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Abstract: In this paper, we establish some new modular equations uatiggs of Ramanujan functio (—q) of degree 5. Further,

we obtain some explicit evaluations of class invarigintrom them.
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1 Introduction

In Chapter 16 of his second notebodk ], Ramanujan
develops the theory of theta-function and is defined by

f(a,b) := i a7 p"T “z |abl< 1, 1)
= (—a;ab)w(—b; ab)ew(ab; ab)e
where (&9)o = 1 and
(80w = (1—a)(1— ag)(1—acp) -
As special cases, we have
(=9 —9)w
¢(q) = n_z_wq q)w . @
LU (qz:q2>oo
Y(q) == f(a,q°) 2 q T 3)
fca=f-g-F)= Y 10"+ =@a
. (@)
and
X(@) = (—;6)e. (5)

The ordinary hypergeometric seriesi(a,b;c;x) is
defined by

ad (a)n(b)nxn

where(a)o = 1,(a)s = a(a+1)(a+2)---(a+n—1) for
any positive integen, and| x| < 1.
Let 11

z:=2(X) = 2k <2 > 1 x) (6)
and

11.4.
q:= q(x) = exp<_nw>’ (7)

2F1(3,3;1,x)

where 0< x < 1.

Let r denote a fixed natural number and assume that the

following relation holds:

rzFl(%,%:l;l—G) oF1(3.4:1,1-B)
1110
2F1(3,3:10) 2F1(3,3:1:B)

Then a modular equation of degreia the classical theory
is a relation betweew andf induced by 8). We often

Z(a)

say that8 is of degreea overa andm:= m is called

the multiplier. We also use the notatioms:= z(a) and
z = z(f) to indicate thap3 has degree overa.

The function x(q) [1, Entry 12(v),(vi), p.56] is
intimately connected to Ramanujan’s class invaridggs
andg, which are defined by

(8)

Fi(a,b;c;x) := , a4 Y
2l ) nZO (c)nn! Gn=2 g V¥ (a), gn=2""*q "*x(-q) (9)
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whereq = e ™" andnis a positive rational number,

X(@) =28 {a(1—a)q 1} 7, (10)

X(_q) _ 21/6(1_ 0)1/120_1/24(]_1/24. (11)

2 Preliminary results

W(a) W)
ot 2y(a®) qy(qlo)’

P\? /Q)\? , 5
(6) +<B) +4=P —I—E.

Lemma 2.[2, Ch. 25, Entry 66,
PR () __v@)
q'/2y(cP) a*2Y(qt®)’

Q
5  (P\* [Q)\? P Q
o (3 (2)2(39). o0

Lemmal.[5] If P:= then

ndQ:=

(12)

p.233]
then

Y(g*
?Y(g?0)’

Y(q)
at/2g(aP)

Lemma3.[4] If P:= and Q=

then
4 2 2
;+S4+24(Q2 Q )+8(P2Q +P25Q2>
—-20 QZ+i +120+3(P*+ 5 _ao(ph 2
Q2 pA P4

2
elod) o 3)

(14)
Lemma4[4] If P = %and Q= 7(15/"2’54(225)
then
S—§—5P—QZZ—%Q+5<PQ+%>+5(Q2 5)
= PPQ*+ ngz +15,
(15)
Lemma5[4] If P = w“gé‘g%zggg) and
-3
14{( @) (@) olerg)]
7{( =) (2+g)-(+3)

(16)

Y(a)@ (gt

PP () P(g®) and

Lemma6.[4] If P =

Y(QY(q*®)
qa-Sy(eP)P(gtt)’

33(Q5+é)—99(Q4 Q4>+1529<Q3 Q3>
1
+Q6+@ —1683<Q2 Q2> +8800<Q+ Q)
5° 54 1
:6534+<P5 PS) 11{<P4 ><Q+Q>
3 2
(pr) (e )] (P )
1 1
XP&B%é+§»*<@+QJ Qf @>}
5 1 , 1
- <P+|3> {324— 126(Q+6> +160<Q +@)
3
—18(Q3 Q3> +9<Q4 (314)] (P3 gg)
x[11+4<Q2+é)]}.

Lemma 7.[8, p.56],[ 6]

then

Q:=

17)

- _ ' {wz(q>—5qw2(q5>} (18)
fo(—at%  ¢4(aP) | ¥2(a) —ay?(a®) S
Lemma 8.[1, Ch. 16, Entry 24(iii), p.39]
_ (=9
x(a) = =0 (19)
Lemma 9.[3]
R
{9”925”+9n925n}_ G B D
3 Modular Relation between ql/G% and
wmxvqw
X(—=0°")

_ a6 X(=a) _ 1 X(-%)
Theorem LIf P:=q X(—P) and Q: X(—qi0)
then

P\? /Q\° 1 , 1
K5> +(P) ] {PQ+P—Q}+2 PO+ gz
(21)
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Proof.Replaceq by —q and also replacg by —q® inthe ~ Theorem 2.If P := q%/6 2~ X(=9) g Q:=q¥? X(= qlS)
lemma @), we obtain X(=P) X(=at)
then
f(—a? 6 6 3 3
X(=a) = L(p(g))’ (22) <E> + <%) +9 (E) + <%) ]
Q Q (30)
1
f(—a™) +18=
5
T @3 PO o
Dividing the equations2?) by (23), we get PLoof.Emponing the equatior28) and equationX3), we
obtain
X(-=q) _y@) f(-9) (24)
X(=?) @l f(-q')’ (Q"+9P°Q° + 9P°Q° — P°Q° +18P°Q° + P2
33\ /12 93 319 1 p9A2 | pl2
Raising the power six and also multiplyilggon both side —PQ)(QT 9P Q" - 9P Q"+ P Q"+ P (31)
of the above equatior2d), we get +18P5Q° 4+ PPQ®) = 0

25

e® et Va0 @)

Using the equation1@) and the above equatio25),
we obtain

6/ 6(~5 £6(_ 2
X°( q):w(Q){qu( Q)}.

a*b—a?(b+1)+5=0, (26)
6
where a := Lq)s b:=q°%—= X9 the above
, Vay(oP) Xo(—aP)’
equation 26) can be written as
¢?b—c(b+1)+5=0, (27)

wherec = a?. On solving the above equatio®7). we

get,
_b+1+vb?-18+1
= 5 :

Substituting the above equatio28] in equation 12),
we obtain

(28)

(Q4P16 + Q8P14 _ Q2P14+ P12Q12 _ 4P12Q6 + P12
+ 4Q10P10_ 4Q4P10+ Q14P8 + Q8P8 + Q2P8 + QlZ
+ 4Q6P6 + Q16P4 _ 4Q10P4 + Q4P4 _ Ql4P2 + Q8P2
—4Q¥P%) =0
(29)

by examining the behavior of the above factors nearipen
g = 0, we can find a neighborhood about the origin,
where the first factor is zero; whereas other factor are not
zero in this neighborhood. By the Identity Theorem first

factor vanishes identically. This completes the proof.

By examining the behavior of the above factors near
g= 0, we can find a neighborhood about the origin, where
the first factor is zero; whereas other factor are not zero
in this neighborhood. By the Identity Theorem first factor
vanishes identically. This completes the proof.

Remark.Using the definition of class invarian®) the

above theorem can be written d8 = Gn and
O25n
_ Oon
Ooosn
Th aifp— /6 XD 1o 23 XD
eorem Xl ™ Q:=a X(—a%0)
then
Q o\
(8) (&) =) (D]
P\?2 1
w=2|(8) +(8)+ [Po™ s
Q (PQ)3 (32)
5
Q Q
JGRERERIE
Y P QP+ = | = (PQ)°®+ 1
Pe ¥ (PQ

Proof. Employing the equatior?@) and equationi4), we
obtain @2).

X(—P)
X(—=g%)

Xx(=0q)
X(—=a®)

Theorem 4.1f P := g6 2" and Q := /¢

(g)3+<§ﬂ P+ o~ 1]

1
3
Remark.Using the definition of class invarian®) the 6[(PQ) ( Q) ]+16 {PQJF Q] 22
above theorem can be written & = g—" and {(PQ)“ } 11[(PQ)2 1 ]
25n + + + .
_ O (PQ)* (PQ)2
100 (33)
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Proof.Employing the equatior2@) and equationX5), we
obtain 33).

;:;:oraﬂ&lfpi:ql/eﬁ dQ:= q7/6))(((( c?gg)
(& @] )]
. <g>z+(g>z +42[g Q] (34)
+56=(PQ)°+ ((13)

Proof.Employing the equatior2@) and equationX6), we
obtain 34).

X(=0q)
X(—a°)

(%)3+(‘§ﬂ

P +3|+165
+Q+Q ]+

it
dQ::qll/ﬁX( )

Theorem 6.If P := q%/® e

then

(5 (3)

x [(PQ)Z

+11

1
(Q)

+11 (PQ) +( 1)3
1

33 P —

cssfpos ).

Proof.Employing the equatior2@) and equationX(7), we
obtain @5).

} 98| (PO + (|

4 Explicit Evaluations of Class Invariant gy

Theorem 7.
g — (6+2v10)%8v/v/2+ /10— 4 (36)
g 2 '
(6+2v10)%/8y/v/2— /1044
Qa0 = > : (37)

Proof.Settingn = % in Theorem 8) and using the fact that

O2nd2 = 1, we obtain
n

Joo =

wherer := (v/30+ 2/5— 26— 5)Y/3 and
s:= (9255- 4140,/5+ 3780,/6 — 1690,/30) /2.

Proof.Settingn = £ in Theorem 8) and using the fact that
O2ng2 = 1, we obtain

b'%a?*+ 9a%b° + 9a'®p® —

1/2 18
wherea = g19= (%‘F’) / andb= —%.

Solving the above equatioB) in terms ofb, we get

9 \/(2v2-2)(v5-1)

get

- . 39
040 2 39)
Employing the equatior2Q) with n = 5, we obtain
3
1 g %
9550+ === (40)
{ §740 98940} 9 o
Os
Substituting the valuegi in the above equation, we
40
i
9ggi0= (6+2v10)". (41)
Using the equationgl(l) and 89), we obtain 86) and @7).
Theorem 8.
6 — r(v/30+4v/5+31/6+7)(11y/304-261/545—24,/6—59)
2~ 10 ,
(42)
r2(26/30+64y/5+59,/6 +141)(11\F 30+26/5+5-24/6-59)

(43)

a®h®+18p%at?+1—a®h® =0,
(44)

Jis

Joo
Solving the above equatiod4) in terms ofb, we get

~% — (25430216 5)3. (45)

990
Employing the equatior2Q) with n= 1—58, we obtain

3 g
FodBot o (= 0 F (46)
o0 9218990 giss 930'

Q18
Substituting the valuegi in the above equation, we
90

get

ob%a8 + b? — bPal?— bba? + a* + bPal® + bBal?— 0, (38) 918090 — \/ (\/3_0+2\/6+5+2\/§)(9\23_0+22\/§+s—20\/6—49).
T

1/2 Js
wherea= g1g= (%‘F’) / andb = g—5
40

(47)

Using the equationg{) and @5), we obtain 42) and @3).
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