e ™

We recall that u(z) describes the nuclear magnetization
precession in the presence of the magnetic field with the
transverse relaxation time 75. This decay is primarily due
to the interactions between the spins of adjacent nuclei,
which result in energy exchange and, eventually,
relaxation. Our solution is in terms of A and «. These
terms are the inverse decay rates.

J 2\[806}’ 9 ce(a l)
1(\/1+ce2“ At ) 4

\/
(\[2‘]0(\[)7711 ( 1+ce )+
(M (V2)Jo(V2) =y (\/E)Yo(ﬁ))

3 6(0—A) Ao
+
((1—0—662(0‘*1)’) (1+ce 2(a- )
6662([171)1‘ B 3l e

1 te2lanr g ))¢
Finally, M,(¢) gives the evolution of the longitudinal
magnetization (M;), considering its relaxation toward
equilibrium with a time constant 77.
Besides, we can notice from Eq. (13) that the constant c is

related to the initial magnetic field strength, and depends
on 77 and 7. In fact, at t=0s, we can write:

a—A., 252
A (1+¢)3

In our work, the initial magnetization My value was

Mo = (

) (22)

0.9995

0.9990-
M,

0.9985

0.9980

0.9975

Fig. 1: (a) Exact analytical solutions for the line shapes:
the absorption signal. (b) The dispersion signal. (c)
The transverse magnetization signal with parameters
Ti = 29.4s, T, = 4.2s, Carbon-13 (13C) in liquid-state
quaternary carbons, where weak dipole interactions and
chemical shift anisotropy are the dominant relaxation
mechanism. My =1T.

taken equal to 1. Nevertheless, we can solve the equations
for another initial condition of M|, different from 1. Indeed,
we replace in Eq.(22) by 77 and the T, values, then we
deduce the free mathematical parameter c. After getting c,

1
M o (VD (VE) - 24 (VDN (VD) @b
{ Jeela—y |
V1 +ce2(@2) \/1 e
ce2(@—A)
(s ~ )2 - (V)
2\/cela—A) 1
0 P ) OV )
e2(a=2)t Zﬁe(a—l)t
<1+C€ 1)YO< 1+ce2(°‘_’1)’))_
9 ce"‘ A VaYe(V3 8 V3
ZW( 2Yo( )—ng( 2))
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we write u, v and M. oootaf E
Hence, the solutions can be obtained for various values of o ]
T| and the T5. ool ]

Figure 1 shows the exact analytical solutions of the ® vomst ]
Bloch equations for the NMR signals under the oovo4} ]
time-dependent RF field, chirped frequency shift, and o

variable magnetization. (a) presents the absorption signal s s 5 i %
u(t), which increases from zero, reaches a maximum t
around = 5 s, and then gradually decays. (b) displays the
dispersion signal v(¢), which exhibits a symmetric ‘ @ ‘ ‘
lineshape with respect to the absorption signal. (c) shows o ]
the time evolution of the longitudinal magnetization oo ]
M, (), which starts at its initial value and relaxes toward -oo0s ]
equilibrium while being affected by the RF excitation. g ]
Figure 2 compares the temporal dynamics of the exact —one]. ]
solutions u(t), v(t), and M,(¢) for two different samples ol ]
with My = 1 T. Panels (a)—(c) correspond to the light o s 0 i %

hydrocarbon liquid (e.g., light alkanes or kerosene) case
(Th =3.2s, T, = 0.8 s), while panels (d)—(f) correspond
to partially deoxygenated blood (71 ~ 1.35 s, 7> ~ 0.05

S).

In (a) and (d), the absorption signals u(¢) are shown. 1o} ]
The signal of deoxygenated blood reaches its maximum .
absorption faster than oil due to its shorter 7. Panels (b) =% ]
and (e) display the dispersion signals v(¢), which also osf ]
evolve more rapidly in the blood sample. Finally, panels

(c) and (f) show the longitudinal magnetization M,(z). - - - =
The shorter 77 leads to a faster recovery of M, toward t
equilibrium compared to the oil sample.

B¢

Next, In Fig 3, we consider different RF pulses. The
exact analytical solution in Eq.(13) depends on 77 and T5.

This pulse is the EXpulse ( exact solution pulse) and is ol j
plotted by the blue curve for 71 = 2.05s and 7> = 0.5s wal ]
could represent the case of water in Coarse Sandstone. ! ]

The red plot designates the Eburp pulse commonly used

in NMR systems[26]. The dashed curve is for the Sine !
pulse. In Figs.4 (a), (b), and (c), we report the absorption, 000 00 010 015 020
dispersion, and magnetization signals for different

excitation pulses. We observe that peaks and time differ )

across various scenarios. Interestingly, the magnetization vl
signal is almost identical for Eburp and EX pulses

whereas, the absorption and dispersion are the same for a o5/
short excitation time. Hence, our Exact solution for the o

M.

"EX pulse” can represent the Eburp pulse for short
excitation time. Finally, we expect that our solutions offer
a framework for obtaining NMR signals under variable
frequency, variable excitation, and variable
magnetization.

4 Conclusion

In this paper, we establish exact analytical solutions to the
Bloch equations describing the nuclear magnetic
resonance NMR signal in which the external
radio-frequency magnetic field is time-variable, the
medium’s magnetization is also time-dependent, and the
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0.5

0.0

L L L
.05 0.10 0.15 0.20
t

®

Fig. 2: Temporal dynamics of the exact solutions u,v, M
for My = 1 Tesla. Panels (a)—(c): the light hydrocarbon
liquid (e.g., light alkanes or kerosene) case with 77 ~ 3.2s,
T, ~ 0.8s. Panels (d)—(f): partially deoxygenated blood
case with 71 =~ 1.35s, T» ~ 0.05s.

0.5 —

0.0

-0.5 B

Fig. 3: Shape of NMR pulses with 7,=0.5s, 77=2.05s,
Eburp pulse (Red Curve —), Sin pulse (Green Curve —)
and our exact solution: EXpulse (Blue Curve —).

frequency shift is chirped. Hence, we obtained the
expressions of the absorption and dispersion signals.
Additionally, we obtained the evolution of the
longitudinal magnetization (M) in terms of the relaxation
time 77 and 7>. We derived these signals numerically for
two RF excitations, Eburp and Sine, which we compare to
our exact pulse solution (represented by the EX pulse).
We observe that for a short excitation time, the EX pulse
is almost identical to the Eburp pulse for absorption and
dispersion, while the obtained magnetization is the same
for both of them. Beyond providing exact solutions, the
present work offers a general mathematical framework for
investigating NMR dynamics under simultaneously
varying excitation amplitudes, magnetic field, and
frequency modulation. The explicit dependence of the
solutions on the relaxation parameters also makes them
potentially useful for future analytical and numerical
studies. More broadly, the analytical methodology
introduced here is not restricted to conventional NMR
spectroscopy. It may also find applications in nonlinear
dynamics. Future work will focus on extending the

(a) Absorption signal

0.2
0.1
0.0
-0.1
-0.2
-0.3

0.0

(b) Dispersion signal

(c) Magnetization

Fig. 4: (a) The absorption signal, (b) the dispersion signal
and (c) the magnetization

present approach to more general experimental conditions
and more general classes of shaped radio-frequency
pulses.
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Annex: Supplementary Equations

The following expressions define the integration constants
Ci, G2, and C; derived from the initial conditions u;(0) =
0, v1(0) =0, and M, (0) = 1.

K
=2t 23
C a (23)

where K| and K, are given by
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where K4 and K5 are given by
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